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TO All that are wel-willers to the Ma­thematiques, in generall: But more eſpecially to the candid, impartiall, intelligent, and practicall Reader.
[Page]
THere is now two Luſtres, or one Decade of years elapſed, and ſome more time, (gentle and courteous Reader,) ſince I hapned firſt to hit upon this ar­tificiall kind of Menſuration (or more artificiall practicall Geometry for regular and regular-like Magnitudes,) which I here de­liver: and which was then but in two or three Particulars thereof, here firſt of all laid down in the three principall Propoſitions contained in the firſt Part, and the ſame demonſtrated practi­cally. And ſo having ſince by degrees, very [Page] much enlarged my Conceits & inventions here­in (and indeed as far I think as poſſibly may be, & that only by way of Mathematical exercitati­on & recreation from other Studies and employ­ments) I thought good at length, thus to put them together, (with other things by the way, pertinent thereto,) and ſo to exhibite and expoſe them to a publicke View, examination and tri­all in generall, and in ſpeciall to thy candid and courteous cenſure: which I was the more em­boldened and encouraged to do, conſidering that when at firſt I propounded thoſe things which I had then conceived in this way, to ſe­verall able Artiſts, not only in ſeverall parts of this Kingdome where I happened then to come, and with whom I had the opportunity to con­verſe, but alſo in ſome parts beyond the Sea (where not long after I fortuned to ſpend ſome time, for the proſecuting of other Studies, which I then cheifly aymed at and intended, and have ſince for the part followed and em­braced) moſt of which were Profeſſours and Teachers of the Mathematicks, and ſo ſuch as are uſually ſooneſt acquainted with all the new mathematicall inventions that are any way made known) I found that it was to them a meer no­velty, (according as I conceived it would be) and that moreover at firſt they ſomewhat [Page] doubted of the ſame, ſaying, that it were indeed an excellent way, if it would generally certain and true; and ſo to ſome others of leſſe judge­ment, it ſeemed to be a thing ſo very improba­ble (they having made no triall thereof) as that they would ſuddenly and unadviſedly conclude it to be impoſſible, only that it might hit right now and then by chance, but not conſtantly.
And then beſides this, I having for my fur­ther ſatisfaction herein, taken the pains (both at firſt, and alſo again of late) to make a ſtrict ſearch and enquiry into all the chiefeſt Authours which have hitherto treated of practicall Geometry ei­ther in Latin or Engliſh, and more eſpecially for inſtrumentall practice, in the way of manuall or mechanicall Menſuration; could not find the way here propoſed, ſo much as barely hinted by any of them in the leaſt kind. And ſo have I now here at length (by the favour and permiſſion of God) according to my earneſt deſire, brought that to a Generall, which at firſt I had concei­ved or apprehended only in a few Particulars, and ſo have compleated the Invention, as that I may think there is hardly any room left for ad­diti on thereunto.
Here then firſt (friendly and ingenious Rea­der) ſhalt thou find the moſt artificiall and ex­quiſite quadrature of a Circle, in a practicall, or [Page] organicall way, as to the immediate obtaining of it's Area in any meaſure appointed. For as Joſeph Scaliger ſaith of the ſquaring of a Circle in a generall way, (or of the generall quadra­ture of a Circle) Elem. Cyclomet. 1. or Elem. Cy­cloperimet. Deſin. 5.  [...]. Cir­culum quadrare, est Circuli areae aequale Rectiline­um invenire. that is, To ſquare a Circle, is to find a right-lined Plane equall to the Area of the Circle. Here ſhalt thou find that rectiline Plane to be the very Square of the Diameter, (or of the Circumference) according to Quantity diſcrete; in which it is artificially diminiſht by a Line of meaſure, ſo as to be made equall with the Circle it ſelf, whereas naturally or geometrically it is greater then the Circle. And ſo I may ſay, that more properly, preciſely and nearly to ſquare a Circle, is to find an exact Square equall to the Circle given: And the like underſtand for the ſquaring of any other regular Figure; and ſo thou ſhalt here find the like artificiall quadrature of all rectiline regular Planes as of a Circle, by their laterall, diametrall, and diagonall lines, for the immediate producing of their ſuperficiall contents, which I have here performed (by way of practicall demonſtration) in two of the firſt of them.
[Page]
Then next ſhalt thou here find the like moſt artificiall and excellent cubing of a Globe or Sphear, for the immediate producing of its ſolid content in any meaſure aſſigned. And what was ſaid before of the ſquaring of a Circle, both general and particular or ſpecial, the like I may ſay of the cubing of a Sphear; That the ſame generally un­derſtood; is to find a right-lined or plain Solid, equall to the ſolid Area of the Sphear: and ſo more particularly and properly, to cube a Sphear, is to find an exact Cube equall to the Spheare given; which thou ſhalt here find to be made ar­tificially (in quantity arithmetical) the very Cube of the Diameter (or of the correſpondent Cir­cumference) which naturally, or in quantity geo­metricall, exceeds the Sphear it ſelf; and this not only in reſpect of ſolid meaſure, but alſo of gravity or ponderoſity, according to any Me­tall aſſigned: And the like underſtand for any o­ther regular Solid: And ſo ſhalt thou here find the like moſt artificiall and admirable cubature of all the five famous plain ordinate Bodies in Geome­try, or rectiline regular Solids, as of a Sphear, in both the foreſaid reſpects; and that not only as conſidered ſimply and abſolutely in themſelves alone, but alſo in relation to a Sphear, as being deſcribed either within or about the ſame. And what is here performed in all theſe regular So­lids [Page] for their ſolid dimenſions, by way of cuba­ture; the like is done in them for their ſuperfi­ciall dimenſions, by way of quadrature; (and which therefore I conceive, may not altogether unaptly and improperly be termed the Quadra­ture of theſe Bodies, as to their ſuperficiall or ex­ternall part.)
And then ſhalt thou here find after the like artificiall manner, the dimenſion both ſolid and ſuperficiall of all ſuch Solids, as are not exactly ordinate or regular, but ſomewhat like the ſame, and ſo which I call regular-like Solids, as name­ly right Cylinders and Cones; and all Priſms & Pyramids conſtituted upon regular Baſes; and both which Dimenſions aforeſaid, may ſome­times happen in theſe kind of Bodies, to be arti­ficially of the ſame nature with thoſe in exact regular Bodies: viz. cubatory and quadratary; as I ſhall ſhew in their Dimenſions; though in­deed in their ſolid Dimenſion, there is alwaies a Quadrature, in reſpect of the Baſe. And here likewiſe what is underſtood for ſolid meaſure, muſt be underſtood for gravity or weight, ac­cording to any Metall propoſed.
And all theſe ſeverall dimenſions afore-na­med, are here performed by Lines of equall parts only, according to a decumane, decimane, or de­cimall diviſion, in which therefore conſiſteth [Page] the excellencie of the performance: and the ſame demonſtrated, not only in reſpect of the practicall uſe thereof, but alſo the theoricall grounds and reaſons, according to certain Pro­poſitions laid down for that purpoſe. And which Lines are here generally ſet forth by Number, denoting or expreſſing their magnitudes from a­ny Meaſure given or appointed.
And now, although that learned Mathemati­cian, Mr. Edm. Gunter (ſometime Profeſſour of Aſtronomy in Greſham-Colledge in London, and long ſince deceaſed) a man excellent for Inſtru­mentall inventions, hath (among other Lines) upon his Sector, certain Lines of quadrature, (as he termeth them) as for to make a Square equall to a Circle given, by the ſemidiameter thereof, & contrà: and ſo for the like quadrature of cer­tain rectiline regular Planes, by their ſides; yet thoſe are of a much different kind and nature from ours, (as any one may plainly ſee) being not ſeverall Lines of meaſure divided into parts any way, whereby to give immediatly of them­ſelves, the ſide of the equal Square arithmetically (as I may ſo ſpeak) or in quantity diſcrete, as from any certain, ſet, denominate Meaſure, ac­cording to a common way of meaſuring; as our Lines do, (& conſequently, the ſuperficiall con­tent of the Square, for the Area of the Figure) but [Page] only one Line, drawn twice over upon the Sector; or (if you will) two like, correſpondent, or con­gruall Lines, drawn upon each leg or ſhank of the Sector, from the Center thereof, and undevided; containing in them only certain points, in which the Sector muſt be opened, according to the ſemidiameter of the Circle given, or the ſides of the other Figures to which they belong, be­ing there expreſſed by the numbers of their Sides; and ſo give the ſide of the equall Quadrat, only geometrically (as I may ſo ſpeake) or by Line, croſſing the Sector between the two points of quadrature at the ends thereof, and ſo parallel to the line for the ſemidiameter of the Circle, or ſide of other Figure, to which the Sector is o­pened: and which line being taken off from thence with Compaſſes, and ſo applied to any certain Line of meaſure divided, will then in­deed give the ſide of the equall Square in the parts of meaſure, as our Lines of quadrature do: but yet Mr. Gunter doth not apply his Lines of quadrature to ſuch a uſe, or any way mention the ſame, but only to the laying down of the ex­act ſide of the Square equall to a Circle given, &c. and ſo to reduce the Circle into a Square, ge­ometrically, after a mechanicall manner: and which can hold but only in a ſmall Circle, whoſe ſemidiameter (or other ordinate Plane, whoſe [Page] ſide) may not exceed a convenient extent or o­pening of the legs of the Sector, (or of a pair of Compaſſes) ſo as to take off the ſide of the equal Quadrat, in its due place upon the Sector: for in­deed, the largeſt Sector or Compaſſes that are uſu­ally made, (or can be made convenient for uſe) will open or extend (at the utmoſt) but to a ve­ry ſhort line, in compariſon of thoſe which fre­quently fall out to be meaſured; and therefore his Lines (or way) of Quadrature, cannot extend to any large Dimenſions, and ſo ſerve for a ge­nerall meaſuring as ours do, if they ſhould be ap­plied to the very ſame uſe that they are, namely, the ſuperficiall dimenſion of Circles, and other ordinate Planes, (in a quadratary way) accor­ding to any meaſure aſſigned, and thereupon can ſerve but to very ſmall purpoſe. Nor indeed had lacquainted my ſelf with thoſe his Lines of Quadrature, or any other upon his Sector, when I firſt apprehended and conceived in my mind this artificiall way of meaſuring which I here propoſe, (though I had often ſeen that Inſtru­ment, and had much ſtudied his Book in other things) nor till I had in a manner perfected the ſame throughout all the Dimenſions to be per­formed thereby, and ſo was come to the Cloſe of this Book. Neither did any of thoſe Artiſts, to whom I ever yet propounded the ſame (as a­foreſaid) [Page] mention to me thereupon in the leaſt kind, Mr. Gunter's Lines of quadrature (or any other upon his Sector) in reference to any mea­ſuring; although ſome of them I am ſure (if not all) were well acquainted with Mr. Gunter's Sector, & all his other Inſtruments, & taught the uſe of them to others. But this only by the bye. Nor do his Lines of Superficies in generall, up­on the Sector, being alſo two like, congruall Lines drawn on the two leg [...] thereof from the Center, and divided unequally into 100 parts, ſerve for the meaſuring of Superficiall Figures, as to the immediate producing of their contents ſimply by themſelves, in any kind of meaſure given; but only in a way of proportion, to find out the ſuperficiall content of one Figure, by the ſuperficiall content of another like (or unlike) Figure given or known; together with ſeverall other uſes noted by him. And ſo his Lines of Solids in generall, being two like Lines, drawn upon the Sector in like manner, as the Lines of Superficies, and divided alſo into 100, (or rather 1000) parts unequally, ſerve only for the like uſes in Solids, that the Lines of Superficies do in Superficies.
And then for his more particular Lines of Solids (as I may term them) upon the Sector, called the Lines of inſcribed, and of e­quated [Page] bodies; having reference in particular to the five foreſaid plain regular Solids, and a Spheare: the firſt ſort of them, in reſpect of the inſcription of the ſaid five bodies in a Spheare; and the other ſort, in reſpect of their equation to a Spheare, and alſo of one to another; are of a different nature and kind from our artificiall Lines pertaining to theſe bodies, and a Spheare, for the immediate producing of their ſolid con­tents in any Meaſure appointed, according to an exact, abſolute cubature, both ſimply in them­ſelves, & alſo in reſpect of inſcription & circum­ſcription to a Sphear given, as aforeſaid: but are the firſt of them, for the finding of the Sides of theſe five bodies, as being to be inſcribed in a Sphear, by the ſemidiameter thereof given; and the other, for the finding of their Sides, as being equall in magnitude to a Sphear, and this by the Diameter of the Sphear given; & contrà: or as to be made equall one to another by their ſides: and all this in a meer geometricall ſence; and thereupon theſe latter Lines of his, will give off from the Sector, the ſide of the Cube equall to a Sphear, by the Diameter thereof; & to any of the other regular bodies, by the ſides thereof giv­en, in the ſame manner, that his Lines of quadra­ture give the ſide of the Square equall to a Circle, by the ſemidiameter thereof, and to the other [Page] regular Planes or Superficies, by their ſides given; theſe Lines of equated bodies (as alſo thoſe of inſcribed bodies) being of the like kind and na­ture with thoſe of quadrature, (which by the ſame reaſon, may aſwell be called Lines of e­quated Superficies, for that they do not only equall a Square to a Circle, or other ordinate Plane given; but alſo equall them all one to ano­ther) and are drawn upon the Sector accordingly; & ſo are of no further or better uſe then they are.
Then laſtly, his Lines of Metals (ſo called) up­on the Sector, (being inſerted with the lines of equated bodies, becauſe there was ſpare room, and much of the like kind with them, and ſo are contrived together on the ſame two lines, on each leg of the Sector, being drawn from the Cen­ter) are not like our lines of Metals (as I may ſo term them) which are for the immediate diſco­vering of the weight of a Sphear, or other regu­lar (or regular-like) body made of any Metall, in the very ſame (cubicall) manner, that their ſo­lid contents are obtained in any meaſure, by their reſpective artificiall Lines as aforeſaid; but thoſe (together with his Lines of Solids) do ſerve only to find the proportion, as it were, be­tween ſeverall Metals (as he ſaith) in their mag­nitudes and weights, and that according to the experiments of Marinus Ghetaldus, in his book [Page] intituled Archimedes promotus; that is (as he ſaith) In like Bodies of ſeverall Metals, and e­quall magnitude, by having the weight of the one, to find the weight of the reſt; & contrà: together with two other uſes noted by him.
Theſe things (courteous and judicious Reader) I thought good here to inſert by the way from Mr. Gunter, to ſhew the difference between his Lines and ours; eſpecially thoſe of his, which for their uſe, may ſeem to come moſt nearly to ours, namely his Lines of Quadrature, and of equated Bodies: & which as they cannot be ſo generally uſefull as (or not conſiderable for their uſe, in re­ſpect of) ours, according to what I ſhewed be­fore; ſo neither can they be altogether ſo exact in the performance of thoſe ſmall Dimenſions which they can reach unto.
And what I have here performed Geometri­cally, or by Line (or Scale) in an artificiall way of meaſuring; I have alſo ſet forth Arithmeti­cally, or by Number, in a way of Proportion after the moſt exquiſite manner that may be, as from the naturall Meaſure; according to the ſame diviſion or partition of the Unity, as is of the Lines of meaſure, both naturall and artificiall; and by which therefore the artificiall meaſure may be readily deduced from the natu­rall, or the naturall Meaſure be reduced to the [Page] artificiall: together with a multitude of other metricall concluſions beſides, in moſt of the geome [...]ricall Figures which I have here particu­larly handled, by way of practicall demonſtra­tion; none of them having been done before by any man, that I do know of; except thoſe in the Circle, being ſet forth by Mr. Gunter, and from him by Mr. Wingate, and perhaps ſome o­thers; but yet not all of thoſe Proportions in ſo ample termes, as I have here done them, which therefore I extracted again a-new.
And then moreover ſhalt thou here find, not only the moſt artificiall and expeditionall way of meaſuring thus all regular Bodies, and ſuch as do come very near a regular forme (which therefore I call regular-like) but alſo of ſuch as are of an irregular form; and firſt, of concave Bodies, or Veſſels for Wine and Beer, (which commonly do ſomewhat imitate the form of a Cylinder, and may be called Cylin­droidall, and ſo admit of a Cylinder-like dimen­ſion, being firſt reduced by art to a Cylinder: to which end I beſtowed ſome conſiderable pains (and a little coſt too) in the making of ſundry experimiments, for the diſcovering of the true contents of the Standard-meaſures for Wine and Ale or Beer, pertaining to the Citie of Lon­don, (which are kept at the Guild-hall) as being [Page] commonly taken for the moſt generally recei­ved Meaſures for this purpoſe, throughout the Kingdome; and by which I have ſeen the Mea­ſures which have been made for ſome eminent Towns farr remote from London, to be ſized and ſealed, (though here I wil not cōtend about them) and have here accordingly fitted a gauging-Line to each of them, according to our artificiall way of meaſuring, being alſo therefore Lines or Scales of equall parts in a decimall diviſion, by which the liquid content of any Veſſell will be obtai­ned immediatly in Gallon-meaſure, after the ſame manner (and with the ſame expedition in a manner, the irregularity of the Veſſell being conſidered) that the ſolid content of any exact Cylinder is had artificially, according to any Meaſure appointed.
And then laſt of all, do I here ſhew (by way of Appendix) the moſt eaſie and exact way for the diſcovering of the ſolid capacities of all other irregular kinds of Bodies whatſoever, both ſolid and concave, which of themſelves are al­together unmeaſurable in the uſuall way of meaſuring (or whoſe Dimenſions can in no wiſe be taken by a Line of meaſure) which therefore is a work of a contrary nature to all the former: and have here exemplarily illuſtrated the ſame from experiment, in a certaine regular ſolid body, [Page] eaſily and exactly meaſurable, for a confirmati­on thereof; (and which way alſo, hathnot been ſet forth by any man before, that I do know of) Together with ſeverall other new mathematicall experiments and obſervations, very uſefull, and worth the noting. All which (friendly Reader) I cōmend to thy courteous conſideration & accep­tance; hoping thou wilt receive no leſſe delight (and benefit alſo) in the peruſing and practiſing hereof, then I have taken delight and content­ment in the ſtudy and exerciſe of the ſame, though ſurely with no ſmall pains and induſtry, beſide the expence of ſome time now and then, from my occaſions of ſerious concernment, ac­cording as the ſame would reaſonably permit: and which therefore I could do to no other end, then only to enlarge and advance (ſo farr as here I might) the practice and exerciſe of this ſo no­ble and admirable an Art, being drawn there­unto by that Genius, which hath heretofore much diſpoſed and inclined me to mathema­ticall contemplation and exercitation in gene­rall: ſo that, thy friendly acceptation hereof, is all I expect for my labour. And if any after me ſhall happen to raiſe any further Concluſions from what I have here laid down, in any particular thereof; then ſurely will theſe my paines be yet thereupon ſo much the more to purpoſe. But [Page] now as I muſt expect this work of mine will meet with ſome Momaicall or Zoilan Spirit, ſo I ſhal not regard the ſame, or be terrified thereat, ſeeing that the beſt conceits and inventions of men that were ever yet publiſhed to the world, have been obnoxious to the obloquies and ob­trectations of ſuch malevolent and malignant ſpirits: and which hath been the complainr of the moſt learned men in all ages. And thus, cour­teous, ingenious, and ingenuous Reader, I friend­lily bid thee fare-well, reſting,
London; the firſt of May, 1650.
 Thine hearty wel-wiſher, J. WYBARD, DM.
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WHoſoever ſhall think good to make uſe of the Lines for Gauging, or for any other Di­menſions deſcribed in this Book: or of any other Inſtruments for mathematicall practice in ge­nerall; they may have the ſame very accurately made by Mr. Chriſtopher Flower, dwelling in the Bulwark, neer the Tower of London: beſides divers others about this City.


§
[Page]
Courteous Reader,

SEing that hardly ever any Book paſſeth the Preſſe, free from Typographicall errours, notwithſtanding all the care and diligence that can be uſed (and in which I was not here wanting) eſpecially Books of this nature: and then that they being commonly ſet at the end of the Book, are ſeldome taken notice of, till the Book be read throughout; and ſo many times the miſtakes of the Printer are by ignorant or malevolent Readers, put upō the Author as errours: Therefore the chief of thoſe few faults which have here eſcaped, (the moſt of them being but meerly literall) I thought good to put at the beginning; that ſo th [...]u mighteſt in the firſt place know them, and conſequently amend them: aſſuring thee withall, that of that multitude of Numbers which are comained in this Book (the moſt of them denoting Lines, and Proportions of meaſure; and ſo upon which dependeth the ſpeedy working and reſolving of many excellent practicall Propoſitions: and are therefore ſpecially to be regarded; and in which a fault cannot be eſpied by bare inſpection,) there is not one of them de­fective in any one figure thereof; ſuch was my (more then ordi­nary) care therein.
ERRATA.
PAge 4. line 7. put (before commonly. l. 8. dele of. l. 20. r. partior. p. 7. l. 28. for hath, r. both. p. 8. l. 22, r. in reſpect of the Meaſure from which it is taken, as alſo of the Figure &c. l. 30. dele the. p. 32. l. 11. r. Sect. 4. p. 59. l. 14. for matter of, r. manu­all or. p. 75. l. 2. r. whoſe. p. 91. l. 24. r. ſhall. p. 173. the be­ginning of the laſt line ſave one, r. And ſo. p. 214. l. 2. dele the comma at Meaſure, and put one after Diameter. p. 316. l. 14. dele the firſt as. Other faults thou maiſt meet with, which being only literall, and ſo not worth the noting here; thou maiſt eaſily amend in the reading.



Tactometria, Or the moſt Exquiſite practicall Dimenſion of all Regular, and Regular-like Figures in generall.
[Page]
And firſt, of the Circle, Spheare, Cylinder, and Cone, in ſpeciall. PART. I.
SECT. I. Of the nature and diviſion of the Lines of Meaſure in generall, for the performing of all the aforeſaid Dimenſions.
FOraſ [...]uch as to the due meaſuring of any Magni­tude or Quantity continu­all (in practicall Geome­try) there is required ſome certain Meaſure firſt to be given or appointed: Ther­fore firſt and more gene­rally, by Lines, we do her underſtand any right Line aſſigned for a certain Mea­ſure; ſuch like as Euclid, Elem 10. Defin. 5. calleth  [...], [Page] which is as much as certain, definite, determinate, ſpeak­able or expreſſible by voyce, or otherwiſe expreſſible by Number: And ſo the moſt Noble, illuſtrious, and learned, Franc. Fluſ. Candalla, a moſt diligent and induſtrious reſtorer of Euclid's Elements interprets it Certa, a line cer­tain, as firſt put or propoſed and made manifeſt, and divi­ded into parts certain and known: And it is alſo called Famoſa, a meaſure famous, that is, (as P. Ramus, and Adr. Metius do note) firſt Ram. Geom. lib. 1. El. 8. Et Schol. Mathemat. lib. 21 Adr. Met. Geom. pract. Par. poſter. ſeu Gaeodaeſ. ſpoken or expreſſed, &c. But moſt of the Latine Geometers do call! ſuch a line Ra­tionalis, a Rationall line, for that (as Ramus ſaith in the places here cited) it is rationall to it ſelfe, as are all magnitudes equall among themſelves: and Clavius ſaith it is called Rationalis, be­cauſe Clavius in Def. 5, El. 10. it is alwayes put certain and known, whereas all other lines which are compa­red to this (as lines infinite in multitude, may be according to Euclid in the place forenamed) are not certain & known, though taken apart by themſelves, they are, ſeeing that eve­ry one may be divided into any number of equall parts, and being compared to this for their Meaſure, they are all ei­ther ſymmetrall or aſymmetrall, and ſo are ſaid to be either  [...], or So put by Theon, whereas it ſhould rather be  [...],  [...]s it is oppoſed privatlvely to  [...], :Sec Fluſſate upon the place, and al­ſo in Proem. 1 [...]. Elem.  [...], in Def. 6, 7. explicable or inexplicable, rationall or irrationall; (but with this point we med­dle not here,) and ſo we here underſtand this Line to be moſt properly called Ratio­nall, as comprehending or containing in it ſelf the dimenſionall reaſon of allother lines meaſurable thereby. And therefore here we (for brevity) will with moſt Latine Tranſlatours and Commentators, and alſo our H. Billingſley, a Citizen of Lon­don, and Lord  [...]. 1596▪ Engliſh Tranſlatour of, and Annota­tour [Page] on Euclid's Elements, underſtand any right line ſo firſt ſet, put or propoſed, by the name of the Rationall Line (and this may be applyed to any Meaſure whatſoever, and it is one of Euclid's Data in Lib. Dator. Defin. 1.) or (in reſpect of the enſuing work) the prime, ſimple, true, or naturall Rationall line. And this we mean when any where we ſay ſimply the Rationall Line.
Secondly, and more eſpecially by Lines we here under­ſtand any ſuch line augmented or diminiſhed by a certain convenient ſegment or portion of the ſame, for the more artificiall and ſpeedy menſuration of the aforenamed Fi­gures: And this Line we may (not unaptly) call the ſecond ſuppoſed or artificiall Rationall Line, as being derived from the former, and ſo ſubſtituted in place thereof: like as in Numbers the Logarithmes are uſually called Artificiall Numbers, as being ſubſtituted inſtead of the naturall num­bers, from which they are deduced, and whoſe place they ſupply in a moſt excellent and admirable manner, by per­forming all arithmeticall operations with that facility, ex­pedition, and compendiouſneſſe (and exactneſſe alſo in ſome caſes, as I ſhall afterwards upon occaſion ſhew) which the naturall numbers themſelves cannot, for that by theſe, the two moſt tedious and troubleſome parts or ſpecies of Arithmetick (to wit, Multiplication and Diviſion) are wholly avoyded and aboliſhed, and that moſt difficult branch (or operation) thereof called the Extraction of Roots, is mightily abbreviated and facilitated: And ſo the Arithmetick performed thereby is uſually called artificiall Arithmetick.
Now ſeeing that every continuall or continued Quanti­ty falling under Meaſure (in practicall Geometry) is refer­red and reduced to the diſcrete, that thereby its dimenſion [...] may be made more manifeſt to us; ſo that Geometry hath [Page] perpetually need of Arithmetick for the explicating and ex­preſſing of its magnitudes in their dimenſions: Surely no kinde of Numeration can be ſo accommodate to this thing, as that which conſidereth the Intger of Meaſure (as the U­nit) in a decumane, decimane, or decimall ſolution, for that by this the practicall, inſtrumentall, or mechanicall part of meaſuring, or of the art Metricall, commonly and impro­perly called by Ramus, Metius, and of ſome others Geoda­ſia which properly ſignifies the diviſion or partition of right lined Superficies, as Pediaſimus, de menſuratione & partitione Terrae, well obſerves, ſaying Terrae menſuratio duas in partes dividitur, Geometriam, ſcil. & Geodaeſiam: Areae nam (que) ſecundum aertem menſuratio, & terrae menſuratio eſt et meritò Geometria vocatur; Unius verò & ejuſdem areae, ſeu loci diviſio inter diverſas perſonas, partitio quaedam eſt terrae, & jure optimo Geodaeſia appella­tur, (and which from him Clavius noteth Geomet. pract. lib. 6.) for that the greeke words,  [...], do (poetically) ſignifie the ſame that the Latine words divido and portior, and ſo of which, and the word  [...], Terra, comes  [...], i. e. Ter [...]ae diviſio ſeu parti­tio) is made much more facile accurate and expeditious.
For indeed this Mathematicall ſolution of unity or continuity, is of all others the moſt abſolute and cer­tain, and the moſt perſpicuous and rationall, and by how much the more numerous it is in the parts thereof, by ſo much the more exact it is, and conſequently the work effe­  [...]ed by it. And what utility it hath brought to the Mathe­  [...]atiques in generall, may be ſufficiently witneſſed by that  [...]oſt noble and uſefull part of Geometry, called Trigonome­irie, and that in the Radius of a Circle (which is the very Baſis and Root of all Trigonometricall operations) where (to wit) firſt, that greatly renowned Mathematitian Johan­nes[Page]Regiomontanus, having for a long time uſed the Sexage­nary ſolution (as Ptolemy and others before him) did at laſt bethink himſelfe of the Decimall, as being much better (ſee­ing that the Unit would perform a far greater Compendium then the Senarie) and indeed the beſt of all (and ſo put the Radius, to 10 millions of parts, and next after him, Rheticus in his great Trigonometrical Canon, to 10000 millions, and afterwards (to make that his Canon moſt abſolute and perfect) he proceeded to 1000 milliots (as I term them) or millions of millions, whereby the art of Trigonometry & cō ­ſequently other Mathematical arts, as Aſtronomy, Geography, &c. depending thereupon) did become, in the practice, far more facile and expeditious then before: for where the firſt proportionall Term of the Trigonometricall propoſition, is the Radius or totall Sine (which very frequently happens, or may be ſo made for the moſt part, as the learned Pitiſ­cus excellently ſheweth amongſt other his compends in working) there the propoſition or queſtion is ſolved only by a This is to be underſtood in working by the Naturall Numb. conjunct or manifold Pitiſcus, Trigo [...]. lib. 5. compoſition (or mutuall implication or in­duction) of the ſecond and third terms, ſee­ing that the Unit altereth nothing in a con­junct or manifold reſolution, but the Num­ber of compoſition immediately becomes the number of reſolution, only diſtinguiſhing between the abſolute or in­tegrall, and the fractionall part thereof. And moreover the benefit of this ſolution of unity is excellently ſeen in that moſt excellent Arithmeticall operation, vulgarly called The Extraction of Roots, wherein (to wit) ſeeing the Roots of numbers not explicable or rationall (which the Alge­briſts or Coſſiſts commonly call Surd Numbers, and ſo their Roots ſurd Roots) cannot be exactly had, then thoſe num­bers are reduced into ſome kinde of decimall parts (or parts of a great denomination, as Ramus termeth them) as C [...]n­teſms,[Page]Milleſmes, &c. and that figurate, as Quadrate, Cu­bique, &c. that thereby their Roots may be had more certain and neerer to the truth, Ramus lib. Geom. 12 de Quadrato & 24 de Cubo. then they can by the naturall or vulgar ex­traction, as Ramus ſheweth in the aforeſaid Books, where he (the firſt) ſhewed this See Wingate A­rithm. 1 Book,  [...]1 Chap. 3 Sect. kinde of Extraction which to ſome ſeems to have been the very foundation of Decimall Arithmetick, although Ramus hath no where elſe in his Mathematicall Works made any other uſe of this kinde of numbring, or made any mention of the ſame: But indeed that of Regiomontanus in the Radius of a Circle ſeems to me to have given the firſt light thereof to the World; ſo that the Trigonometricall Numbers which now we uſe, may be termed Decimall, as they are derived from that Radius: For all the Sines to a Quadrant, and the Tangents to an Octant or ſemi-quadrant, are decimall parts or fra­ctions of the Radius, but indeed the leaſt Secant is greater then the Radius: And ſo wee will here make uſe of this kinde of Numeration, as being the fitteſt for our purpoſe, as we ſaid before: And indeed for that this preſent work of ours cannot conveniently be performed by any other.
Now the Geometricall Figures which we have here firſt named, and ſo for which we have firſt extracted theſe kinde of metricall lines (or linear numbers) are thoſe foure which Archimedes himſelfe more eſpecially treated of, and which are as it were, the beginning and ground of all the reſt, namely, the Circle, Spheare, Cylinder and Cone, and accordingly the like Lines may be extracted for all ordinate Planes and Solids whatſoever, as we afterwards ſhew; for that to theſe foure may be aptly refer­red all other regular and regular-like Figures; As to the Circle may be aptly referred all ordinate Planes, to the Sphear, all exactly ordinate Solids; to the Cylinder, [Page] all ordinate-baſed Priſmes; and to the Cone, all ordinate­baſed Pyramids: And though a Cylinder and Cone, and the like, cannot properly be reckoned among Regular Fi­gures, according to the ſtrict acception of an ordinate or re­gular Figure in Geometry, yet in reſpect of the regularity of their Baſes, and alſo the regularity and uniformity of their other, and more ſpeciall ſuperficiall part beſides (whether the ſame conſiſt of one entire plane only, as in the Cylinder and Cone, or of ſeverall planes equall and like, as in all right or erect regular-baſed Pyramids and Priſmes) the ſame may in a ſort be termed regular (eſpecially the Cylinder and Cone) and which therefore, for diſtinction ſake, I call regu­lar like ſolid Figures.
But now the quantities of the artificiall metricall Lines, firſt extracted for the foure Figures firſt before named, ac­cording to any prime Rationall Line, and that to a Decu­millenary diviſion of the ſame, are numerally thus.
	I. A Line for the moſt excellent ſuperficiall menſuration (or Diametrall Quadration) of a Circle, is 1. 1284  [...]eré.
	II. A Line for the moſt exquiſite Solid dimenſion (or Diametrall Cubation) of a Globe or Spheare, is 1. 2407.
	III. A Line for the Square Solidation (as I may term it) or Rectangular Parallelepipedation of a Cylinder, by its Diameter and Axis or Altitude (as to an exact quadrate Baſe) is 1. 0838.
	IV. A Line for the like dimenſion of a Cone, is 1. 5632 ferè.

And ſo divers other the like Lines, for the dimenſion both of theſe, and alſo of other Figures hath Superficiall and So­lid, I ſhall afterwards ſhew in their ſeverall places.
Every ſuch ſecond ſuppoſed, or artificiall Rationall Line, muſt be divided decimally, as is the firſt, true, or naturall [Page] Rationall Line, from which it is taken, according as the length thereof can conveniently beare: But if the firſt Ra­tionall Line cannot well admit of ſo many parts as are here ſet down, then they may be abbreviated or contracted; as to Milleſmes, Centeſmes, or to prime or ſimple Decimals (or Tenths) only; though indeed our leaſt common Meaſure in uſe, (viz. an Inch or Pollicar) may be diſtinctly divided in [...]o 100 (or 1000) parts, if it be rightly handled according to the more artificiall (or Diagonall) way, as hereafter we ſhall have occaſion to ſhew. And ſo we have here ſet forth the Rationall line in parts of a large denomination, that ſo it might ſerve for more exactneſſe in uſe, becauſe the more parts, or the greater diviſionall denomination the Integer of meaſure (or the unite) is of, the more exact will be the work performed by it, as I noted before, and as afterwards I ſhall make plainly to appear.
Furthermore, every ſuch artificiall or ſuppoſed rationall line, may be ſaid to be two fold, to wit, generall or univer­ſall, and ſpeciall or particular: Generall, in reſpect of the number by which it is indicated and explicated, for that the ſame linear number, doth ſerve alike to all prime Ra­tionalllines: And particular or ſpeciall in reſpect of the Fi­gure (Superficiall or Solid) to which it is appropriated and applyed, becauſe that every ſuch particular Figure as is mentioned in this Book, doth peculiarly and properly claim to it ſelfe (and that ſeverall wayes) ſuch a line for its more artificiall and expeditionall menſuration.
Now the uſe of the foure artificial Lines before-going, for the meaſuring of the foure firſt Figures aforenamed, we will deliver in the three practical or problematicall Propo­ſitions following in the next Section; and withall the magnitudes and uſes of all the other artificiall metricall Lines pertaining to the ſaid foure Figures.

SECT. II.
[Page]
PROP. 1.
If the Diameter of a Circle be taken by its proper Line of Meaſure (according to any Rationall Line) I ſay then, that the Quadrat of the Diameter ſhall be the Area of the Circle (according to the ſame Rationall line) which I prove thus demonſtratively.

[geometrical diagram]
 LEt the right line A B be put as Rationall, and divided into an 100 equall parts (or firſt into 10 parts, and then one of thoſe only into ten parts will be ſufficient) And let the ſame line entirely taken, repreſent the Semidiameter of a Circle: So the Diameter will be entirely A B, 2. and thereupon the Circumference (according to the ancient, and ſtill vulgarly received and retained Archimedean propor­tion of the Diameter to the Circum­ference, ſvbtriple ſeſquiſeptimall) will be 6 2/7, whoſe 1/2 viz. 3 1/7 being in­folded with the Semidiameter AB1 produceth the ſame for the Area of the Circle. Or hence according to the proportion of the Quadrat of the Diameter to the Circle it ſelf, ſuper­tripartient-undecimall: Or again, the ſame according to Euclid's te­tragoniſmall reaſon, (as it is with Hero) by deduction of 3/24 of the Dia­metrall Quadrat 4, viz. 6/7, and there reſts 3 1/ [...] for the Circular Area as be­fore.
[Page]
Now that there may be a comparing of our new or arti­ficiall menſuration with the common or naturall, and there­by a confirmation of the ſame: I draw the right line C D, for the ſecond, compound, ſuppoſed, artificiall (or quadra­tarie) Rationall Line, to the length of A B, the primary, ſim­ple, true, or naturall Rationall line, and moreover. 13 ferè of the ſame (for ſo much is the additament or additionall ſeg­ment in centeſimall parts) and then I divide C D likewiſe into 100 equall parts (or firſt into 10 parts, and then only one of thoſe parts into 10 parts, which will be ſufficient, as in the Line A B) which done; I meaſure the line A B 2.00 (for the Diameter of the Circle) by the line C D (the Line or Scale of quadrature) and finde it to be thereof 1.77 (for the line A B, ſimply upon the line C D, falleth about the middle between .88 and .89, and ſo the double of A B in one entire line at length being meaſured by the Line C D will fall about the middle between 1.76 and 1.78, which is a­bout 1.77) which ſquared, gives 3.1329 for the Area of the Circle, agreeing with the former area exactly in the inte­grall part: But now the fraction-part of that area, viz. 1/7 being converted into decu-milleſmes or ſquare centeſmes, is .1428, which exceeds our meaſure by .0099, viz. 99 ſquare centeſmes, which difference is not conſiderable in common practiſe, as I ſhall afterwards plainly ſhew: but yet our meaſure wanteth of the true area, found by the more new & true terms of Cyclometry, or Circular Tetragoniſme (which here we uſe in all Cyclometricall operations) not ſo much by 12 ſquare centeſmes, viz. but 87 ſuch centeſmes as I ſhall ſtreightway ſhew: For thoſe of Archimedes, of the Dia­meter to the Circumference 7 to 22 ſubtri­pla-ſeſquiſeptima, Archim. de dimē. Circ. prop. 2, 3. and conſequently of the Square of the Diameter to the Circle 14 to 11 ſupertriundecima, or ſupertripartiens-undecimas (though ſufficient enough for any ordinary mechanicall uſe, as hee [Page] only meant them, and that eſpecially in ſmaller Circles, yet) are in ſtrictneſſe of Art too large, and ſo give the area ſom­what greater then indeed it is, and the more, the greater the Circle is, and hereupon hath ariſen that difficult and curious queſtion ſo much controverted among Artiſts about the Quadrature of a Circle; and in which many learned men have beſtowed great pains, as to the finding out of the nee­reſt proportion between the Diameter and Circumference, &c. among which that excellent Artiſt Lib. de Circ. & Ad ſcrip. Here alſo is ſeen the excellent uſe and benefit of de­cimall Numerati­on in the Quadra­ture of a Circle. Snel. lib. Cyclomr prop. 31. See Lansberg. Cy­clome [...]. lib 1. Poriſm [...] 3. to 29 places, agreeing with Ceulen. Ludolph van Ceu­len (aliàs Cullen & Collen) hath hitherto generally carryed away the greateſt commendations, having ſet forth the ſame in decimall terms to 36 places, which he willed to be engraven upon his Tombe­ſtone, as a Teſtimoniall and Memoriall of thoſe his painfully ſuſtained and finiſhed Labours (as W. Snellius noteth, who after­wards produced the very ſame number) and which I have ſeen upon the ſame in the great Church in Leyden, called St. Peter's Church, there being drawn thereupon a large Circle, and upon the Diameter-line an unit with 35 cyphers for the number of the Diameter, and round about the Circum­ference, the number for the ſame to 36 places; of which ſo many as are needfull here to deliver, as being ſufficient for ordinary uſe, are 3.14159, anſwering to the Diameter 1.00000, or more briefly 3.1416, the Diameter being 1.0000; which according to the foregoing Archimedean terms of 7 and 22, will be 3.1428, &c. But thoſe of that famous Mathematician * Metius the elder, ſomtime Geome­trician to the Eſtates of the confederated or United Belgick Provinces, of 113 and 355 do agree with the Ceulenian terms to the firſt ſeven places, viz. 3141592, anſwering to the Diameter 1000000, for that he demonſtrateth the pro­portion [Page] of the Periphery to its Diameter, to be leſſe then 3 17/120 (that is 377/12) but greater then 3 15/106 (that is 33/106) whoſe Metius in lib. adverſ. Quadratur. Circ. Simonis a Quercu. Et Adr. Met. in Lib. Geomet. pract. part. prior. Cap. 10. prop. 3. & part. poſt. Cap. 4. prop. 1. inter­median The mean Arithmeticall is in the leaſt Terms  [...] 1801/12720 which is Decimally 3.1415880503, &c. and the mean Geometricall (or mean pro­portionall) is decimally 3.141588|0493, &c. But his mean 3 16/1 [...]3 is de­cimally 3.141592920, &c. which exceedeth both the other, & that of Cullen is 3.14159265, &c. proportion is (ſaith he) 3 16/113 (or 355/113) and which is a little larger then that of Lu­dolph Van Cullen, yet ſo, as that the difference is leſſe then 1/10 [...]000. And this proportion doth give the Area of the fore­going Circle 3 16/113, which is by Decimall converſion of the fraction-part into ſquare Centeſms, 3.1416, agreeing exact­ly with that which is produced by the Ceulenian propor­tion, and this is the true Area of the Circle: but the Area 3 1/7 produced by the vulgar or Archimedean proportions, being decimally to ſquare Centeſmes 3.1428 exceedeth this Area by 12 Square Centeſmes (and ſo neere the old and new Cy­clometry do here agree) & ſo the area of the circle found▪ by our way 3.1329. wanteth of the true area but 87 ſquare cen­teſmes, as I ſaid before: and this defect (not conſiderable in common practiſe, as I noted before) happeneth, in regard that the double of the firſt line meaſured by the ſecond, fal­leth not preciſely on 1.77, but is ſomwhat more, though in­deed upon the ſaid line it ſelfe, it is very hardly diſcernable, being but very little: Wherefore if both the Rational Lines were divided into more parts, as 1000, 10000, &c. then the work would prove ſtill more and more exact (but indeed here we could not draw a line actually capable of a greater decimall diviſion, or denomination of parts then 100, ac­cording to the plain, vulgar, ſimple, or naturall diviſion of a Line, which here chiefely for plainneſſe we have uſed:) For firſt, if the prime rationall Line (A B) be divided into 1000 parts; then the ſecond (C D) will be of the ſame. 1.128, and [Page] the firſt compared with the ſecond (being alſo divided into the like number of parts) wil be .886 or neer thereabouts, which falleth about the middle between .88 and .89 of the ſaid ſecond line being 100, for theſe two converted into Mil­leſmes are but .880 & 890, and ſo the double of the firſt Line meaſured by the ſecond will be 1.772, or neere there­abouts, which is ſomwhat more then 1.77 upon the ſecond Line centeſimally divided, for 1.77 converted into Mil­leſmes, is but 1.770, which ſhews that 1.77 was ſomwhat too little for to produce the true content of the Circle: Now 1.772 being ſquared, gives 3.139984 for the area of the Circle (which is in ſquare Centeſmes, 3.1400 ferè) and the area produced by the trueſt terms of Cyclometry, both Ceu­lenian and Metian, is to Milli-milleſms, or ſquare Milleſms, 3.141593 ferè, (whereas the vulgar area 3 1/7 is 3.142857) which our area is wanting of by .001609 ferè, viz. 1609 ſquare Milleſms, or but 16 ſquare centeſms, and agrees with the ſame in ſquare tenths, viz. 3.14) which comes much neerer the matter then the centeſimall operation, and indeed as neare as need be deſired: but yet this inconſiderable dif­ference (by way of defect in ours) happens alſo for the reaſon aforeſaid, in that the double of the firſt line meaſured by the ſecond is not juſt 1.772, but ſomwhat more (as the firſt line ſimply applyed to the ſecond, is not preciſely 0.886 but ſomwhat more) and therefore if the firſt be divided in­to 10000 parts; the ſecond will be thereof 1.1282 ferè, ac­cording to the ancient or Archimedean Cyclometry, but 1.1284 ferè according to the later or Ceulenian and Metian Cyclometry: and ſo the firſt line compared with the ſecond (being alſo 10000) will be 0.8862 (or ſomwhat more) and thereupon the double of the firſt, being meaſured by the ſe­cond, will be 1.7724, which ſhews that 1.772 was ſom­what too little to produce the true area, for this in decu­milleſms is but 1.7720, but our number is 1.7724 (and in­deed [Page] ſomwhat more) which ſquared yields 3.14140176 for the C [...]rcular area, agreeing yet much neerer with the true area, which is now 3.14159265 (to which comes very neere that of 3 16/113 being by decimall converſion of the fra­ctionall part into ſquare decu-milleſms 3.14159292, be­ginning but now to exceed the true area produced by the Ceulenian Cyclometricall terms) our meaſure wanting thereof now but 19089 ſquare decumilleſms, which by con­traction of the parts is hardly 2 ſquare centeſms.
And if we proceed one operation further, namely, to a centu-millenary ſolution of the rational Lines (where A B being 100000, CD will be thereof 1.12838 ferè) our mea­ſure will be found to agree with the true naturall meaſure, exactly to ſquare centeſms, and to want thereof hardly 14 ſquare milleſms: for AB 2.00000, being meaſured by CD, made 100000, wil be found thereby 1.77245, (which ſhews that the artificiall or quadratary number in the precedent operation, was not exactly 1.7724, but would fall about the middle between that and 1.7725 upon the artificiall line of meaſure, and ſo gave the area of the Circle ſhort of what it ſhould be) which being ſquared affords 3.1415790025, for the area of the Circle, which wanteth ſtill of the true area (being now correſpondently 3.1415926536 ferè) 136511 ſquare centumilleſms, which by contraction of the parts is but 1365 ſquare decu-milleſms, and about 14 ſquare milleſms, and not one ſquare centeſm.
And if we go on yet further to a milli-millenary ſolution of the Rationall Lines (where AB being 1000000, CD will be of the ſame 1.128379) the naturall and artificiall Mea­ſure will be found to agree exactly to ſquare milleſms: For AB 2.000000 entirely taken, being meaſured by CD (put 1000000) wil be found 1.772454 ferè, whoſe Quadrat is 3.141593182116 ferè for the ſuperficies of the Circle, which now exceedeth the true meaſure (being here correſpondent­ly [Page] 3.141592653590 ferè) by 528526 ſquare milli-milleſms, which by abbreviation or contraction, is 5285 ſquare centu­milleſms, or but about 53 ſquare decu-milleſms, and not one ſquare milleſm.
By all which it is already ſufficiently evident, that the more parts the Unit or the Integer of meaſure given, is di­vided into, the more exact will be the work performed by it, as I noted before, and as may be alſo further ſeen in the following dimenſions.
But indeed if the Rationall Lines be divided but into 100 parts they will be ſufficicient for any ordinary uſe: For the greateſt difference ariſing here between the true naturall meaſure and ours, being that in the firſt operation (by cen­teſms) where the ſuperficiall content of the Circle found by our meaſure 3.1329. falleth ſhort of the true content (found by the trueſt terms of Cyclometry) 3.1416, by 87 ſquare centeſm [...], is in vulgar terms but  [...]/115 of the prime rationall Line A B (as the Integer of the meaſure given) ſquared, which is but as one part of a ſquare unit divided into 115 parts; and ſurely this difference is of no moment in com­mon practiſe. And whereas in the other operations, the differences happening between the true content and outs, in parts of a greater denomination, may ſeem to ſuch as do not well apprehend this matter, to be very great; yet being reduced to vulgar Arithmeticall terms (which are better underſtood by them) will appear to be ſtill leſſer and leſſer, and as nothing: As in the fifth or laſt operation of this firſt Example or Demonſtration, being under a ſolution of the Rationall Lines to a million of parts, where the area of the Circle found by its proper Line of diametrall quadrati­on, exceeds the true area by 528526 ſquare milli-milleſms, that is, 528526 parts of the prime Rationall Line being 1000000 parts ſquared, and ſo reſolved into 1000000,000000 parts: which difference, though it may ſeem great by rea­ſon [Page] of the multitude of the decimall fraction-parts, yet con­ſidering the greatneſſe of their denomination, and being reduced into common arithmeticall terms (whoſe num­bring part is 1) they will appear to be as nothing, being hardly 1/1 [...]92 [...]54 of the intire prime Rationall Line (as the In­tiger or Unity of Meaſure) ſquared, which is but as one part of a ſquare Unit containing 1892054 parts.
And if the Line of Meaſure firſt given, be ſo ſhort as that it cannot be diſtinctly divided into 100 parts, according to its own ſelfe ſimply. then may 10 parts reaſonably ſuffice: As ſuppoſe here a Rationall Line to be of the former line A B, .1, and divided equally into 10 parts, viz. A b. (which is A B 0. 10) then the ſecond Line, or Line of qua­dration, viz. C d. will be thereof 1.1 (which is as A B 0.11) anſwering analogically to A B 1.10, and which wanteth of the true additionall parts .03 ferè, becauſe the totall additionall centeſimall ſegment of A B is. 13 ferè, as was noted before) And let the Diameter of a Circle, be A b, 1.5 (which is as A B 0.15) then the Peripherie wil be (according to the ſame diviſion) A b 4.7 (which is as A B 0.47) whoſe moiety A b 2.35 (or A B 0.235) together with the ſemidiameter A b 0.75. produceth the Circle it ſelfe in ſquare Integers and parts of A b, 1.76. Now the diameter A b 1.5 being meaſured by C d (being alſo of a denarie or ſimple decimall diviſion) becomes but 1.3, whoſe ſquare is 1.69 for the ſuperficies of the Circle; which wanteth of the true content 7 ſquare primes or tenths only, viz. 7 parts, of the prime Rationall Line, or Line of Mea­ſure firſt given, A b 10 parts (as the Integer or Unit of mea­ſure) ſquared, and ſo reſolved into 100 parts, which in vul­gar Arithmeticall eſteem are hardly 1/14 of the ſame liue ſqua­red, the ſaid line it ſelfe being then neere 4 parts. Or the diameter being taken in centeſimal parts only of the Line A B, viz. 0.15 the content of the Circle wil be only in [Page] ſquare centeſms, .00176, exceeding the Square of the qua­dratarie parts CD 0.13, viz. 0.0169 by 7 ſquare ſeconds, or centeſms only, which in common accompt make but 1/1429 ferè of A B ſquared (the line it ſelfe being then neer 38 parts) which is much leſſe then 1/14 for the difference be­tween the two Meaſures: ſo that you may here ſee, how much 100 parts in the Line of Meaſure are better then 10; and therefore they that underſtand the more artificiall way of dividing lines (commonly called the diagonall way) may better divide the leaſt Line of Meaſure, into 100 parts: For this latter aſſumed Line A b being but. 1 of the firſt Line A B, and but about 1/4 of an Inch or Pollicar may be diſtinctly divided into 100 parts, being taken according to the power thereof, ſo as that any number of centeſms may be taken exactly therefrom.
And now for a further illuſtration of this our artificiall menſuration (or diametrall quadration) of a Circle. I will adde to the former one demonſtrative example more, and that in a larger Circle, whereby the verity hereof may be further manifeſted. 
[geometrical diagram]
 Therefore admit the diameter of a Circle to be of the Prime Rationall line in ge­nerall, under a cente­ſimall ſolut [...]on, 14 (which may be here again for example fake, A B, 14.00) ſo the Circumference will be (according to the common Cyclo­perimetricall Terms) exactly 44, and there­by [Page] the Area, exactly 154. But according to the later and better terms in a decimall expreſſion before declared; the circumference will be but (A B) 43.98 (according to the Cycloperimetricall terms in a more vulgar expreſſion, a­greeing with the decimall to the firſt 7 places as before no­ted, it is 4 [...] 111/113 which is decimally alſo 43.98 as before) and ſo the Area (to ſquare centeſms of the Rationall Line) but 153.9380 (or 153 106/113, which agrees exactly with the other to ſquare centeſms, being by decimal converſion 153.9380) Now the ſaid diameter (A B) 14.00, being referred to our Line of Quadrature (or ſecond Rationall Line C D) for its meaſure, will be found but 12.41 ferè; whoſe Quadrat is 154.0081 ferè for the Area of the Circle, agreeing almoſt exactly with the Area found by the vulgar or Archimedean Cyclometry, which indeed differs here but little from the true Area, viz. 620 ſquare Centeſms by way of exces, or 620 of 10000, which ma [...]e in vulgar accompt about 1/16 of a ſquare unit. And our Meaſure exceeds the true meaſure by 701 ſquare centeſms only, or 701 of 10000, which in vulgar terms make about 1/14 of a ſquare unit. But if the ſaid Di­ameter be taken by its Line of Quadrature in a milleſimall partition, then it will be found, 12.407, and ſo being ſqua­red will give 153.933649 for the Circul [...]r ſuperfice, com­ming now much neerer the true one, viz. 153.938040; it diſtering therefrom by way of defect, only ſo much as 1/228 ferè of a ſquare unit; though indeed it came before as neer the ſame as need be deſired for any ordinary uſe.
And here wee now gather theſe profitable and delectable proportionall concluſions in the Circle, and that to a milli­millenary ſolution of the unite.
[Page]
	1 The propor­tion of the Di­ameter to the	Circumference	3.141593 ferè
	Side of the Square  [...]quall to the Circle (which is the moſt neare, preciſe, and proper ſquaring of a Circle.) as 1.000000 to	.886227 ferè
	Side of y• inſcribed ſquare	.707107 ferè, √q 1/2


[geometrical diagram]
Contrarily.	2 The proportion of the Circumfe­rence to the	Diameter,	.318310 ferè
	Side of the Square equall to the Circle, (which is the ſecond moſt proper quadra­ture of a Circle.) as 110	.282095
	ſide of y• inſcribed Square	.2250 [...]9


[Page]
	3 The pro­portiō of the Quadrat.	Diametrall or circumſcribing	to the Circle it ſelf, as 1 to	.785398
	Circumferential	.079577


Contrariwiſe.	4 The pro­portion of a Circle to the Quadrat	diametrall or circumſcribing	as 1. to	1.273240 ferè.
	circumferentiall	12.566371 ferè.


And here you may obſerve the excellencie of theſe pro­portions, as alſo of thoſe of the like kinde in the Sphear, and all other the Figures following; in that the antecedent or firſt Term is always an Unit, accompanyed (or ſuppoſed to be accompanyed) with ſo many Cyphers, as are places in the ſecond term, which may here ſignifie either a milli­millenary compoſition of the Unity, or the like reſolution of the ſame, according as the Terms are taken; by means whereof the ſolution of the queſtion or propoſition is mightily facilitated and expedited, according to what I ſaid in the beginning: and therefore in the extraction both of theſe in the Circle, and alſo of thoſe in all the other Fi­gures following, I have uſed all poſſible induſtry and ex­actneſſe.

PROP. 2. Of the ſolid dimenſion of a Spheare.
[Page]
If the Axis or Diameter of a Spheare, be taken by its proper Line of ſolid Meaſure; I ſay, that the Cube of the Diame­ter ſhall be the ſolidity of the Sphear, according to the prime Rationall Line: which I thus demonſtrate practically.

ADmit the former Rationall Line A B (divided as be­fore) and let the Diameter of a Spheare be of the ſame Line entirely taken 2.00, ſo the ſolidity there­of (according to the commonly received Archimedean pro­portion of the Cube of the Diameter to the Spheare, 21 to 11, ſuper-decupartient-undecimall) will be 4 4/21: which ap­pears alſo by the Circumference of the greateſt Circle of the Spheare, 6 2/7 (in reſpect of the ſubtriple ſeſquiſeptimall proportion of the Diameter to it) for this being infolded with the diameter, gives the totall convex ſuperficies of the Sphear, 1 [...] 4/7, whoſe 1/3, viz. 4 4/21 being infolded in like man­ner with the Semidiameter (A B 1.00) or the 1/6 viz. 2 2/11 (anſwering to the ſquare Plane or Baſe of the inſcribed Cube) infolded with the whole diameter, produceth the totall ſphericall ſolidity 4 4/21 as before.
Now for the more artificiall and expeditious dimenſion of this Spheare (and ſo of all others by the ſame reaſon) and for the comparing of this our new way with the vulgar or naturall: I augment the line A B to .24 of the ſame, (for juſt ſo much is the additionall ſegment in Centeſimall parts) for the ſecond, ſuppoſed, compound, artificiall, (or Cubato­ry) Rationall Line, which is here the Line E F, ſo that E F is A B 1.24, and then dividing the fame into 100 parts al­ſo: I meaſure the diameter of the Spheare A B 2.00 (be­ing in one line at length) by the Line E F, (the Line or [Page] 
[geometrical diagram]
 Scale of Cubature) and finde it to be of the ſame 1.61, which Cubed, gives 4.173281, for the ſolid content of the Spheare, agreeing exactly with the former ſolidity in the integrall part: But the fractionall part of that ſolidity, 4/21, being converted into milli-milleſms, or Cubicall centeſms, gives .190476, which our meaſure comes ſhort of by 17195 cube­centeſms, and which in common practiſe is not conſiderable, being in vulgar terms but 1/58 of a Cube unit. But yet our ſolidity wanteth of the trueſt ſolidity not ſo much by 1686 Cube-Centeſms, which in vulgar terms are but about 1/593 (for ſo much the former common ſo­lidity doth here exceed the true ſolidity:) For indeed the true ſolidity of this Spheare will be found (according to the trueſt proportion of the diameter to the greateſt Circles circumfe­rence, noted before in the dimenſion of a Cir­cle, and ſo according to the trueſt proportion of the Cube of the Diameter to the Spheare it ſelfe noted afterwards) to bee (in the more common expreſſion) 4 64/339. For the Diameter being 2, the greateſt or true circumference will be 6 32/113 and ſo by the mutuall implication of theſe two. the totall ſphe­ricall ſuperficles, 12 64/113, whoſe 1/3 viz. 4 64/339, together with the ſemidiameter, or the 1/6 viz. 2 31/339 with the Diameter, will produce the ſolidity of the Spheare, 4 64/339 as before; which the vulgar ſolidity 4 4 [...]/21 exceeds by 12/7119, and which is very neer equivalent to 1/5 [...]3: Now this ſolidity, 4  [...]4/339 being ex­preſſed decimally to cubick centeſms, is 4.188790, and ſo the true ſolidity will be found to be by the decimall ope­ration: For the Diameter being 2, the greateſt Periphery will be found 6.283185, and thereby the totall ſuperficies [Page] 12.566370, whoſe 1/3 being 4.188790 will here be the ſolidity of the Spheare, or the 1/6 viz. 2.094395 being aug­mented by the Diameter, will produce 4.188790 for the ſolidity, as before; which the ſolidity found by our way, 4.173281, wanteth of but 15509 cube-centeſms, and which being reduced to more vulgar terms, make not ſo much as 1/64 of a cubicall Integer or unit. And yet this in­conſiderable defect happeneth for the like reaſon that was before declared in the meaſuring of the Circle: For that here the meaſure taken by the Line E F for the Diameter of the Sphear (being the double of the Line A B) is not preciſely 1.61, but rather more, though upon the Line it ſelfe, it cannot be diſtinguiſhed therefrom, being ſo very little, but only by number (as the firſt Line A B ſimply, compared with the ſecond E F, is neither .80 nor .81 ex­actly, but will fall about the middle between them both, as you may perceive if you divide the Line A B into 1000 parts (which may eaſily be done) for then the Line E F wil be thereof 1.241 ferè, and then the firſt compared with the ſecond (being alſo divided into 1000 parts) will be 0.806, which pointeth out about the middle between .80 and .81, upon the Line E F being 100: for theſe two are in milleſms .800 and .810, but the true meaſure upon the Line E F is .806.) And therefore the Line E F being made 1000 parts, A B 2.000 (for the diameter of the Sphear) will be thereby 1.612, whoſe Cube is 4.1888 [...]|2928 for the ſolidity of the Spheare, which now inſen­ſibly differeth from the true ſolidity, being here correſpon­dently 4.188790205 ferè, it differing therefrom (by way of exceſſe) only 62723 cube-milleſms (or by contraction, about 63 cube-centeſms) that is, 62723 parts of the prime Rationall Line A B (being 1000) cubed, and ſo reſol­ved into 1000000000 parts, which in vulgar terms make hardly 1/1 [...]943 of a Cube-integer or unit.
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Again, ſuppoſe the Diameter of a Sphear to be of the leſ­ſer, or ſimple decimall Rationall Line A b, 1.5 (which is in parts only of the greater or centeſimall Line A B 0.15) ſo the greateſt periphery wil be of the ſame, 4.7 (in parts only of A B 0.47) as formerly in the ſecond practical de­monſtration upon the Circle) which two infolded together, do produce the ſuperficies of the Spheare in ſquare or ſuper­ficiall Integers and prime decimall parts of A b, 7.05 (in ſquare centeſimall parts only of AB 0.0705) whoſe 1/3 viz. 2.35 (or 0.0235) being infolded with halfe the Diameter A b 0.75 (or A B 0.075) or the 1/6, viz. 1.175 (or, 0.01175) with the whole Diameter, A b 1.5 (or A B 0.15) do produce the totall Spheare in ſolid Integers and prime parts of A b, 1.762 (in ſolid centeſimall parts only of A B 0.001762) Now A b 1.5 for the Diameter of the Sphear, upon E f the proper correſpondent Line of Cuba­tion (being A b, 1.2 (viz. A B 0.12) which in Centeſms make but 1.20, wanting indeed of the true additionall parts .04, for that the totall ſegment of A B in centeſms, to be added, is .24, as before hath been ſhewed) divided alſo into 10 parts, is 1.2, whoſe Cube is 1.728, for the ſolid content of the Sphear wanting of the true content, only 34 cube-primes, or ſimple decimall parts, viz. 34 of 1000, which in a common arithmetical accompt, are only about 1/29 of the Line A b (as the Integer of meaſure) cubed, and which difference will be in the centeſimall operrtion (by parts only of the Line A B) but 34 cube-centeſms, viz. 34 of 1000000, or more vulgarly 1 of 29412 ferè: For that the Diameter of the Sphear being put A B 0.15, the ſame will be upon the correſpondent Line of Cubation E F 0.12, whoſe Cube, 0.001728, is for the ſolidity of the Spheare, which wanteth of the true ſolidity, 0.001762, only as aforeſaid.
And here we may obſerve by the way, how this Sphear [Page] and the ſecond Circle before ſuppoſed, do agree, to wit, in that they both having the ſame diametral number, have alſo the very ſame dimenſionall or are all number, the one ſuper­ficiall, the other ſolid; viz. in Integers and parts of the Line A b, 1.76, &c. in parts only of the Line A B .0176, in the Circle, and .00176 &c. in the Spheare: which will further appear, if their common Diameter be taken accor­ding to a more ample diviſion (or partiall denomination) of the Rationall Line, and ſo conſequently, the ſuperficiall content of the one, and the ſolid content of the other, how far ſoever they be extended decimally, (and then alſo in­deed they will be found ſomwhat greater.) And this may alſo plainly appear by the more uſuall or common arithme­ticall expreſſion of their Diameter (and ſo of their other parts of dimenſion) viz. A b 1 1/2, (or A B 3/20, in the leaſt proportionall terms to A B 0.15) and ſo their periphery, in the reaſon of the common (or Archimedean) Cyclope­rimetricall terms (7 and 22) A b 4 5/ [...]; or rather of the Me­tian terms, 113 and 355 (before noted) 4 161/226 (in proper parts anſwering to A B 3/2 [...] is A B 1065/2260) whoſe 1/2 A b 2 161/452 (or A B 1065/4520) together with the ſemidiameter A b 3/4 (or A B 3/40) do produce the area of the Circle, 1 1387/18 [...]8; which con­verted into ſquare primes, or ſimple decimals, (according to the diviſion of the Line A b) is 1.76: or the area in parts only, 3195/180800 converted into ſquare ſeconds or centeſms (ac­cording to the partition of the Line A B) is 0.0176, as before. Then the Diameter, and ſo the Circumference of the Spheare being the ſame with thoſe of the Circle, theſe two conjunctly, produce the Sphericall ſuperficies according to A b, 7 31/452, (in parts only according to A B, 3195/ [...]4520) whoſe 1/6 viz. 1 483/2172 (or 3195/27 [...]2 [...]) together with the diameter 1  [...]/2 (or 3/20) or the 1/3 viz. 2 483/1356 (or 3195/135600) with the Semidiameter 3/4 (or 3/40) do produce the Sphericall ſolidity, 1 4161/3414, which in the decimall expreſsion to milleſms, or cubicall prime de­cimall [Page] parts (according to the diviſion of the Line A b) is 1.767 (and ſo much it is really; exceeding the ſolidity for­merly caſt up, by 5 cube-primes:) And the ſolidity in parts only, 9585/5424000 is in milli-milleſms, or cube-centeſms (accor­ding to the diviſion of the Line A B) 0.001767. So as that the ſuperficiality of the Circle, and the ſolidity of the Sphear being put in vulgar fractional terms (either proper in reſpect of parts only, or improper in reſpect of Integers and parts) viz. the Circle 3195/1 [...]8 00, and the Sphear 9585/5424 000, they will be found to be proportionall among themſelves, viz. as the Denominatours are each to other, ſo alſo are the Nu­merators; for as 1808--00 to 5424--000, ſo 3195 to 9585, and ſo convertibly.
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 And here alſo (as before in the Circle) I have firſt uſed ſmaller numbers in demonſtrating the uſe of our artificiall Line, for the dia­metrall cubation of a Sphear: And therefore for a fur­ther & fuller clea­ring of the ſame, I ſhall adde one ex­ample in a larger Spheare, whoſe di­ameter or Axis let be according to a­ny Rationall Line whatſoever, 21, ex­actly (which for the preſent purpoſe may here alſo be A B 21.00) ſo its cube 9261, and thereupon the totall Spheare it ſelfe (accor­ding to the fore-mentioned vulgar proportionall terms of [Page] the diametrall Cube to its Spheare, ſuper-decupartient­undecimall) will be exactly 4851. For the Diameter being 21, the greateſt circumference of the Spheare will be (ac­cording to the moſt vulgar Cycloperimetricall terms afore­ſaid) exactly 66, and thereby the totall Sphèricall, exactly 1386, a ſextant whereof, viz. 231 (anſwering to the Baſe of the inſcribed Cube which ſubtends the ſame) being in­folded with the Diameter (or a trient, viz 462, with the ſemidiameter 10 1/2) produceth the ſolidity of the Sphear (as before) 4851. which may beobtained diverſe other wayes, (as Clavtus ſheweth) but theſe are the readieſt. But now according to the moſt approved (deci­mal) Cycloperimetricall terms before decla­red, the diameter being 21.00, the greateſt Clav. Geom. pract lib. 5. cap. 5. prop. 7 circumference will be but 65.97 (or ac­cording to the Metian terms before noted, agreeing with the decimall to the firſt 7 places, it is 65 110/113) and ſo the Sphe­ricall, or the ſuperficiall Area (to ſquare centeſms of the Rationall Line) but 1385.4424 ferè (or 1385 50/113) whoſe 1/6 viz. 230.9071 ferè, or 230.907060 (or 230 615/678) together with the diameter, or the 1/3 viz. 461.8141, (or 461 92/113) with the ſemidiameter 10.5 (or 10 1/2) produceth the totall Sphe [...]r or ſolid Area (to cube-centeſms of the Rationall Line) but 4849.048261 (or 4849  [...]3/6 [...]8, agreeing neerely with the deci­mall operation, this la [...]er being in decimall terms, 4849.04|8672) which is leſſe then the ſphericall ſolidity found out firſt, by very neare two integers or units. Now the ſaid di­ameter (A B) 21.00, being taken by its Line of Cubature (E F) will be found 16.93 ferè, whoſe Cube is 4852.55|9557 ferè, for the ſolidity of this Spheare, exceeding the ſolidity firſt found, by 1.5, and the ſecond by 3. [...], the reaſon of which differences I have declared partly in the former operations upon the Spheare and the Circle, and more ful­ly hereafter; though in ordinary meaſuring, this difference [Page] is of but little account, eſpecially in a Spheare of ſo great a magnitude. But if the diameter be taken by a Line of 1000 parts, then it will be found 16.926, which cubed, yields 4849.119178176, for the ſolidity, differing now from the true ſolidity, 4849.048260, &c (by way of exceſſe) only as much as 1/14 of a Cube-unit. By which the verity of our di­ametrall-cubick dimenſion, or diametrall cubation of a Sphear, ſufficiently appeareth.
And here note, that what we have now done in the Diameter of the Circle and Another ſuperfi­ciall (or quadrate) dimenſion of a Circle, and ſolid (or Cubick) di­menſion of a Sphear: viz. By their Circumfe: rences: and the Artificiall Lines of Meaſure for the ſame. Sphear, to make the Square of the one, equal to its Circle, and the Cube of the other equall to its Spheare: The like may be done alſo for their Circumferences: ſo the Line for ſquaring the Circumference of a Circle, will be of the prime Rationall Line (under a decu-milleſimal par [...]ition) 3.5449. and for Cubing the greateſt or true Cir­cumference of a Sphear, will be 3.8978: and which perhaps may be of more generall uſe then thoſe for the diameters, becauſe that commonly the Circumference of a Circle and Spheare (in materiate things, where the Center is not ap­parent) muſt firſt be had, before their diameter can exactly, (eſpecially in a Spheare) for then that muſt be had by pro­portionall argumentation; though indeed the diameter of a Spheare may be taken at firſt as well (if not better) by a paire of Callaper Compaſſes, where the ſame may be had ready upon occaſion, and then the Line for the diameter may better be uſed.
And other Lines alſo of the like nature may be fitted to the Diame­ter The ſuperficiall dimenſion of a Sphear, only by ſquaring its Diam. & Circumference. And the artificiall Lines of Meaſure for performing the ſame. and Circumference of a Sphear, as to Superficiall Meaſure: As namely to make their particular [Page] Quadrats, equall to the convex ſphericall ſuperficies: So the Line of meaſure for this purpoſe, will be for the dia­meter, of the Rationall Line (deficiently)  [...]q. Diam, ad pe­riph. 1 viz. .1--.68-169. &c. 0.564 &c. (viz. as A B 10000, &c.—.4358, &c. frō the ſegment of diminution) and for the (greateſt or true) Circumference (redundantly)  [...]q. Periph. ad Diam. 1. as in page 19. and ſee page 30. & 31. Numb. 2. 1.772 &c. And hence we may here raiſe this practicall propoſi­tion. viz. ‘If the Diameter or Circumference of a Spheare, be taken by their proper and peculiar artificiall Lines for ſuper­ficiall meaſure; That then their ſeverall Quadrats, ſhall be equall to the Superficiall Area of the Spheare (or to the Sphericall) according to the prime or naturall Rationall Line.’
ANd ſo ſuppoſing the former Spheare, whoſe diameter being firſt put (of the prime Rationall Line) exactly 21, the ſphericall convex ſuperfice was found (according to the true or greateſt Periphery 65.97 &c.) 1385.4424. Now the ſaid Diameter being taken by its proper Line of Qua­drature (in a centeſimall partition) will be found 37.22, whoſe Square is, 1385.3284, for the ſphericall ſuperfice; agreeing almoſt exactly (in the very parts of meaſure) with the other.
And ſo again likewiſe the greateſt Periphery of a Sphear, being firſt put (of the Rationall Line) exactly 66, the true Diameter will be found (of the ſame) 21.008 &c. and there­by, the ſphericall ſuperficies, 1386.5579 ferè. Now the ſaid Periphery being meaſured by its proper Line of Qua­diature (under a centeſimall ſolution) will be found, 37.24 ferè, which ſquared, gives 1386.8176 ferè, for the convex ſuperfice, or the Surface of the Sphear; exceeding the other, [Page] only about 1/4 of a ſquare integer (or unit) as of the Meaſure firſt appointed.
And here we now gather theſe uſefull and excellent pro­portionall Corollaries in the Spheare, viz.
	1 The propor­tion of the Axis or Diameter to the	Periphery of the greateſt Circle, & contra: is the ſame with that of the Diam. of a Cir­cle to its Circumference, & contra.
	Side of the Cube equall to the Sphear (which is the neereſt, preciſeſt, & pro­pereſt cubing of a Globe or Sphear.)	as 1. to	.806040
	Side of the Quadrat equal to the convex ſphericall ſuperfice, (which may not altogether unaptly, be ter­med the ſquaring of a Sphear; but moſt truly the ſquaring of the Sphe­ricall: and that the nee­reſt and propereſt alſo.)	(ferè. 1.772454


	2. The propor­tion of the greateſt or true Circumference to the	Side of the Cube equall to the Spheare (which is the next moſt proper cubing of a Spheare.)	as 1. to	.256556
	Side of the Quadrat, equal to the convex ſuperficies; (which may be termed he next moſt proper ſqua­  [...]ing of the Sphaericall.)	.564189
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	3. The propor­tion of the Cube of the	Axis or Diameter	to the Sphear it ſelf as 1. to	.523599
	Greateſt Periphery	.016887 f.


Contrariwiſe.
	4 The propor­tion of the total Sphear to the Cube of the	Axis or Diameter.	as 1. to	1.909859
	Greateſt Periphery.	59.217626


	5 The pro­portion of the Qua­drat of the	Diameter.	To the totall ſuperfi­cies as 1. to	3.14159, &c. being the ſame with that of the Diam. to the Circumf.
	Periphery	0.318310 ferè, being the ſame with that of the Cir­cumference to the Diam.
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Converſly.
	6 The pro­portion of the totall ſuperficie of a Sphear to the qua­drat of the	Diameter	Is the ſame with that of the Peri­pheriall Quadrat to the totall ſu­perficies, (or the Circumference to the Diameter.)
	Periphery	Is the ſame with that of the Dia­metrall Quadrat to the totall ſuper­ficies (or the Diam. to the Circumſ.)


As for the proportion of the Diameter and greateſt Peri­phery to the ſide of the inſcribed Cube; I ſhall deliver the ſame afterwards, among the proportions in the five plaine Regular bodies inſcribed in a Spheare, Part 2. Sect. 3.

PROP. 3. Of the ſolid dimenſion of a Cylinder and Cone.
If the (baſiall) Diameter, and the Axis of a right Cylinder, be taken by their proper Line of Meaſure, and the Qua­drat of the Diameter be augmented by the Axis; I ſay, that the reſulting rectangle, regular-baſed Priſma or Parallelepipedon, ſhall be ſolidly equall to the Cylinder. And the like in a Cone. Both which I do here practically confirm.

AS ſuppoſe here the former Rationall Line A B, and let the Axis of a right Cylinder, be only A B 0.75, and the Diameter A B 0.25, So the Circumference being of [Page] the ſame 0.78, the Baſe will be (in ſuperficiall centeſms only of A B) 0.0487, which augmen­ted by the Axis wil pro­duce the ſolidity of the Cylinder (in ſolid cen­teſimall parts only of A B) 0.036525. 
[geometrical diagram]
 Now for the more artificiall and expeditious dimen­ſion of the Cylinder, & alſo a comparing of it with the former, vulgar or naturall way, and thereby a comprobation of the ſame: I draw the Line G H (for the ſecond, ſuppoſed, or ar­tificial Rational Line) to the length of A B, (the primary, true, or naturall Line) & moreover .08 of the ſame, and ſo G H will be A B 1.08, which I alſo divide here as the Line A B. Then comparing the Axis A B 0.75 and the diameter A B 0.25, with their pro­per and peculiar Line of meaſure (or Line of rectangle­parallelepipedation) G H; I finde the Axis to be of the ſame, 0.69, and the Diameter, 0.23, whoſe Square 0.0529, for the Baſe, being drawn through the Axis, doth produce the Rect­angle regular-baſed Priſm, or Parallelepip. 0.036501, for che Cylindricall ſolidity, which falleth ſhort of the former mea­ſure but 24 Cube-centeſms only, which in common ac­compt, make but 1/41667 ferè of A B cubed: which diffe­rence would be 24 Cube-primes (or 1/42 ferè) if the Cylin­der were meaſured by the Lines of 10 parts (according as one [Page] of the Circles and Sphears before propoſed) as A b the na­turall Line, and ſo the correſpondent artificiall Line, whoſe quantity would here be G H 0.1. (being A b 1.1 ferè, viz. A B 0.11 ferè) for then it would be in Integers and parts, 36.525 by the cōmon or natural way, & 36.501, by our way. 
[geometrical diagram]
 And by the ſame arti­ficiall Line of meaſure which is uſed in a Cy­linder, may the ſolid content of a Cone be alſo obtained; the Dia­meter of its Baſe, and alſo its Axis being ta­ken thereby, and ſo a Cylinder raiſed there­upon, (according to the foregoing propo­ſition) whoſe ſub-tri­ple will be the content of the Cone; ſeeing that a Cone i [...] the ſub­triple of a Cylinder of equall baſe and alti­tude (by Eucl. 12. prop. 10.) As let the baſiall Diameter, and the Ax­is of a right Cone be the ſame with thoſe of the foregoing Cylin­der, viz. naturally, A B, 0.25, (the ſaid Dia­meter) and A B 0.75 (the Axis) then will the ſolid content of the [Page] Cone be naturally, 0.012175, as being a trient of the Cy­linder 0.036525. And ſo the Diameter of the baſe being artificially G H, 0.23, and the Axis G H, 0.69, the ſolid content of the Cone will be artificially, 0.012167, as being the ſub-triple of the Cylinder. 0.036501, which wanteth of the true or naturall meaſure, only 8 ſolid Centeſms, and which in a more vulgar expreſſion, are but 1/125000 of the prime Rationall Line A B (as the Integer of meaſure) cubed, the ſaid Line it ſelf ſimply (as the Root or Side) being then juſt 50 parts.
But indeed (which is the moſt abſolute, compleat, and compendious way) the very ſame artificial dimenſion which is uſed in a Cylinder; wil hold good in a Cone, and ſo may be as properly and fitly applyed thereunto, (according to the laſt Propoſition) whereby the ſolid content thereof ſhall be immediately produced, as that of a Cylinder (even as if it were a Cylinder) notwithſtanding the continuall diminu­tion of its body between the Baſe and the top or point. And the artificial Line of meaſure for this purpoſe; I noted at the beginning, to be of the Rationall Line in generall, 1.5632 ferè, and which for the preſent purpoſe will here be (according to the foregoing practicall demonſtrations) of the centeſimall Line, A B 1.56, which is here the Line I K, (divided as the former Lines) By which the baſiall Diame­ter of the fore-ſuppoſed Cone, (naturally A B 0.25) being taken, the ſame I finde to be thereof, 0.16, whoſe Quadrat, 0.0256, is for the Baſe of the Cone: And then the Axis (na­turally A B 0.75) being alſo meaſured by the ſame Line, becomes thereof, 0.48 ferè, which wholly infolded with the whole artificiall Baſe, produceth the ſolidity of this ac­cute-angled Cone, 0.012288 ferè, which exceedeth the true ſolidity before-noted, viz. 0.012175, by 113 ſolid centeſms only, and which in vulgar terms, make but 1/8850 ferè, viz. as one part of a ſolid Integer or unit, divided into 8850 parts.
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And thus having firſt wrought by ſmaller numbers of di­menſion (or parts of meaſure) in the Cylinder and Cone, as before in the Circle and Spheare, for the demonſtrating of their artificiall ſolid dimenſions: I will here adde one example in larger numbers of dimenſion, which ſhall ſerve for both theſe Solids together, whereby the ſufficie [...]cie of this our artificial dimenſion in the ſame may further appear. Let therefore the Diameter of a Cylinder be of the prime Rationall Line (whatſoever it be) 7. (or which may be here again for demonſtration-ſake, A B 7.00) ſo the Baſe thereof wil be immediate­ly (according to the com­mon Tetragoniſmal terms. ſuper-tripartient-undeci­mall, before mentioned) 38 1/2. 
[geometrical diagram]
 Or the Diameter be­ing 7, the Circumference wil be (by the common Cycloperimetry) 22. and thereby the baſe 38 1/2: or by Euclids tetragoniſmall reaſon (before declared) by diminiſhing the diame­tral Quadrat 49 by 3/1 [...] of the ſame, viz. 10 1/11 and ſo there remains 38 1/2 for the Baſial Area, as before. But by the later and better Cycloperimetricall Terms, the Diameter being (A B) 7.00 the Periphery wil be but (A B) 21.99 (or by the more vulgar expreſſion [Page] of the ſame terms, it will be 21 112/113, which agrees decimally with the former) and thereupon the Baſiall Area (to ſquare centeſms of the Rationall Line) 38.4845 (or 38 219/452, agree­ing with the decimall Area.) Then let the Axis of the Cylinder be (A B) 12.00, into which being drawn the ſaid Baſiall Area, there will ariſe the ſolid Area of the Cylinder, 461.814120 (or 461 92/113, which by the firſt baſe 38 1/2, is 462 exactly) Now the ſaid Cylindricall Diameter (A B) 7.00 being tried by its proper Line of Quadrature (G H) will be found 6.46 ferè, for the artificiall Diameter, which ſqua­red, gives 41.7316 ferè, for the Artificiall baſe: and the Al­titude (A B) 12.00, being tryed by the ſame Line, will be found 11.07, for the artificiall Axis of the Cylinder, by which the ſaid Baſe being increaſed, there reſulteth the Cy­linder (according to the naturall or prime Rationall Line) 461.968812 ferè, agreeing with the former exactly in ſolid Integers (of the ſame Line) and not conſiderably differing therefrom in parts, it amounting but to 1/6 of a Cube-Integer or Unit, at moſt, by way of exceſſe.
And ſo a Cone being of equall Altitude and Diameter (in the Baſe, and ſo of equall baſe) with the foreſaid Cy­linder, the ſub-triple thereof ſhall be the totall Oxygoniall Cone, viz. 153.938040 (or 153 106/113) which by the firſt baſe 38 1/2, is 154 exactly; and which agreeth exactly with the Circle laſt handled whoſe Diameter was put 14) as ap­peareth by the moſt uſuall dimenſion of a Cone, by infol­ding the Baſe with a trient of the Altitude, which here being (A B) 4.00, produceth the Conicall ſolidity as be­fore, (or a trient of the baſe with the Axis produceth the ſame.)
Now the Baſiall Diameter (A B) 7.00, by its proper Line of Quadrature (I K) will be 4.48 ferè, for the artifi­ciall Diameter, whoſe Quadrat is 20.0704 ferè, for the ar­tificiall [Page] 
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 Baſe of the Cone: And the Axis or altitude (A B) 12.00, will be found by the ſame Line, 7.68 ferè, (for the totall artificiall Axis of the Cone) which infolded with the whole Baſe, pro­duceth the totall Cone in the naturall meaſure (according to the prime Rationall Line) 154.140672 ferè, which agrees neerly with the moſt true meaſure, viz. 153.938|040, it exceeding the ſame only about 1/ [...] of a Cubick or ſolid Integer or Unit. And if theſe two dimenſions were performed by Lines of a more ample or numerous diviſion, as 1000, &c. then they would be found to agree ſtill more and more with the na­turall, dimenſion, even in the very parts of meaſure: though in theſe very operations, which we have here performed, they agree ſufficiently, to demonſtrate the verity of our ar­tificiall dimenſion.
And here obſerve, that as in the Circle and Sphear, we ſhewed, how that the ſuperficiality of the one, and both the ſuperficiality and ſolidity of the other, were obtained artificially, not only by the bare Quadration and Cubation of their Diameters, but alſo of their Circumferences, by the like artificiall Lines of meaſure accommodated to them: So likewiſe in the Cylinder and Cone, may the ſolidity be had, not only by the induction, implication, or involution [Page] of the Quadrat of their Baſiall Diameter into their Axis (as we have already ſhewed in both of them) but alſo of the Quadrat of their Baſiall circumference into their Axis, theſe being (both of them,) The ſolid dimen­ſion of a Cylinder and Cone by their Baſiall Periphe­ries, and their Axes together. And the artificial Lines of meaſure for the ſame. taken by one and the ſame Line of mea­ſure: So the Line for ſquaring the circum­ference (of the Baſe) of a Cylinder, (for its Baſe) will be of the Rationall Line, 2.32489: and for ſquaring the Baſiall circumference of a Cone, 3.3531; which two Lines being divided as the former, and the Baſial circumferences (as alſo the Axes) of theſe two Bodies taken thereby, may ſomtimes prove to be of more ſatisfaction then thoſe for the baſiall Diameters, to wit, where the baſiall centers of theſe Bodies are not apparent, (eſpecially if the Baſes of the Cylinder or Cone to be mea­ſured be very large) according as I noted before in the Circle and Sphear. But indeed, where the Diameters may be firſt exactly taken, either in theſe two Figures, or in the other two before going, it will be much eaſier and rea­dier in practiſe, then by the Circumferences, in regard both, that the artificiall Lines of meaſure ſerving thereunto, are much ſhorter, and alſo that the Diametrall numbers being much leſſer or ſmaller then the circumferentiall, the A­rithmetical operations following thereupon, in caſting up the ſuperficiall and ſolid contents, wil be ſooner expedited, unleſſe the ſame be performed Geometrically (as I may term it) or Inſtrumentally, viz. by Scale and Compaſſes, or the like (as I ſhall in the very cloſe of this Book by way of con­cluſion declare) for then the latter may be performed there­by, even as ſoon as the former.
And now you may obſerve here by the way, how that although the baſe of a Cylinder and Cone be a Circle, and its Area be here had alſo, by the only quadration [Page] of the Diameter or Circumference, as before was done in the Circle, whereby the ſame artificiall Lines of meaſure that are there uſed, might alſo perhaps ſeem to ſerve here, (and which indeed in ſome ſort may, as I ſhall ſtraight way ſhew) yet for the obtaining of the ſolidities of theſe Bodies, by the implication or induction of the Quadrat of their Baſial Diameter or Circumference into their Axis (either of theſe two baſiall Lines, with the Axis, in each of theſe two Bodies, being taken by one and the ſame proper, di­ſtinct, artificiall Line of meaſure, as before hath been ſuf­ficiently ſhewed) the Lines there appropriated to a Circle cannot here hold for their Baſes; for the Diameters or Circumferences here of being taken by thoſe Lines, wil be either greater or leſſer (in the number or parts of meaſure; according to quantity diſcrete) then by their own proper Lines; (and ſo their Quadrats for the Baſes, and conſe­quently the ſolid contents wil be greater or leſſer then they ought to be; what artificiall Line of meaſure ſoever, the Axis ſhould be meaſured by.) For ſo in a Cylinder and Cone, the Diameter of the Baſe being taken by the artifici­all Line belonging to the Diameter of a Circle, for its qua­drate dimenſion thereby (being ſimply and abſolutely con­ſidered in it ſelfe alone as a Circle) will be found in the Cy­linder to be ſomwhat leſſe, and in the Cone much greater, (in the number or parts of meaſure, as in a Quantity diſ­crete) then being taken by its proper artificiall Line for the quadrate dimenſion of the Baſe, as in reference to the ſolid dimenſion of the Cylinder and Cone, performed wholly by the ſaid Line of Meaſure, from the Baſiall Diameter and the Axis together.
And then, both in a Cylinder and Cone, the circumfe­rence of the Baſe being taken by the artificiall Line, be­longing to the circumference of a Circle ſimply, for its qua­drate dimenſion thereby; will be found leſſe (as falling un­der [Page] the notion or nature of a Quantity diſcrete, as aforeſaid) then by its proper, reſpective, artificiall Line, for the ſqua­ring of the baſe thereby, as in relation to the ſolid dimen­ſion of the Cylinder and Cone, wholly performed by the ſaid Line, from the Baſiall Circumference, and the Axis together.
As in the Cylinder and Cone laſt handled; where the Diameter of the Baſe being put naturally (A B) 7.00, the ſame was there found to be artificially (G H) 6.46 ferè, and (I K) 4.48 ferè, and which will be found by the Line (of Quadrature) pertaining to the Diameter of a Circle, ſimply (C D) to be 6.20, viz. ſomwhat leſſe then that of G H, and much greater then that of I K.
And ſo there again, the Circumference of the Baſe being naturally (A B) 22 ferè; the ſame will be found to be ar­tificially, by the Line for ſquaring the (Baſiall) Circumfe­rence of a Cylinder (as in reference to its ſolid dimenſion by the Circumference and Axis together) 9.46; and by the Line for ſquaring the baſiall Circumference of a Cone (as in relation to its ſolid dimenſion in the like manner) 6.56, and which by the Line for the Circumferentiall quadrati­on of a Circle, ſimply, will be found 6.20 (as the Diameter before, by its proper Line of quadrature (C D) which is leſſe then either of the other.
Therefore, if the baſiall Diameter or Circumference of a Cylinder and Cone, be taken by the Lines of (Diametrall and Circumferentiall) quadration, properly, peculiarly, and ſimply pertaining to a Circle, and ſo its Quadrat be made the Baſe of the Cylinder or Cone; then muſt the Axis be taken by the Prime Rationall Line: (And ſo the dimenſion will be mixt.) For that here the Area of the Baſe, will fall immediately, in the true, naturall, meaſure, (as under the dimenſionall reaſon of the prime, true, or naturall Rational [Page] Line) according as hath been demonſtrated before in the dimenſion of a Circle.
As here the Baſiall diameter of the Cylinder and Cone, naturally (A B) 7.00 taken by the Line C D is 6.20 (or 6.2, as I ſhewed even now) whoſe Quadrat. 38.4400 (or 38.44 only) for the Baſe, (which was found before, to be moſt truly and naturally, 38.4845) being drawn into the Axis, put before, naturally, (A B) 12.00, will give the Cylindricall ſolidity (in the dimenſionall reaſon of A B) 461.280000, (or 461.28 only) and ſo the Conicall ſolidity, 153.76; which differ (by way of defect) from the true, na­turall ſolidities (produced wholly by the Line A B) viz. of the Cylinder, 461.814120, about 1/2 of a cubique Integer or Unit, as of A B cubed: and ſo of the Cone, viz. 153.938040, about 1/6 of a cube-integer only, as of the ſame Line Cubed; And the ſolidity of the Cylinder, produced artificially by its proper Line of meaſure (G H) viz. 461.968812 ferè, dif­fereth therefrom (by way of exceſſe) only about 1/6 of a cube­integer; and the ſolidity of the Cone produced in like man­ner, by its proper artificiall Line of meaſure (I K) viz. 154.140672 ferè, only about 1/5 of a cubique or ſolid Integer of the naturall meaſure (as of A B conſidered cubically) as before hath been ſhewed,
All which ſeverall ſolid dimenſions (both naturall and artificiall, and mixt of both) doe ſo neerly agree one with another, as that their differences are altogether inconſide­rable. And the ſame will happen in the ſolid dimenſions of theſe two Bodies, by the other Line of Quadrature per­taining ſimply to a Circle, as to the quadration of their Ba­ſiall Peripheries, for their baſiall Area's, and withall by the prime or naturall Rationall Line, as to the dimenſion of their Axes or Altitudes.
[Page]
And now, as for the Axis (or Altitude) of a right or e­rect Cone, you may here obſerve, that though the ſame cannot immediately be taken Inſtrumentally; or by a Line of Meaſure (as it is within the body of the Cone) as that of a Cylinder (being parallel to, and ſo agreeable with the ſide,) by reaſon of the inequality of its Body betweene the Baſe and the Cuſpe, or verticall point; but being obtained purely Geometrically, muſt be had by mediation of the Side (as being the ſide of a rectiline rectangle Triangle, ſub­tending the right angle, and therefore potentially equall, or equally potent to the two containing, comprehending, or including ſides. by E. 1. p. 47.) and of the baſiall Ray, (being one of the ſides about the right angle (and moſt common­ly the leſſer,) and ſo the ſide of the Cone, and the radial line of its baſe, being firſt taken Inſtrumentally or Mechanical­ly, the Axis will be had Trigonometrically, according to the reaſon of the fore-cited prop. of Euclid.) Yet may the ſame be obtained moſt readily (out of the Cone) by a Line of meaſure, if from a Plane conſtituted in the top, or verti­call point of the Cone, parallel to the Baſe, you let down a Perpendicular-line to the Plane on which the Baſe is, (and which may fall preciſely upon the Baſiall periphery) for that (being meaſured) ſhall be equall to the true Axis of the Cone. And thus alſo may the altitude of any oblique, ſcalene, or inclined Cone be taken; and alſo of an oblique, ſcalene, or inclined Cylinder; if from the top of the Cone to the Plane in which the Baſe is ſet, or from the ſuperi­our baſe of the Cylinder, to the Plane of the inferiour baſe, be let fall a perpendicular-line; for that (being meaſured) ſhall be the altitude of the oblique, or inclined Cylinder or Cone; and ſo being infolded with the whole baſe, if a Cylinder (whether meaſured by the naturall or the artifici­all Line of meaſure) ſhall make the ſolidity of the ſame: or [Page] being infolded with a trient of the baſe, if a Cone, (or the baſe with a trient of that) and meaſured by the naturall Line; or elſe the whole perpendicular of altitude with the whole baſe, if meaſured by the artificiall Line proper to a Cone, ſhall produce the ſolidity of the oblique Cone; ſeeing that ſuch a Cylinder and Cone, is equall to a right Cylinder and Cone, having the ſame baſe and alti­tude See alſo E. 11. p. 31, & E. 1. p. 35, 36, 37, 38. with it, (according to the reaſon of E. 12. p. 11, & p. 14.)
And after the ſame manner will the true altitude of any Pyramid, whether right or oblique, be had, as of a right or oblique Cone, and the altitude of an oblique or inclined Priſme, as of an oblique or inclined Cylinder; the dimen­ſion of which bodies, eſpecially the Pyramidal (both ſolidly and ſuperficially) according to our new artificiall way (to­gether with the naturall or vulgar, by way of dimenſionall compariſon) I ſhall ſhew next after the dimenſion of right­lined ordinate Planes or Superficies, ſeeing that upon any of them may be erected or conſtituted a Pyramid or Priſme; as a Cone or Cylinder upon a Circle.


SECT. III. Of the Superficiall Dimenſion of a Cylinder and Cone.
[Page]
ANd as we have here ſhewed the moſt artifici­all and expeditious dimenſion of the Cylinder and Cone, in reſpect of their Stereometry, or ſolid meaſure; ſo we ſhall likewiſe demon­ſtrate their dimenſions in reſpect of Planome­try, or ſuperficiall Meaſure. And the artificiall Lines for the performing hereof, I finde, for the Cylinder, (in reſpect of its Diameter & Side together) to be of the prime Ratio­nal Line, the ſame with that which was formerly found to be for the obtaining of the Superficies of a Sphear, by the only quadration of the Diameter, viz. 0.564, &c. And for the Cone (in relation to its baſiall diameter, & its ſide conjunctly) 0.79788 (which according to the parts of di­minution, is as A B 1.00000—.20212) and in relation to its baſiall periphery and ſide together, it will be 1.4142, &c, (viz. √q 2) which ſeverall Lines being exactly ſet off from the prime Rationall Line, and then divided as the ſame, and ſo the baſiall diameter, and the ſide of a Cylinder, and of a Cone; and alſo the baſiall Circumference, and the ſide of a Cone together, be taken by their peculiar, reſpective, diſtinct artificiall Lines of Meaſure, and ſo multiplyed to­gether, their ſeverall products ſhall be the ſuperficiall con­tents of the Cylinder and Cone, according to the prime Rationall Line: where, by the ſuperficies of a Cylinder [Page] and Cone, muſt be underſtood without their Baſes; for ſo the Superficies of theſe two Solids are generally taken by Artiſts, and are called by the Latin Geometers, eſpecialy Ramus, (in one word) Cylindraceum, and Conicum, that is as much as to ſay in Engliſh, the Cylindraceall or Cylindri­call, and the Conicall; and ſo the Superficies of a Spheare is called by them Sphaericum, viz. the Sphericall. But now for a briefe dilucidation of theſe ſuperficiall dimenſions in the Cylinder and Cone, I ſhall lay down an example in each of theſe three artificiall Metricall Lines (though here I do not draw them, but only expreſſe them by number) whereby the verity of theſe our dimenſions alſo, may plain­ly appeare, to thoſe that ſhall pleaſe to make tryall there­of. And firſt we may hereupon raiſe this practicall Pro­poſition, viz.
If the (baſiall) Diameter, and the Side of a right Cylinder; And the baſiall Diameter or Periphery, and the Side of a right Cone, be taken by their proper and peculiar, diſtinct artificiall Lines of Meaſure, and the ſame be ſeverally infolded together: That the reſulting rectangle Paral­lelogram, ſhall be equall to the Cylindricall and Conicall Superficies, (according to the reaſon of the prime Rationall Line.)
THerefore, ſuppoſe here firſt the Cylinder laſt handled, whoſe Diameter was put (of the Prime Rational Line) exactly 7, and ſo the Circumference (according to the moſt common Cycloperimetricall terms) was exactly 22, and the altitude (which is the ſame with the ſide) was put exactly 12, and theſe two infolded together, do produce the Superficies of the Cylinder (without the two Baſes) ex­actly, 264: whereby this Cylinder becomes abſolute in all [Page] its dimenſions; But by the other Cycloperimetricall terms, the Circumference was but 21.99 &c. (or 21 112/113) whereby, the Superficies becomes now (to ſquare centeſms of the Rational Line) but 263.8938, (or more vulgarly 263 101/113) Now if the Diameter of the Cylinder naturally 7, be mea­ſured by its proper artificial Line of ſuperficiall meaſure (be­ing as A B 0.56, made 100) the ſame will be found, 12.41 ferè, and the Side of the Cylinder naturally 12, being mea­ſured by the ſame Line, will be found, 21.27 ferè, which two multiplyed together, produce 263.9607 ferè, for the ſuperficies of the Cylinder, agreeing with the true ſuperfi­cies, exactly in Integers (or Units) of meaſure, and differing therefrom in the fraction-parts (by way of exceſſe) but as 1/14 of a ſquare integer or unit. And if the firſt or naturall Line of meaſure be made 1000, and ſo the ſecond or artifi­ciall Line (being thereof 0.564) be alſo made 1000, then the ſaid Diameter taken thereby, wil be 12.407, and the Side wil be 21.269, which two multiplyed together, will produce the Cylindrical Superfice, 263.884483, differing from the true one, viz. 263.893783 (now by way of de­fect) only as 1/108 ferè, of a ſquare integer or unit of the ap­pointed meaſure. Which excellent compend in the ſuper­ficiarie dimenſion of a Cylinder by its Diameter and Side only, will further and fullier appear, if it be compared with the moſt naturall or vulgar way, in reſpect of the Side and Diameter only given: where, by the Diameter, the Cir­cumference being proportionally obtained, muſt then be multiplyed into the ſide, to make the Superficies (for that the Superficies of a right Cylinder is moſt naturally, a Plane made of the Circumference and the ſide thereof) and the obtaining of this by the Diameter and Side; Mr. Ought­red in his Book entituled The Circles of Proportion, Part 1. Chap. 7. Sect. 10. delivers in this proportionall manner.
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As 7 to 22, Or 1 to 3.1416.
So the Diameter and ſide multiplyed together,
To the Superficies (viz. without the two baſes.) And ſo in this our Cylinder, the Diameter being put 7, and the ſide 12, I ſay,
As 7 to 22, or rather, 1 to 3.14159 &c. (or 113 to 355) So 7 into 12, viz. 84,
To 264, the Superficies,
Or rather 263.89378 &c (or 263 101/113) as firſt by the Cir­cumference and ſide together: which two ſeverall ope­rations you ſee do conſiſt of two ſeverall Multiplications, and one Diviſion, whereas ours conſiſteth of one Multipli­cation only, to wit, of the Diameter and Side together.
And from this Analogicall operation uſed by Maſter Oughtred, for the diſcovering of the ſuperficies of a right Cylinder, by its ſide and (baſiall) Diameter, you may here note, how that it is demonſtrated by Archimedes, Lib. 1. de Sph. & Cylind. prop. 13. that the Superficies of a right Cylinder (without the Baſes) is equall to a Circle, whoſe Semidiameter is a mean proportional Line between the ſide of the Cylinder, and the Diameter of its Baſe.
And ſo in this our Cylinder, the ſide being 12. and the Diameter 7, the mean Proportionall between them, wil be 9 3/19, or rather by an immediate decimal extraction of the parts, 9.16515 &c (whereas the other is decimally by con­verſion of the parts, but 9.15789 &c.) which being put as the Semidiameter of a Circle, and ſo the Square thereof 84, the Area of the Circle wil be found 263.89378 &c. agreeing exactly with the Superficies of the Cylinder. Or the Area is by the Metian Cyclometry, 263 101/113, for the Superficies of the Cylinder, as before.) For ſeeing here, that the Semidia­meter of the Circle equall to the Superficies of a right Cy­linder is the mean proportionall betweene the Side and [Page] (baſiall) Dia meter of the Cylinder; and that the Analo­gie holds the ſame from the Quadrat of a Circles Semidi­ameter to the Circle it ſelfe, as from the Semidiameter to the Semicircumference, or the Quae eſt ratio to­tius ad totum,  [...]a­dem eſt ratio dimi­dii ad dimidium: Et ſie alic [...]rus par­tis ad aliquam par­tim conſimilim ſin iogneminem. Diameter to the Circumference, (only the one Analo­gie is Lineall, and the other Superficiall.) Therefore the Analogie of the ſide and (ba­ſial) Diameter of a right Cylinder infolded together, to the Superficies thereof (without the two Baſes) wil hold the ſame, as of the Diameter of a Circle to its Circumference.
Again, ſuppoſing the baſiall Diameter and the ſide of a right, erect, or Iſoskelan Cone, to be the ſame with thoſe of the foregoing Cylinder, viz. 7 and 12; the ſuperficies will be halfe the ſuperficies of the Cylinder: for that the ſuperfi­cies of a right or Iſoskelan Cone is a rectangle Plane made of the baſiall ſemi-periphery and the ſide (or the baſiall periphery and the ſemi-ſide) and ſo the true Conicall ſuper­fice or ſurface, will be 131.9469, (or 131 107/113, agreeing de­cimally with the former, or by the moſt common accompt, 132 exactly) And the finding of thetrue, genuine ſuperficies of a right Cone by the ſide and baſiall Diameter, the fore­ſaid Mr. Oughtred alſo ſheweth in the 8 Sect. of th [...] ſame Chapter before named, by this Analogie, viz.
As 7 to 22, Or 1 to 3.1416:
So the Semidiameter of the Baſe multiplyed with the ſide,
To the Superficies (viz. without the Baſe) And ſo the ſide of the Cone being here put 12, and the ba­ſiall Diameter 7, I ſay,
As 7 to 22 (or 113 to 355) or rather 1 to 3.14159 &c.
So 3 1/2. (or 3.5) with 12, viz. 42. to 132 exactly:
Or more truly, 131 109/113, or 131.9469, juſt as before, for the [Page] Conical. So that in both theſe wayes alſo, are two ſeverall Multiplications and one Diviſion, beſides the bipartion or mediation of the baſial diameter: or the ſame is performed by halfe the ſide with the whole Diameter, (for both come to one paſſe.)
And from hence you may obſerve, that Archimedes, lib. 1. de Sph. & Cyliud. prop. 14. (from whence the foreſaid Analogie is deduced) demonſtrateth the ſuperficies of a right or Iſoskelan Cone (without the Baſe) to be equall to that Circle, whoſe ſemidiameter is the mean proportional line between the ſide of the Cone, and the Semidiameter of its Baſe. And ſo in this our Cone, the Side being 12, and the baſiall Semidiameter 3 1/2 (or 3.5) the mean proportio­nall between them is 6 6/13, or rather by immediate decimall production of the parts, 6.48074 &c. (whereas the other is by decimal reduction, but 6.461538 &c.) which being put for the ſemidiameter of a Circle, and ſo the Quadrat thereof 42, the Area wil be found 131.9469 &c. agreeing exactly with the foregoing Superficies of the Cone: (or the Cir­cular Area, is from the Metiau Cyclometry, 131 107/113, which is decimally, 131.9469 &c. agreeing exactly with the true Conicall Superficies, found out decimally at firſt.
And here you may by the way take notice Archi [...]. lib. 1. de Sph. & Cyl. pro. 15 of the next Propoſition of Archimedes con­cerning the ſuperficiary dimenſion of a Cone, laid down Analogically thus, viz. That the ſuperfi­cies of every Iſoskelan Cone, hath that rationality to the Baſe, as the ſide of the Cone hath to the Semidiameter of the Baſe. For ſo here,
As 12 (the ſide)
To 3 1/2, or 3.5 (the Radius of the Baſe)
So 131 107/113, or 131.9469 (the true ſuperficies)
To 38 219/45 [...] or 38.4845 the Baſe; [Page] (And ſo was the ſame found to be before, in the ſolid di­menſion of a Cone, and of a Cylinder,) And contrariwiſe will the reaſon of the Baſe be to the ſuperficies of the Cone, as of the Semidiameter of the Baſe to the Side of the Cone: For ſo,
As 3 1/2 or 3.5, ro 12;
So 38 219/452 or 38.4845, to 131 107/113, or 131.9469. Now the Baſe being added to the foregoing Superficies, there will ariſe the totall Superficies of the Cone, 170 195/452, or 170.4314 &c. which by the moſt common accompt, will be 170 1/2, the Conical being juſt 132, and the Baſe 38 1/2.
And the very ſame Analogie with the former, holdeth in the right, erect, or rectangle Cylinder, from the Super­ficies to the double of the Baſe, (or both the Baſes joyntly) and contrar [...]ly; becauſe that the Superficies of the Cylinder is double to the Superficies of the Cone, having the ſame Side, and Diameter in the Baſe, as I noted before: And ſo here,
As 12 (the Side)
To 3 1/2 or 3.5 (the baſiall ray)
So 263 101/113 or 263.89378 &c. (the Superficies)
To 76 219/226, or 76.9690 &c. (the double of the Baſe, or the aggregate of the two Baſes.) And ſo contrarily, will the Analogie hold from the double of the Baſe, or the two baſes conjunctly (76 219/226, or 76.9690 &c.) to the Cylindrical Superficies (263 101/113 or 263.89378 &c.) as from the Radius of the Baſe (3 1/2 or 3.5) to the ſide of the Cylinder (12.) And laſtly, if to the foreſaid Cylin­dricall Superficies 263 101/113, or 263.8938 ferè, you adde the aggregate of the two Baſes, 76 219/226, or 76.9690, you will have the total externall ſuperficies of the Cylinder, 340 195/116, or 340.8628 ferè, which by the moſt vulgar ac­compt, [Page] would be 341 exactly; the Cylindraceal (or Cylin­drical Superfice) being juſt 264, and the two Baſes toge­ther. 77
But now for a more ſpeedy dimenſion of the Superficies of the foregoing Cone, and firſt by the Side and baſial dia­meter only, together: I ſay, that if the ſide of the Cone (na­turally 12) be meaſured by its proper Line of Meaſure for this purpoſe (which is in centeſimal parts only of the prime Rational Line, 0.80 ferè) under a centeſimal ſolution; the ſame wil be found thereby, 15.04; and the baſial Diameter (naturally 7) meaſured by the ſame Line, will be found 8.77, which two being multiplyed together, do produce 131.9008, for the Conical Superfice, which wants of the true content, only 1/22 ferè of a ſquare or ſuperficial Integer or Unit of the Meaſure firſt aſſigned. And ſo again, if the baſial Periphery of this Cone, naturally, 22 ferè: be taken by its proper, reſpective, artificial Line of Meaſure for this purpoſe, (being of the prime Rational Line, in a centeſi­mal ſolution, 1.41) centeſimally divided; the ſame wil be found thereby, 15.56 ferè: and the Side of the Cone being alſo taken by the ſame Line, will be found 8.48; which two multiplyed together, do yeild 131.9488 ferè, for the Super­ficies of the Cone, which agreeth ſomwhat more neerly with the true Conical, viz. 131.9469, then that which was produced in this kinde by the baſiall Diameter and the Side together, viz. 131.9008. for this latter (by the baſial periphery and the Side) differeth from the true one (by way of exceſſe or redundancie) but 19 ſquare or ſuper­ficial centeſms ferè, viz. 19 of 10000, which in a vulgar Arithmetical expreſſion, are hardly 1/526 of the prime Ra­tional Line (as the Integer or Unit of meaſure) ſquared: ſo that both theſe wayes for the finding of the ſuperficies of a Cone, conſiſt alſo but of one Multiplication only, as that for the Cylinder.
[Page]
But for finding the ſuperficies of a Cylinder in this man­ner, by an artificiall Line of meaſure, peculiarly fitted to the Circumference and Side together, the ſame is not to be done, ſeeing it is performed immediately by the naturall Line of meaſure, or the Prime Rationall Line it ſelfe, with the ſame expedition as that in the Cone by an Artificiall Line; for that the Plane made of the Circumference and Side of the Cylinder, taken by the prime or natural Line of meaſure firſt appointed (according as I ſaid at firſt) doth conſtitute the true Cylindraceall, or the Cylindricall ſuper­fice. And ſo from the premiſſes it appears, that as a Cy­linder in regard of ſolid dimenſion, is the triple of a Cone having the ſame Baſe and Axis, or Altitude: So in reſpect of ſuperficiary dimenſion, it is the double of a Cone having the ſame Baſe and Side or Longitude.
And as for the Baſes of a Cylinder and Cone, if they be required in their ſuperficiary dimenſions, the ſame may moſt readily be obtained by either of the Lines of Quadra­ture pertaining to a Circle, according as the Diameter or Circumference thereof ſhall happen to be taken: For ſo the baſiall Diameter or Circumference of the foregoing Cylin­der and Cone (naturally 7.00, and 22 ferè, viz. 21.99) being meaſured by the ſaid Lines of diametrall and circum­ferentiall quadration (under a centeſimall ſolution) will be found each of them ſeverally; to be 6.20 (as I noted before in their ſolid dimenſions) wch ſquared, yeilds 38.4400 for the Baſe; and the true baſe was formerly found, 38.4845; from which ours differs, (by way of defect) not ſo much as will make in vulgar terms, 1/22 of a ſquare Integer or Unit.
And thus having ſufficiently declared and demonſtrated the dimenſion both Solid and Superficiall of a Cylinder and Cone (both theorically, and) practically, according to the Inſtrumentall part of Geometry; and that as well naturally [Page] (by way of metricall compariſon) as artificially, for the con­firmation and verification of our artificial way of meaſu­ring: I ſhall next lay down the ſame Dimenſions nume­rally, in Terms analogicall (by way of compariſon) from the naturall Meaſure to the artificiall; and that under an ample or numerous ſolution of the unity (according as I did in the Circle and Spheare) by means whereof, the artifici­all Meaſure may readily be deduced from the naturall; or the naturall meaſure be reduced to the artificiall: And firſt for the Cylinder,
	The true or natural Meaſure is to the artificial, in reſpect of the	Axis, or Al­titude, con­junctly with the (baſial)	Diameter	as 1. to	.92264 ferè	Solid meaſure.
	Circumfer.	.430127.
	Side (which in a right, erect, or rect­angle Cylinder, is equall to the Axis or Altitude) with the (baſial) Diameter, as 1. to 1.772454 ferè, (being the ſame with that which was noted before in the Spheare, for the proportion of the Dia­meter to the ſide of the Quadrat equall to the Spherical.)	Superficiail Meaſure.


[Page]
Then for the cone;
	The natu­ral Mea­ſure is to the artificial, in re­ſpect of the	Axis (or Altitude,)	conjunctly with the baſiall	Diameter	as 1. to	.639839	Solid dimen.
	Periphery	.298377.
	Side (or Longitud)	Diameter	1.253314	Superficiaty Dimenſion
	Periphery	.707107 [ferè √q 1/2.


The laſt of which proportions, is the ſame with that of the Diameter of a Circle to the ſide of its inſcribed Quadrat, noted before in the dimenſion of a Circle.

SECT. IV. Shewing briefly, the theoricall reaſon of the differen­ces happening between the naturall and artificiall Meaſure, in the ſuperficiall and ſolid contents of Figures. And moreover, ſome obſer­vations concerning the grounds and reaſons of the Artifi­ciall Menſuration in generall.
[Page]
ANd now again, as for the differences happe­ning between the ſuperficiall and ſolid Con­tents of Figures, found by the naturall or vul­gar way of meaſuring, and our artificial way; we have formerly ſhewed, how ſmall and inconſiderable they generally are▪ and alſo the practical, inſtrumental (or Geometricall) reaſon thereof; viz. that the ſeverall Lines of dimenſion in the ſeverall Figures (ei­ther naturally belonging to them, or artificially and com­monly abſcribed to them) as namely, the Diameters and Circumferences of the Circle and Sphear; and ſo the Di­ameters. Circumferences and Axes, or Altitudes, and Sides, of the Cylinder and Cone, before going, (and ſo of all the other Figures following reſpectively) taken by their pro­per, reſpective artificiall Lines of Meaſure, are ſeldome or never exact and preciſe indeed in the parts of meaſure, but either deficient or redundant in the ſame, and ſo give the [Page] are all contents of thoſe figures either a little leſſer or grea­ter, then indeed they are (though for the moſt partleſſe, eſpecially in the two firſt decimal partitions of the Lines of meaſure, viz. into Centeſms, or only into prime or ſimple Decimal parts, or Tenths) as appeared formerly (and will alſo afterwards) by a continuall decimall augmentation (or ſubdecuplation) of the parts of thoſe Lines, whereby the Contents were had ſtill neerer to the truth; Which reaſon ariſeth from (and ſo dependeth upon) the more true, natu­ral, theoricall (or the Arithmetical) reaſon of theſe diffe­rences, lying in the extraction of the Square and Cube-Roots: For that the Roots of numbers not exactly Square and Cubical, cannot be exactly had, but are alwayes de­fective, ſo as that they being inverted, or drawn again into themſelves, do not render the numbers preciſely, out of which they were extracted; but the further that the extraction is extended or continued decimally, by the adjection or appoſition of more Figures, (or of Cy­phers where there is need) the neerer ſtill to the truth will the Root be had; as I no­ted at the Where I might alſo have particu­larly expreſſed one thing more (to the young practitioner) amongſt other par­ticulars concerning the decimal ſolution of Unity, (and which I may here, not altogether un-opportunely do, though it be there included and underſtood in the Generall,) viz. That thereby, all the tedious and troubleſome operations of Arithmetick in Fractions, by the vul­gar way, are wholly avoyded: for that here all fractional numbers, whether comming alone by themſelves, or toge­ther with integrall numbers, are wholly and univerſally wrought as integrals, without any manner of preparatory ope­ration, (as Reduction or tranſmutation of terms, one way or other,) which in the working of vulgar Fractions is ne­ceſſarily required. begin­ning, where I took oc­caſion to ſpeak of the excellencie of Deci­mall Arithmetick, as in reference to the work in hand: So that what errour (though inconſiderable) may at any time ariſe in our work, doth pro­ceed [Page] primarily and principally from the extraction of the Square and Cube-Roots; our artificiall Lines of meaſure giving immediately the Square and Cube-Roots of the Figures to which they are appropriated and applyed, (or the ſides of their equall Squares and Cubes, as nearly, al­moſt as may be) according as their dimenſion is ſuperficial or ſolid, as being naturally (as it were) procreated or de­rived from them; except it be in the Cylinder and Cone, and the other regular-like Solids following; as regular­baſed Pyramids and Priſms: but elſe in all truly ordinate Superficies and Solids; as the Circle and Spheare before­going, and ſo the equiterminall and equiangular Superfi­cies and Solids following, it holdeth ſo: And ſo likewiſe in the Cylinder and Cone, and other regular-like Solids, both for ſolid and ſuperficiarie dimenſion, where there is a congruity between their Lines of dimenſion, by which their ſolid and ſuperficial Conetnts are obtained, as the Diameters, Peripheries, Sides, and other dimenſionall Lines of their Baſes with their Axes or Altitudes for ſolid dimenſion, and with the ſides of their Bodies for ſuperfici­all dimenſion. And therefore if there were no defection in the aforeſaid Radicall extractions, there would be none in our work; for that all our artificiall Lines of meaſure (or Lines of artificiall meaſure) being thus Radically pro­duced, are themſelves in the nature of Roots quadrate and cubique. And ſo alſo, all the Numbers or Terms of Qua­drature and Cubature, &c, by which the ſides of the equall Squares and Cubes of Figures, (in the naturall Menſurati­on) and alſo ſome other particular lines, or numbers of di­menſion, in the artificiall Meaſure, deduced from the na­turall) are proportionally obtained ſeverall wayes (accor­ding to unity) as from their ſeverall lines of dimenſion before named (and which alſo are immediately given by [Page] our artificiall Lines of meaſure) are produced by Radical extraction, from the reſpective figures, to whoſe dimenſion (ſuperficiall or ſolid) they ſerve, as being their Roots, or the ſides of their equall Squares and Cubes, according to their foreſaid ſeverall dimenſionall Lines, put unitly. But indeed, the greateſt errour that can commonly ariſe here, (in reſpect of the difference of our meaſure from the true meaſure, whether ſuperficiall or ſolid,) will be of no mo­ment, as I have ſhewed before (and ſhall alſo ſhew after) in ſeverall examples. And if our meaſure agree with the true meaſure, but exactly to integers or units (as it almoſt always doth, and much neerer alſo; as even to ſmall parts of an Integer or unit, (ſuperficiall or ſolid) of the appoin­ted Meaſure) it will be ſufficient in any matter of mecha­nicall Menſurations; for which, this our artificiall way of Meaſuring, was chiefely deviſed and intended.
But now further, as to the ground and reaſon, briefly, of this kinde of dimenſion (or of theſe artificial metricall Lines,) the ſame may be under­ſtood Concerning the grounds and rea­ſons of the Ar­tificiall meaſure in generall. to be two-fold, to wit, generall or u­niverſall; and ſpeciall or particular; that conſiſting in Unity alone; this in the ſoluti­on of Unity: For the generall reaſon is by it ſelfe abſolute, ſimple, and certain, without relation or limitation to any the proper, compounding, denominate (or other) parts of the Rationall Line, (as being the Integer or Unit of mea­ſure) but conſidereth the ſame generally (and abſolutely in it ſelfe) as ſome one entire or whole thing, (of which I ſhall (God willing) ſpeake more fully afterwards, in the cloſe of the ſecond part of this Book, as being a place conveni­ent.) But the particular reaſon (which I ſhall chiefely in­ſiſt and proceed upon) is limited and confined to the cer­tain, ſet, or commonly known parts of every particular rati­onall [Page] Line (they being conſidered diſcretely or Arithmeti­cally (taken as a common, known Meaſure, and that, accor­ding to ſeveral places & cuſtoms, (or ſuch like other parts, as the Geometer or Artificer ſhall in his minde think fit pri­vately to impoſe on the ſame for his uſe) and ſo commeth by them to that of the Generall. (Every particular, figurate Quantity or Magnitude, meaſurable in this artificiall man­ner, being here conſidered in thoſe parts, according to their powers Quadrate or Cubick (or the Parts conſidered in their ſaid powers Arithmetically, in every particular Figu­rate Magnitude, according as the dimenſion is ſuperficiall or ſolid.) For every common or cuſtomary Line of meaſure is uſually divided into certain denominate parts, of which it doth primarily and properly conſiſt: As our Foot is vulgarly ſaid to be divided into 12 parts immediately, cal­led Inches, which do compoſe or conſtitute the ſame: Or (as in divers Countries beyond the Sea) a foot may be un­derſtood with us to be compoſed firſt (and that moſt nearly) of 4 Palms, or Hand-breadths; a Palm (being compoſed) of 4 Digits, or Finger-bredths; and a Digit of 4 Grains or corns of Barley; according to the Latin Diſtich,
Quatuor ex granis, Digitus componitur unus: 
 Eſt quatèr in Palmo digitus: quatèr in Pede palmus.

And this according to the deſcription of Vitru [...]. Lib. 3. Architect, cap. 1. the ancient Roman Foot by Vitruvius and others: So that thus the Foot contains 16 Digits, anſwe­ring to 12 inches with us, for that a See Circles of Propo [...]tion, Part 1 Chap. 9. Sect. 4. Palme (namely Palmus minor) is ſaid to be 3 of our Inches, and ſo 4 Palms 12 Inches: But we in England uſually taking no no­tice of the Palme and Digit in meaſuring, but only of the Foot and Inch (beſides the Yard and Ell &c.) divide the [Page] Foot immediately into 12 parts, called by the Latines unciae & Pollices or Pollicaria, and ſo alſo was the Roman Foot anciently divided (and ſtill is) and ſo is the Foot in many other places. So that every ſuch greater Meaſure is commonly compoſed of the next leſſer, being ſome certain times reiterated or repeated: As our greateſt common Geometricall Line of meaſure, viz. a Perch or Pole. (for Land-meaſure) is commonly compoſed of Statute meaſure A [...]. 33. Edw. 1. o­ther (cuſtomary) meaſures there be, as the Pole or Perch of 18 feet, uſuall for Wood-land mea­ſure, &c. 16 1/2 Feet, a Foot being compoſed of 12 Inch­es (as I ſaid before) and an Inch of three barley-corns in length, picked out of the middle of the Eare: but a Barley-corn be­ing the leaſt of all Meaſures (or rather no meaſure at all, being but the very begin­ning of meaſure, as an Unit is uſually coun­ted no number it ſelfe, but only the beginning of Number) cannot be compoſed of any other.
And although Arithmetick in generall, naturally taketh no notice of theſe leſſer Meaſures as the proper compoſing parts of the greater Meaſure given; but immediately con­ſiders every particular Meaſure (as an Unit) according to a ſimple or naturall Arithmeticall diviſion into parts (or a di­viſion into parts ſimply or arithmetically denominate) as halves, quarters, and the like; or more eſpecially (and more exquiſitely) as Decimall Arithmetick; into Tenths, Cen­teſms, &c. and ſo taketh the Contents of Superficies and Solids, to ſuch parts thereof, Square and Cubick (or other­wiſe Superficiall and Solid) in generall; as Square and Cu­bick parts of a Foot, and of an Inch; ſquare parts of a Perch or Pole; and ſo alſo, ſquare parts of an Acre, &c. Yet this being underſtood only by Artiſts, and ſo not ſufficient to ſa­tisfie the vulgar: theſe ſimple or naturall Arithmeticall parts (or parts meerly diviſionall) muſt at laſt be reduced [Page] to the proper compounding, denominate, or commonly known parts of the Meaſure given or appointed; (or the Geometricall or menſurall parts of the ſaid Meaſure (as I may term them) they being by themſelves alone, put as mea­ſures certain, and intire, and ſo compounded of, (or dividu­all into) other the like kinde of parts, or inferiour Mea­ſures, (according as I noted even now) and ſo are to be conſidered as Quantities continuate:) As the parts or fractions of a Foot into Inches; of a Perch or Pole into Feet, (if they be required) and ſo likewiſe of an Acre into Perches, &c.
And now again, the ſpeciall, particular, or partiall reaſon aforeſaid, of this artificiall dimenſion (or of the Artificiall Lines of Meaſure) or the Reaſon of the Parts, as I may term it, from what I have declared before:) may be conſi­dered in a twofold reſpect: viz. either more generally; as relating to the denominate, compounding or Geome­tricall parts of every Meaſure firſt given or appointed (as the prime or naturall Rationall Line) only for the diſcovering or producing of the artificiall Lines of meaſure, as conſide­red in the generall Reaſon, (or the Reaſon of the Whole;, as I may call it, from what I have ſaid before concerning the ſame) ſuch as are all the artificiall Lines beforegoing, and alſo the other following, being expreſſed by Quantity diſcrete, or number, which ſhew their Magnitudes (or quantities in meaſure) from the intire, prime, or naturall Line of Meaſure in generall, from which they are to be taken; And which therefore I may call (not unaptly, I con­ceive) their Indicant or Exponent Numbers. Or more particularly, preciſely and properly; as relating meerly to the foreſaid parts of every particular Meaſure given (conſidered diſcretely or Arithmetically) for the conſtitu­ting of the ſaid artificiall Lines of Meaſure ſo, as to give the [Page] ſuperficiall and ſolid contents of Here note another the like artificiall dimenſion of Fi­gures (as the former) not mentioned before; which is only according to the com­pounding, denominate (or Geometrical) parts of Mea­ſures given or appointed. Figures, quadrately and cubick­ly, &c. (or the ſides of their e­quall Squares and Cubes, &c.) from their ſeverall lines of di­menſion belonging to them, and by which ſeverally they may be thus artificially meaſured; as the forementioned artificiall Lines do) only, (or for the moſt part) according to thoſe parts, (being conſidered meer­ly in the nature of ſuch parts of the prime or naturall Line of meaſure appointed; which otherwiſe taken apart by themſelves alone, may be put as meaſures entire (or Inte­gers of meaſure) as I noted even now; and then are conſi­derable in our generall Reaſon of Meaſure, or Reaſon of the Whole, before named.) And which Lines therefore being moſt properly conſidered and laid down from the foreſaid parts of the natural Meaſures appointed, (as before, the Lines are from the whole intire Meaſures themſelves) will alter continually in every particular Figure, (in reſpect of quan­tity diſcrete, according to their Arithmeticall Indices or Exponents, which expreſſe their magnitudes in the fore­named parts of Meaſure) not only in regard of the different dimenſionall lines thereof, by which it may be propounded to be artificially meaſured, as aforeſaid, and ſo to which they are reſpectively fitted: (as the artificiall Lines before­mentioned do, according to their like Indices or Exponents before declared; eſpecially for the moſt part; though it doth happen otherwiſe ſomtimes, as that one and the ſame ar­tificiall Line, is found either wholly throughout, or ſuffici­ently in part, (that is, in reſpect of the fractionall or deci­mall part of the naturall Line of meaſure, from which it is taken, ſhewed by the Arithmeticall Index or Exponent, [Page] how far ſoever the ſame be continued or extended decimal­ly) to ſerve unto ſeverall Dimenſions; as I ſhew afterwards, in Part 2. Sect. 3.) but alſo, in reſpect of each one and the ſame particular dimenſionall line thereof, by it ſelfe alone, according as the ſaid parts of the Meaſure propoſed, do (arithmetically) alter: whereas the arithmeticall Exponents of the firſt mentioned Lines, relating generally to any whole Meaſure appointed (as I noted at the beginning) do conti­nue the ſame (without alteration) in every particular, di­ſtinct Dimenſion of one and the ſame Figure, according to its ſeverall lines of Dimenſion aforeſaid. And ſo theſe two ſeverally mentioned (or ſuppoſed) ſorts of artificiall Lines, will hereupon differ in every ſeverall dimenſion of one and the ſame Figure, in reſpect of quantity diſcrete or Arithme­ticall, (according to their Indices or Exponents of meaſure) though they doe not, in reſpect of quantity continuate or Geometricall; or of Meaſure it ſelfe in generall, as I ſhall ſhew by and by: And then alſo they differ herein; That as the former artificiall Lines being immediately of the whole intire naturall Lines (either redundantly or defici­ently, according as their Arithmeticall Exponents do ſhew) conſidered without reſpect of parts, compounding or Ge­ometricall, (but only Arithmeticall, or meerly diviſionall, as is alwayes neceſſarily required, for the exactneſſe of mea­ſure) and ſo giving the Areall contents of Figures accor­dingly; are themſelves to be conſidered (in the artificiall Dimenſion) as whole intire Lines of meaſure in like man­ner: Theſe latter mentioned (or ſuppoſed) Lines muſt (for the contrary reſpects aforeſaid) be conſidered (in the like Dimenſion) as Lines of meaſure containing (or compoun­ded, as it were, of) certain parts, anſwering (Arithmetical­ly) to the primary or compounding parts of the naturall Lines, from which they are (moſt properly) derived, and ſo [Page] which they do artificially repreſent, and conſequently, ac­cording to which (chiefly) they give the ſuperficiall and ſolid contents of Figures (as aforeſaid.) And which Lines (for the reaſons before alleadged, as alſo for diſtinctior­ſake) we may well call, the particular or ſecond artificiall Lines (or the Lines of parts) as the other may be called the prime or integrall artificiall Lines (or Lines of the Whole) And ſo the Meaſure ariſing there from may accordingly be called, the one, the prime or integrall Meaſure (or Meaſure of the Whole) as having its denomination ſimply and ab­ſolutely from the whole intire naturall Line of Meaſure ap­pointed: And the other the particular or partiall Meaſure (or Meaſure of the parts) as being denominated chiefly from the parts of the ſaid Line of Meaſure.) And therefore, as thoſe firſt Lines do artificially repreſent the reſpective naturall Lines from which they are taken, conſidered ſim­ply and intirely in themſelves, as the Integer (or Unity) of Meaſure ſeverally: So theſe ſecond Lines, do accordingly repreſent the ſaid naturall Lines, as they are compoſed of certain denominate, or menſurall parts; (viz. of ſome in­feriour or leſſer Meaſure, conſidered as a part of ſome grea­ter Meaſure, and ſo ſome certain times iterated or ennume­rated, for the making up of the ſame, according as I lately ſhewed,) And ſo theſe ſecond Lines are really none other then the firſt, divided into the like number of parts, as are the compoſing, conſtituting, (or Geometricall) parts of the reſpective naturall Lines from which they are deduced; and which parts of theſe (ſuppoſed) ſecond artificiall Lines, we may conveniently call (by way of diſtinction from o­ther parts) their prime or Geometricall parts: and theſe being then divided ſeverally into ſome certain number of parts, as is requiſite for the exactneſſe of Meaſure, as afore­ſaid (according as the correſpondent parts of the naturall [Page] Lines are) eſpecially decimall; we may call the ſame, their ſecond or Arithmeticall parts, (or the particles of meaſure, as being indeed only the parts of the other Parts.) So that theſe ſecond Lines are never exactly decimall, as the prime Lines perpetually are, unleſſe it happen, that the prime or compounding parts of the naturall Meaſure appointed be in a decimall number, for then as the naturall Line, ſo like­wiſe the correſpondent particular, or ſecondary artificiall Line will be exactly decimall; their ſaid prime parts being divided decimally; but yet however, they do generally per­form the Dimenſions wrought by them, after a decimal man­ner (though ſecondarily, viz. after a reduction of the Mea­ſure taken by them, into their prime parts, &c. As firſt (for example) in the naturall Menſuration; the moſt common, mechanicall way of meaſuring by the foot with us, is, as the ſame is vulgarly divided into 12 Inches, which are, as its compoſing, denominate, or Geometricall parts (for ſo every meaſure is commonly ſaid to be divided into the parts, of which it is prop [...]rly compoſed) and each Inch divided into ſome certain parts (as is neceſſary for exectneſſe in meaſuring) which may beſt be decimall: and ſo the lines meaſured hereby, do fall out moſt frequently, in Feet, Inches, and parts of Inches together: Now if the ſides or other dimenſionall lines of any Superficies or Solid propounded to be meaſured, be thus found (in this mixt meaſure (as they will for the moſt part) then muſt the ſame be firſt of all redu­ced into Inches, &c. before the content of the Figure, ſuper­ficiall or ſolid, can be conveniently caſt up, ſeeing that the Meaſure thus taken is mixt (as it were) of ſeverall parts or kindes of meaſure, and ſo is of different denominations; and therefore muſt be reduced into one kinde of meaſure (or one menſurall denomination:) And then if the parts of the Inch be decimall, the work will be afterwards performed [Page] in a decimal manner, in Inch-meaſure only: But if the ſaid lines thus meaſured, be found wholly in Feet (without Inches, &c.) then will the contents be had immediately in whole Foot-meaſure, wch otherwiſe muſt be had in the like meaſure by Reduction from Inch-meaſure. And ſo ſeeing that the ſecond artificiall Lines doe repreſent the naturall Lines, only as being compoſed of certain denominate, or menſurall parts, and ſo are to be conſidered themſelves ac­cordingly, as aforeſaid: Therefore, if the ſide or other di­menſionall Line of any Figure meaſured thereby, for the ob­taining of its content ſuperficiall or ſolid, by way of Qua­drature, Cubature, &c. and ſo artificially repreſenting the Side of the equall Square or Cube, &c. be found mixtly, in Integers and prime parts, &c. of the ſame Lines; (as for the moſt part they will) then muſt the Meaſure ſo taken, be firſt reduced wholly into their ſaid prime parts, &c. for the caſting up of the content as aforeſaid, (according to what was ſhewed before in the naturall Menſuration, after the moſt plain or vulgar way by a common naturall Line of parts) And then thoſe artificiall prime, or menſurall parts, being divided Decimally; the dimenſion of the Figure propoſed, will be performed in a Decimall manner, accor­ding to thoſe parts only: But if the ſide, or other line of the Figure to be meaſured, doe fall out in Integers only of the ſaid artificiall Lines, (viz. in whole Lines without any parts;) then will the Areall content be obtained immedi­ately, and exactly, in Integers of the naturall Meaſure ap­pointed (according to the reaſon of the prime artificiall Lines, or Lines of the whole Meaſure) which otherwiſe can be had in the integrall meaſure (or the meaſure denomina­ted only from the whole naturall Line) only, by way of re­duction from the primary, compounding, denominate, o [...] ­metricall [Page] parts of the ſame, in which it is firſt found, as be­fore was ſhewed.
And now therefore it appears from hence, that the ar­tificiall Dimenſion performed by theſe ſecond or particular artificiall Lines, or Lines of parts, ſo called; or the artifici­all Lines, as they are conſidered meerly in the particular or ſpeciall reaſon of the artificiall Dimenſion (or Reaſon of the Parts) taken in the latter reſpect; is not conſiderable in compariſon of the artificiall Dimenſion performed by the prime or integrall (or more generall) artificiall Lines, or Lines of the Whole; or the artificiall Lines, as they are conſidered in the generall reaſon of the ſaid artificiall Dimenſion (or Reaſon of the Whole) they giving the ſides of the equall Squares, and Cubes, &c. of Figures (and ſo their ſuperficiall and ſolid contents accordingly) imme­diately in In [...]egers (and decimall parts) of the prime Ra­tionall Line, of the naturall Meaſure appointed; which the particular Lines do give (for the moſt part) mixtly in Inte­gers and compounding parts and particles together (or in Integers and parts primary, and ſecondary) and ſo we muſt come at laſt to the Areall content in the former Mea­ſure, by way of reduction from thoſe Parts, as aforeſaid. But yet however; for the variety of operation and Art, in this kinde of Menſuration, I thought it would not be amiſſe to manifeſt thus much concerning this latter way; that ſo the ingenious Reader that ſhall pleaſe to exerciſe himſelfe (practically or experimentally) in this artificiall way of meaſuring, may (by comparing the effects or re­ſults of the generall and particular, or ſpeciall reaſon there­of together, both in the extraction or production of the artificiall Lines themſelves, & alſo in the ſaid two ſeverall wayes of working by them) receive a more full ſatiſ­faction, [Page] and the thing it ſelfe be accordingly confir­med.
And now ſeeing that the aforeſaid parts of Meaſures given, are various (as in quantity Geometricall, ſo uſually in quantity Arithmeticall) according as the Meaſures themſelves are in magnitude various: therefore I ſhall firſt and principally proſecute our ſaid ſpeciall or partiall Reaſon of the artificiall dimenſion, and that chiefly in re­lation to the firſt, or more generall acception or conſidera­tion thereof, (namely, for the producing of the artificiall Lines, as they are conſidered in the generall Reaſon, by the parts of the Meaſure given (or the prime artificiall Lines by the ſecond, as we have differenced or diſtinguiſh­ed them firſt of all, in Quantity diſcrete, or in the Number of their meaſure from the naturall Line, according as the ſame is underſtood, either without or with the foreſaid kinde of parts.)
And this I ſhall accordingly lay down in three ſpe­ciall Theorematicall Propoſitions (contained in the ſecond part of this Work) anſwering to the three principall Pro­blematicall or practicall Propoſitions beforegoing (laid down in the Figures particularly handled in this firſt Part, namely the CIRCLE, SPHEARE, and CYLIN­DER, together with the CONE) and which will ge­nerally ſerve for all other ordinate or regular, and regular­like Figures whatſoever, for the like occaſion (according to what I noted at the beginning) And the laſt of theſe only I ſhall demonſtrate or illuſtrate by Number, as being ſufficient for all, though indeed there needeth no manner of demonſtration or illuſtration of any of them, they being all ſo very plain and perſpicuous.


§
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PART II. Containing the moſt artificial and expeditious practicall Dimenſion, of all right-lined ordinate or regular, and regular-like Figures in generall.
[Page]
SECT. I. Propoſing the foreſaid Dimenſion in all right-lined regular Planes or Superficies in generall: And demonſtrating the ſame particu­larly in two of the firſt of them.
THEOREME I. Exhibiting particularly, the fore mentioned Lines, for the Quadrature of a Circle; from our particular or ſpeci­all grouna and reaſon before declared. And conſequently, the Lines for the like dimenſion of all recti [...]ine or angular ordinate Planes in generall.
IF the Diameter of a Circle equal to the Qua­drat from the Parts aforeſaid, of the Rationall Line, be found; The ſame ſhall be the reſpe­ctive Line of Quardature, according to the Parts: And the reaſon between that, and the correſpondent or congruall Tetragoniſmall Line, according [Page] to the whole Meaſure will be ſuch as the reaſon between the Parts, and the Whole; which is as the reaſon of their Squares. And the like for the Peripherie.
ANd the ſame Reaſon holdeth (as aforeſaid) in all other ordinate, (or in al angular or rectiline regular) Planes in general; as the equilateral and equiangular Trigon, Pentagon, Hexagon, and all ordinate or regular Polygons whatſoever, in reſpect of the ſeveral dimenſional lines belonging, to them, and by which they may be propounded to be thus artifici­ally meaſured; as their Diametral, Diagonal and perime­tral or Lateral lines, &c. Of which Figures, we will here practically demonſtrate our artificial Dimenſion (as alſo the natural, by way of metrical compariſion) in the two firſt of thoſe here particularly named, to wit, the Trigon, and Pen­tagon, (according as we did firſt of all in the only oblique­line or curviline ordinate Plane, namely the Circle;) and the rather alſo, for that theſe two do concur to the compoſition of four of the five famous ordinate plain Bodies, (or five an­gular or rectiline regular Solids) commonly called the Plato­nical Bodies, namely, the Trigon, to the Tetra-edron, Octa­earon and Ficoſa-edron; and the Pentagon to the Dodeca­edron. And then I ſhall next of all after, ſpeak briefly ſome­what in the like kind, concerning the ſecond angular or rightlined regular Plane, (which goes to the compoſition of the other ordinate plain Body named Hexa-edron) called ſpecially and peculiarly (by way of excellency above and ſo diſtinction from all other quadrangular and quadrilateral Planes) by the Greeks,  [...], and  [...], and by the Latines more diſtinctly, Quadratus, and Quadratum. And ſeeing, that the ſides of the aforenamed Figures in gene­ral, are chiefly conſiderable, being the only proper natural lines of dimenſion pertaining to them, as bounding in & inclu­ding their Area's, (they being conſidered ſimply & abſolute­ly [Page] in themſelves alone, as ſuch Figures; without any further circumſtances) and ſo are only apparent of themſelves natu­rally in any materiate thing coming under the form of any ſuch Figure, to be meaſured; which the other lines of di­menſion aforeſaid uſually are not, (according to what I noted formerly in the Diameters of the Circle, Sphear, Cy­linder and Cone,) as being indeed no proper, natural, or eſ­ſential parts of the ſame, but only adventitial, adſcriptitial, or accidental, (as it were) as happening to them after they are made; being uſually adſcribed to them by Geometricians, as helps chiefly, for the obtaining of their Area's (in any Meaſure aſſigned) after the natural or vulgar way of mea­ſuring; which being once had, theſe lines are again of no account; and ſo are uſually drawn in books, obſcurely, by ſmal points or pricks only. Therefore I will here demon­ſtrate the dimenſion of the two forenamed Figures only from their ſides. And indeed theſe Figures in general, ſhould be rather denominated from their ſides, as it were from the Cauſe, then from their Angles, as from the effects: for ſo a Triangular Figure is defined by Euclid, El. 1. def. 20 &c. from its three ſides; whereupon it might better be called a Trilater, or Tripleuron, (as from the Cauſe) then a Trian­gle or Trigon (from the effect [...]) as Ramus ſpeaketh lib. 6 Geomet. El. 6.) eſpecially ſeeing that three ſides with three angles, are in no wiſe reciprocal, or convertible. For a Tri­angular Plane, may be quadrilateral, quinquilateral &c. as Ramus there ſheweth and alſo Sehol. Mathemat. lib. 6. but a trilateral Plane cannot be quadrangular, or quinquangular &c. But ſeeing Cuſtome and uſe hath taken up the name of Triangle for Trilater; and ſo of all other the like Figures from their angles rather then from their ſides; therefore we may moſt conveniently here retain their Appellations ac­cordingly, but in the Lateral ſence. And ſo now firſt to [Page] demonſtrate the artificial dimenſion of an ordinate Trigon, and that by its ſide only; Suppoſe here again, the former common Rational Line, A B; and to this I would ſo ac­commodate another Line, as that the ſide of an Iſopleural or Iſogonial Trigon, being meaſured thereby; its Quardrat ſhould be equivalent to the Area of the Trigon, meaſured by the Line A B. 
[geometrical diagram]
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 Now the length of this other Line, I find (ac­cording to the reaſon of the precedent Theo­reme and alſo the general reaſon of Meaſure be­foreſaid) to be A B 1.52; (or further in a decu­milleſimal partition, it wil be A B 1.5197 ferè,) which is here the Line L M, divided as the prime Line A B. Then let the ſide of ſuch a Trigon be A B, 12.00; So the Diametral or Perpendicular-line thereof, will be found by E 1. p. 47, and alſo by E 6. p. 31. to be A B, 10.39. For ſeeing that in the Iſopleuron or Iſogon, a, b, c, the Perpendicular a, d, biſects the ſame into two Orthogons, or rectangle Trigons, viz. a, d, b, and a, d, c, the Sides a, b, and a, c, will be the Hy­potenuſals [Page] (ſpecially ſo called) of the ſaid two Rectangle [...]; whole Power ſeverally, 144, being diminiſhed by the Po­wer, of the leſſer containing ſide of the right angle, viz. b d, or c, d; (being ſuppoſed A B 6.00) viz. 36, there will re­main the Power of the greater and common containing ſide, a, d, 108; whoſe Root irrational, (A B) 10.39 &c. is the greater and common containing ſide, a, d, ſought for, or the Perpendicular (of Altitude) of the Iſopleuron: with which will be found to accord the Trigonometrical calculation of the ſame. For ſeeing that in a plain or rectiline Triangle, all the 3 angles are equal to two right angles, by E 1. p. 32. the Angle of the Iſopleuron, or Iſogon, in general, muſt needs an­ſwer in meaſure to a Sextant of the Circular Periphery de­ſcribed from any angular point, according to either ſide of the Trigon about the angle, as the Radius; and thereupon, the ſide oppoſite to, or ſubtending the ſame angle, muſt by conſequence, anſwer to, or ſubtend the ſame Circular or Peripherial arch; and ſo is the Hexachordon (as I may briefly term it) or rather Hecto-chordon or the chord Hexagonall of the ſaid Circle, as being the ſide of the inſcribed ordinate Hexagon & thereupon the Circle it ſelf, Hexachordal. And ſo the ſide of the Trigon in general, muſt ſubtend the double arch of its exactly ambient Circle, (the ſides of ye Trigō, being indeed the Subtenſes or Chords of their oppoſite Angles, viz. of the Circular or Peripherial arches which do compaſſe thoſe Angles, & are their double Meaſures) and conſequent­ly, is the Tri-chordon (as it were) or rather Trito-chordon, or Hypo-dia-trite, of the ſame Circle; being the Hypotenuſe Inſer [...]pt, or Chord Trigonal thereof: the ſaid ambient Circle being Trichordal. Whereupon, (the Iſopleuron, or Iſogon, being biſected into two Orthogonials, by its Perpendicular, as aforeſaid) it followeth, according to the reaſon of the ſe­cond [Page] proportionall Axiome of plaine, or B. Pitiſc. Tri­gonom. lib. 3. Axiom. 2. Con­ſect. 1 and 2. And Trigo. nom. Britan. lib. 2. par. 1. cap. 2. Prop. 3. and cap. 4. probl. 4 and 5. rectiline Triangles in Pitiſcus, and more particularly, Conſect. 1, and 2. thereof; and ſo by the third general Propoſition (or like Axiom) concerning the ſame, in Trigo­nometria Britanica; moſt plainly, and brief­ly, (eſpecially with help of the artificial or Logarithmical Numbers) thus;
As a, d, b, or a, d, c, 90o—10,0000000 Rad. to a b, or a, c, 12 — 1,0791812.
So a b d, or a c d, 60o—9,9375306. S, A. to a d, 10.3923 &c.—1,0167118.
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Or again, by the ſame reaſon;
As b, a, d, or c a d, 30° —9,6989700. S, A to b, d, or c d, 6 — 0,7781512
So a b d, or a c d 60° —9,9375306. S, A to a d, 10.3923 — 1,0167118. as before. [Page] And other wales alſo may the ſame be found out; either by Sines alone, or by Sines and Tangents together, according to Axiom. 1 Planor Pitiſc. and Conſect. 1 and 2. And Prop. 1. and 2. Planor. in Trigon. Brit. and more particularly cap. 4. before cited, probl. 1. 2. 3. But this way of working is the moſt plain and vulgar.
Now the Diameter or Perpendicular of the Trigon, a d, 10.3923 being drawn into the ſemi-baſe (or ſemi-ſide) b d, or c d, 6; there reſulteth the Area of the Trigon (according to the reaſon of E 1. p. 41.) 62.3538. Or the ſame Trigonal A­rea will alſo be produced, by comparing each ſide of the Tri­gon ſeverally, with the ſemi-aggregate of all the ſides, and then infolding the ſaid ſemi-aggregate and the difference of each ſide thereto, continually together; for ſo the Root qua­drate of the total Reſult, ſhall be the Area of the Trigon: As;
 [...] See upon this kind of Trian­gular dimenſi­on (or Geode­ſie, as Ramus terms it) Ram. lib. 12 Geomet. theor. 9. but more eſpcially the reaſon thereof demon­ſtrated by him, in fine lib. ult-Schol. mathe­mat.
agreeing exactly with the Trigonall Area found before. [Page] Now the ſide of the Trigon, put A B, 12.00, being mea­ſured by its proper Line of quadrature L M, will be found thereof but 7.90 ferè, whoſe Quadrat is 62.4100 ferè, for the Area of the Iſopleuron, which exceedeth the true Area, in the fraction-part, only 562 ſquare-centeſms, viz. 562 parts of 10000, or in more vulgar terms 1/18 ferè, of the Line A B ſquared. And if the Line L M be made 1000 parts; then the ſide of the Trigon will be found thereby, 7.896, which ſquared, will give 62.346814, for the Trigon­al Area; which wanteth now of the true Area, found by both the former ways, 62.353829, only as much, as will make in vulgar terms, 1/143 ferè of the Line A B ſquared, as being the Meaſure aſſigned. And the very ſame Area will be artificially produced by the Perpendicular or Diameter of the Trigon; 2 Line of meaſure being accordingly fitted there­unto; which will be found by the reaſon of the fore-going Theoreme, &c. to be of the intire prime Rational Line in general, .1.3161 ferè, (which is √ qq 3) ſuch as is here the Line N O, according to the Line A B. 
[geometrical diagram]
The artificiall Dimenſion of Triangles in generall.
And here our artificial Menſuration, may be applied to any other kind of Triangle, ei­ther regular-like, or altogether irregular, (as I may term them) viz. Iſoskelan or Skalene, for the finding of their areal contents; but it will be in a way ſomwhat different from that of the regular or Iſopleural and Iſogonial Tri­angle; (being indeed according to the vulgar [Page] or natural way of meaſuring,) viz. in that, as there the A­rea is had immediatly by the only ſquaring of ſome one di­menſional line of the Triangle, as the Side or Perpendicular, &c. and ſo the ſame is the Quadrat thereof in Quantity a­rithmetical or meaſure numeral: here it will be the Rectangle made of the whole Baſe and Perpendicular together (as it is naturally and really the half of that Rectangle, by E. 1. p. 41. before cited) which two lines, if they happen at any time to be equal, then will the Area be produced under the form of a perfect Quadrat, from either of them, as that of an Iſo­pleuron, or regular Trigon; ſeeing that the Rectangle made of them both, is no other then the exact Quadrat of either of them ſingly: And ſo therefore, after this latter way may an Iſopleuron alſo be artificially meaſured, the way being general. And this reſembles the artificial dimenſion both ſolid and ſuperficial of regular▪ like Solids, as the Cone, and all regu­lar-baſed Pyramids, &c. and ſo differeth from that particular and peculiar dimenſion of the ordinate or regular Triangle (and of all other regular Planes) as the dimenſion of regular­like Solids doth from that of Solids exactly regular: And ſo, as the ſolid content of any oblique, Scalene, or inclined Cone or Pyramid, &c. is obtained both naturally and arti­ficially, as that of a right, upright, or Iſoskelan Cone or Py­ramid &c. (as was ſhewed before in the dimenſion of a Cone, and ſhall be afterwards in the dimenſion of Py­ramids) So is here the ſuperficial content of any oblique Scalenal or irregular Triangle obtained (as well artificially as naturally) like that of an upright or Iſoskelan Triangle by any ſide thereof, put as the baſe, and the perpendicular lot fall from the oppoſite angle thereto, whether that ſide need to be continued out or produced, or not; ſeeing that e­very Skalene Triangle is equal to an Iſoskelan, having the [Page] ſame baſe and perpendicular of altitude, (or they being con­ſtituted upon the ſame baſe, or equal baſes, and in the ſame Parallels, as Euclid, and his interpreters do ſpeak) by E 1. p. 37. and 38. as every oblique or Skalene Cone and Py­ramid, &c. is equal to a right, or Iſoskelan Cone and Py­ramid, upon the ſame (or equal) baſe, and of the ſame alti­tude, by the reaſon of E. 12, p. 11. and 14. beforecited in the Cone, &c. and p. 5. and 6. afterwards in the Pyramids, &c. And now the Line of meaſure, for the performing of this latter or general artificial dimenſion of Triangles, wil be the ſame with that, which was noted formerly for the ſuperfi­cial dimenſion of a Cone, by its ſide and baſial Periphery together, viz. of the Rational Line in general, 1.4142, &c. √q 2. And here the proportion of the natural Meaſure to the artificial, in the two forenamed lines of a Triangle to­gether, will be the ſame with that in the foreſaid Conical dimenſion; viz. 1. to .7071 &c. √ q 1/2 But indeed ſeeing that the Area of any Triangle may be obtained as readily in a manner by the natural Line of meaſure, or common way of meaſuring, as by this latter kinde of artificiall Line, or general artificial way of Triangular dimenſion: (according to what I noted even now about the ſame.) Therefore I ſhal preſſe this point no further, then what is only for va­riety of Art and operation in this kind.
[Page]
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SUppoſe next the ſide of the ordinate Pentagon, A B C D E, to be the ſame with that of the ordinate Trigon before go­ing, (as from the Rational Line A B,) 12.00; then the true Area thereof, will be found, 247.7487 &c. and not 240, as Ramus makes it, ſhewing the Geodeſie (as he terms it) of ordinate Polygons in general, and particularly of an ordinate Pentagon, whoſe ſide is 12; where he makes the Ray of the inſcribed Circle, (which in Ram. Geom. lib. 19. el. 1. p. Ryff in Epi­tome Rami. And Oront. Fin. lib. Geom. pract. cap. 24. this pentagonal Figure, is F G) to be exact­ly 8, (and conſequently the Ray of the cir­cumſcribing Circle F C or F D, juſt 10) and thereby the Area, but 240; and which from him P. Ryff alſo hath in his Epitomy of Ramus: And ſo Orontius Fineus alſo meaſures this Pentagon; and thus they take it one from ano­ther (as Ramus from Fineus, and Ryff from Ramus) with­out any further examination; And hence they give the faid Pentagon, abſolute in all its dimenſional Numbers. But in­deed, [Page] the ſide of an ordinate Pentagon, being 12, the Ray of the inſcribed Circle, wil be truly, 8.26 ferè; and the Ray of the circumſcribing Circle (which here we need not) wil be 10.21 ferè, and ſo the Pentagonal area will be exactly (to ſquare centeſms) 247.7487. All which we ſhall here de­monſtrate Trigonometrically. For ſeeing that an ordinate Pentagon is a Triangulate, conſiſting of, (or reſolvable into) five equal and like Iſoskelan or equicrural Trigons, meeting vertically in the center of the Pentagon, (or of its circum­ſcribing Circle) and ſo whoſe Baſes are the ſides of the Pen­tagon, and whoſe ſhanks are Raies of the ſaid Circle; ſuch as is the Triangle C F D; the vertical (or Centricall) angle, F, will anſwere to a Fifth of the ſaid circumſcribing Circle's circumference, as being meaſured thereby; which the ſide of the Pentagon C D (as the baſe of the Iſoskelan Tri­gon) ſubtending, the ſame is conſequently the Pempta-chord (as it were) or Hypodia-pempte of the foreſaid Circle, as the Hypotenuſe, Inſcript, or Chord Pentagonall thereof; the ſaid circumſcribing Circle being Pentachordal. Which Iſoskeles being biparted or biſected into two Orthogonials, viz. C G F, and D G F, by its perpendicular F G (which is a Ray of the inſcribed Circle, as aforeſaid) whoſe Hypotenuſals (ſpe­cially ſo called) F C, and F D, as the two equal ſides of the Iſoskeles, are two Raies of the Pentagon's circumſcribing Circle, as aforeſaid; the ſemi-baſe of the Iſoskeles, C G or D G, as the leſſer containing ſide of the right angle in the two foreſaid orthogonial Trigons; will be 6 (as being the ſemi-ſide of the Pentagon) and he Angle C F G or D F G, will anſwer to a Tenth of the foreſaid ambient Circle's cir­cumference, as being halfe the vertical angle of the Iſoskeles C F D; and ſo conſequently, the baſial or greater acuteangle F C G, or F D G, will be the complement of the other two angles to a Semi-circle (according to E. 1. p. 32) or the Com­plement [Page] of that other acute angle to a Quadrant: and here­by the perpendicular of the Iſoskeles F G, as the perpendicu­lar let fall from the center of the Pentagon to its ſide, (or the Ray of the inſcribed Circle) being the thing next to be in­quired, will be found. And therefore in the rectangle Triangle, C G F, or D G F, ſeeing all the angies are given, together with the leſſer containing ſide C G or D G; the greater and common containing ſide F G required, will be had theſe two ſeveral ways following: and firſt according to Axiom. 2 Planor. Pitiſc. and Prop. 3. Trigon. Brit. &c. before­cited, moſt eaſily and readily by Logarithmo-trigonometri­cal ſupputation, or artificial Trigonometry, thus;
As C F G, or D F G, 36o—9,7692187. S A to C G, or D G, 6.—0,7781513.
So F C G, or F D G, 54o—9,9079576. S A to F G, 8.26 ferè, viz. 8.25829 &c.—0,9168902.
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Or ſecondly; ſeeing that in a recti-line rectangle Triangle, any ſide may be put for the Radius of a Circle, by Axiom. 1 Planor. Pitiſc. and Prop. 1 Planor. Trigonom. Brit. There­fore in the foreſaid Rectangle C G F, or D G F, the leſſer containing ſide C G or D G given, being put as Radius; the greater (and common) containing ſide, F G ſought for, will (by the foreſaid Axiom, and Prop. 2. Planor. Tri­gon. Brit.) be the Tangent of its oppoſite angle F C G, or F D G; Whereupon it followeth accordingly, in this Tri­gonometrical Reaſon;
As C G, or D G,—10,0000000. R. to F G—10,1387390, T A, 54o.
So C G, or D G, 6— 0,7781513 to F G, 8.258 &c,—0,9168903 as before.
Which being infolded with the ſemi-perimeter of the Pen­tagon, A B C G, 30, there will reſult the Area of the Penta­gon, 247.7487, as I ſaid at firſt. Or the ſaid F G, as the per­pendicular of the foreſaid Iſoskeles C F D, being infolded with the ſemi-ſide of the Pentagon, C G or D G, as the ſemi­baſe of the Iſoskeles, produceth the Area of the Iſoskeles, C F D, 49.54974, &c. which augmented by the number of the compoſing Iſoskelan Trigons, produceth the total Pentagon, 247.7487 &c. as before; and which is moſt readily and accuratly obtained by Logarithmical numeration, only by a ſimple compoſition of Numbers, thus;
F G, 8.258 &c.—0,9168903 A
C G, or D G, 6 — 0,7781513 A
Iſoskeles C F D, 49.5497 &c. 1,6950416 aggreg. A
5 A 0,6989700 aggreg. A
Pentagon, 247.748745 &c.—2,3940116. aggreg.
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Or, according to the firſt operation, more briefly thus;
F G, 8.258 &c.—0,9168903 A
A B C G, 30 — 1,4771213 A
Pentagon, 247.7487 &c.—2,3940116, as before.
Now for a trial of this dimenſion artificially, by a Line for the quadrature of an ordinate Pentagon by its ſide, being here the Line P Q, whoſe quantity I find (by the reaſon of the foregoing Theoreme, &c) to be of the Rational Line A B, (defectively) 0.7624 ferè, the ſubductional ſegment being A B, 0.2376 ferè, and which Line being divided in like man­ner; the ſide of the Pentagon, ſuppoſed A B 12.00, meaſured thereby, will be found, 15.74, which ſquared, yields 247.7476, for the Area of the Pentagon, which differeth from the true Area (deficiently) only 11 ſquare-centeſms, or [Page] 
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 11 of 10000, which in more vulgar terms, is hardly ſo much as 1/909 of the Line A B, (as the Meaſure given) ſquared; And this from a centeſimal partition only of the artificial Line of meaſure, P Q. which is as near the truth, as need be deſired.
Now as to the Radius of the circumſcri­bing Circle, which Ramus, & the others be­forenamed, do make exactly 10, (though here we make no uſe thereof, yet for the truth's ſake) we will demonſtrate the ſame to be 10.21 ferè, thus: And firſt in the rectangle Triangle C, G, F, or D G Faforeſaid; the leſſer acute angle C F G or D F G, and the leſſer ſide about the right angle, viz. C G or D G (as the ſemi-ſide of the Pentagon) ſubtending the ſaid acute angle, as the right Sine thereof, being firſt of all given: the Hypotenuſe F C, or F D, being the Ray of the ambient Circle, ſought, will be found thus,
As C F G, or D F G, 36o—9,7692187. S A. to C G, or D G, 6 — 0,7781513.
So C G F, or D G F, 90o—10,0000000. R. to F C, or F D, 10.21 ferè, viz. 10.2078 &c.—1,0089326.
Or again ſecondly in the ſame Triangles, the greater a­cute angle F C G, or F D G (being half the Pentagonal angle) and the greater and common ſide about the right an­gies, viz. F G, ſubrending the two ſaid equal acute angles,  [...]eing only firſt given; the Hypotenuſal ſide, F C, or F D, inquired, will be had thus;
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As F C G, or F D G, 54o—9,9079576 S A to F G, 8.25829 &c—0,9168902
So F G C, or F G D, 90o—10,0000000 R. to F C, or F D, 10.2078 &c. 1,0089326, as before.
Or again, thirdly, in either of the ſaid rectangle Trian­gles, where the foreſaid greater acute angle being only known and the leſſer ſide about the right angle, viz. C G, or D G, and the ſame put as Radius; the ſide ſubtending the right angle, viz. F C, or F D inquired, wil be the Se­cant of the ſaid greater acute angle, F C G, or F D G, (as the greater and common ſide about the right angle, and the common Subtenſe of the ſaid two acute angles, viz. F G, was ſaid before in the like caſe, to be the common Tangent of the ſame angles) whereupon it followeth in this Trigono­metrical Analogie;
As C G, or D G—10,0000000, R. to C F or D F—10,2307813, Sec. 54o.
So C G or D G, 6 — 0,7781513. to C F or D F, 10.2078 &c. 1,0089326, as before.
Or fourthly, in either of the ſaid Rectangles, the leſſer a­cute angle C F G, or D F G, being only given, and the greater containing ſide of the right angle, viz. F G, and the ſame put for Radius; the Hypotenuſal F C, or F D, will be the Secant of the ſaid leſſer acute angle, (as the leſſer con­taining ſide C G or D G will conſequently be the Tangent of the ſame acute Angle.) Therefore it followeth;
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 [...]
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As F G—10,0000000 to F C or F D—10,0920424. Sec. 36o.
So F G, 8.258  [...]c.—0,9168902 to F C or F D 10.2078 &c.—1,0089326, as before,
Or fifthly and laſtly, in the Iſoskeles C F D, where all the angles and the Baſe C D (as the ſide of the Pentagon) being known; the ſide of the Iſoskeles F C or F D ſought for, will be obtained by the moſt common Trigonometrical operation, thus;
As C F D, 72o—9,9782063. S A. to C D, 12 — 1,0791812.
So C D F, or D C F, 54o—9,9079576, S A to C F or D F, 10.2078 &c.—1,0089325, as before.
Now the Radius of the circumſcribing Circle, viz. F C or F D (to which A F is equall) being theſe five ſeverall ways found out, to be 10.21 ferè; the ſame with the Ra­dius of the inſcribed Circle, viz. F G found before, 8.26 ferè, will make up the totall Diameter or Perpendicular of the Pentagon, viz. A G (which is the altitude thereof) to be 18.47 ferè; which according to the accompt of Ramus, and the other Auth [...]rs before named, would be exactly 18. For that here you may obſerve by the way, how that in all ſuch ordinate Planes, as have their angles and ſides in an uneven or unequall number (and ſo the angles and the ſides ſeve­rally, are not exactly oppoſite one to another, that is, angle to angle, and ſide to ſide, but contrarily, (as the Trigon, Penta­gon, Heptagon, Hennea-gon, and the like; the Diameter is compoſed of the ſemidiameters of the Circle circumſcribing [Page] and inſcribed: And in all ſuch ordinate Planes, as have their angles and Sides in an even or equal number, (and ſo the angles and ſides ſeverally, are directly oppoſite one to an­other, that is, angle to angle, and ſide to ſide) as the Tetra­gon, Hexa-gon, Octa-gon, Deca-gon, and the like; the Di­ameter is no other then that of the circumſcribing Circle. And ſo by theſe Diameters may the areal contents of theſe Figures be obtained artificially as by their ſides, according as I noted at firſt: For ſo the artificial Line of meaſure for ſquaring of an ordinare Pentagon by its ſaid Diameter or Perpendicular, will be found (by the reaſon of the foregoing Theoreme, &c.) to be of the prime Ratio­nal Line in general, 1.1732 ferè. And from The artificiall Line in gene­ral for the qua­drate dimenſi­on of an ordi­nate Pentagon by it's Diame­ter or Perpen­dicular of alti­tude. the premiſſes it appeares, that if the Diame­ter of a Circle be meaſured by any of the ar­tificial Lines pertaining to the Diameters of the latter kind of ordinate Planes here men­tioned, the Quadrat thereof ſhall be equal to the reſpective inſcribed Figure; where, by the Diameters, are meant their angular Di­ameters, or longer Diagonals paſſing be­tween two extreamly oppoſite angles, through the Center of the Figure; where as there is to be underſtood another Diameter, paſſing beween two oppoſite ſides, through the Center, (and to which is equall in the Hexagon the line paſ­ſing between the ends of the two oppoſite ſides, and ſo ſub­tending the Angle of the Figure, and which is more peculi­arly and ſpecially called the Diagonall-line, or Diagonie of the ſame Figure) which is no other, then the Diameter of the inſcribed Circle; And ſo by this other Diametrall line, may the ſaid Figures be alſo artificially meaſured as before, by Lines of Meaſure appropriated thereunto; And therefore, if the Diameter of a Circle be taken thereby, the [Page] Quadrat thereof ſhal be equal to the reſpective circumſcribed Figure: And ſo alſo may theſe ordinate Polygonal or Poly­pleural Planes in general, be artificially meaſured by their ſhorter Diagonal-lines, which ſubtend their angles ſingly, (and are equal, neither to the diameters of their Circles cir­cumſcribing, nor inſcribed, nor compoſed of both) & are more peculiarly called their Diagonials or diagonies; and which is in the Hexagon, the Side of its inſcribed Trigon; in the Octagon, the ſide of the inſcribed Tetragon; & in the Decagon, the ſide of the inſcribed Pentagon, &c. And which ſort of line is drawn and handled (amongſt others) in the next Pen­tagonal figure, ſet forth for the dimenſional proportions in a Pentagon. And ſo the artificial Line for the quadrate dimen­ſion of an ordinate Pentagon by its ſaid diagonie, or angular Subtenſe, will be of the prime Rational Line, (in the general Reaſon of Meaſure) 1.2336 ferè.
As for the ſecond (or intermediate) ordinate or regular Plane, namely, the Tetragon, (or rectangle Iſopleuron, or regular Parallelogram) there can be no readier way for the 
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 meaſuring of the ſame, then the vulgar or natural way, by ſquaring its ſide, taken by the prime Rational Line: But elſe the ſame might be artificially performed by the diagony or diagonial thereof. And ſo whereas the diagony of the Tetra­gon, [Page] is naturally double in power, to the ſide thereof, by the reaſon of E. 1. p. 47. and alſo E. 6. p. 31, before cited; here it will be made artificially▪ equal (immediatly in act, and ſo in power, according to Quantity diſcrete) to the Side, taken naturally, or by the natural The dimenſion of a Tetragon by its Diag [...] ­ny; And the artificiall Line for performing the ſame. Line of meaſure. And ſo the artificial Line of meaſure for this purpoſe I finde (according to the reaſon of the precedent Theoteme &c.) to be of the Rational Line in general, 1.4142 &c. viz: √q2. (which was noted for two ſeveral dimenſions before, namely one in the Cone, and the other of Triangles in general) which Line being divided as the former, and ſo the Diagonial of this Figure taken thereby, it will be found to agree with the Side thereof, taken by the prime or natural Rational Line; and ſo being ſquared, muſt needs produce the ſame ſuperficial Content: And therefore it appeares hence, that if the dia­meter of a Circle be taken by this Line, the Square thereof ſhall be the meaſure of the inſcribed Quadrat; where as the Square of the diameter, is naturally, really, or geometrically, the circumſcribed Quadrat.
And thus having demonſtrated the dimenſions of the three firſt ordinate, Planes, geometrically, in every reſpect: we ſhe next of all deliver the ſame purely arithmetically, by way of proportion, as we have extracted them in all the va­riety thereof that may be; ſome of which may be of ſingular uſe, not only for the more eaſie and ſpeedy ſuperficial dimen­ſion of theſe Figures ſimply, according to the natural Meaſure; but alſo for the ſolid dimension of the Pyramids raiſed or conſtituted upon them (and ſo conſequently of the ſoreſaid five plain, or rectiline regular Solids, after the natural and vulgar way of meaſuring them, which is the moſt difficult) as to the ſpeedy diſcovering of the ſemidiameters of the Cir­cles [Page] circumſcribed to their Baſes; and ſo thereby, and by the side of the Pyramid together, the Axis or Altitude of the ſame; as I ſhall ſhew in the next Section; like as I did before, for finding the Axis of a Cone. And firſt therefore for Linear Proportions (as I may term them) or Proportions of Linear dimension, in the ordinate or regular Trigon.
	1 The Side (a, e or a,  [...]) is to the Raie of the Cir­cle,	circumſcribing (a. o.)	as 1. to	.57735 √q 1/3.
	inſcribed (o. u.)	.288675.
	And ſo to the diameter or Perpendicular (a. u.)	as 1. to	.8660254 √q 3/4 or. 75.
	And vice-ver­ſâ, the Perpen­dicular (a, u) is to the Side (a, e, or a, i)	1.1547.
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	2 The Radius of the circum­ſcribing Circle (a, o) is to the	Side (a, e, or a i,)	as 1. to	1.73205 √q 3.
	Raie of the inſcribed Circle (o, u,)	0.5 dupla.
	And conſequently to the Diameter or Perpendicular, (a, u)	as 1. to	1.5 ſubſ [...]ſqui  [...] ­tera.


	3 The Radius of the in­ſcribed Circle (o, u) is to the	Side (a, e, or a, i)	as 1. to	3.4641
	Ray of the circum­ſcribing Circle, (a, o,)	2. ſubdupla.
	And ſo to the Per­pendicular or dia­meter (a, u)	3. ſub [...]ripla.


Whereby it appeares, that the Radius of the circumſcrib­ing or containing Circle, is 2/3 of the Trigonal Perpendicular or diameter, and the Radius of the inſcribed or contained Circle is 1/3 of the ſame, and which is farther manifeſt by E. 14 p. 18.
Secondly, for ſuperficiall Proportions in the ordinate Trigon; or Proportions of ſuperficiall dimenſion:
	4 The Qua­drat of the	Side	is to the Trigon it ſelfe, as 1. to	.4330127
	Diameter	.57735. √q 1/3.


Which latter, is the ſame with that of the side to the Raie of the circumſcribing Circle.
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And contrarily;
	5 The totall Trigon is to the Quadrat of its	Side	as 1. to	2.309401
	Diameter,	1.73205. √q. 3


And ſo conſequently.
	6 The	Side,	is to the side of the Quadrat equall to the Trigon, as 1. to	.658037.
	Diameter,	.759836 ferè.


Next for the like proportions in the ordinate Pentagon; and firſt in reſpect of Linear dimension;
	1. The ſide of the Pentagon (a. b.) is to the	Ray of the Circle	circumſcribing (a. g)	as 1. to	.85065.
	inſcribed (g. h.)	.68819.
	And ſo to the Diameter or Perpendicular of the Pentagon (a. h.) as 1. to. 1.53884.
	Diagonall, or the Subtenſe of the pentagonall angle (b. e.) Fluſſat. El. 16. p. 2.
 cutting the Diameter by extream and mean proportion) as 1. to 1.618034 ferè.
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	4. The Ra­dius of the ambient Circle (a. g.) is to the	Side of the Pentagon, (a. b.)	as 1. to	1.17557
	Ray of the inſcribed Circle, (g. h.)	.809017
	(And ſo to the Pentagonall Diameter (a. h.) as 1. to 1.809017.)
	Pentagonall Diagonie, or angular Hypotenuſe (b. e.) as 1. to 1.902113.
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	3. The Ra­dius of the inſcribed Circle (g. h.) is to the	Side of the Pentagon, (a. b.)	as 1. to	1.453085
	Ray of the ambient Circle, (a. g.)	1.236068 (ferè.
	(And ſo to the Diameter or Perpendicular (a. h.) as 1. to 2.236068)
	Diagonal or Hypothenuſal (b. e.) as 1. to 2.351141
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	4. The Di­ameter of the Penta­gon (a. b.) is to the	Side (a. b.) as 1. to. 649839.
	Ray of the Circle (of which two circular Raies it is compoſed.)	circumſ. (a. g.)	as 1. to	.552786
	inſcrib. (g. h.)	.44721
	Pentagonall Diagony (b. e.) as 1 to 1.051462.


And to its greater portion or ſegment (f. h.) (being parted by the ſaid Diagonall or Hypothenuſall, ac­cording to extream and mean reaſon, as aforeſaid) as 1. to .618034, and to its leſſer portion [...] (a. f.) as 1. to .381966: which two ſegments are Algebraically or Coſſically, the ir­rationall Apotomies, √ 1 1/4 (or 1.25)—1/2 (or. 5) for the greater ſegment; and 1 1/2 (or 1.5)—√ 1 1/4 (or 1.25) for the leſſer ſegment; according to a Coſſicall invention of the ſaid two ſegments, agreeing exactly with the Trigonome­tricall.
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[geometrical diagram]
	5. The Diago­nall or Hypote­nuſall (b, e) is to the	Side, (a, b) as 1. to. 618034.
	Ray of the Circle	circumſcrib. (a. g.)	as 1. to	.525731
	inſcribed, (g. h.)	.425325
	And ſo to the Diameter, (a, h) as 1. to .951056.
	And to the greater ſegment thereof (f, h) (as being divided by the Diagonall, according to extream and mean reaſon, as aforeſaid) as 1. to .587785
	And to the leſſer ſegment of that diviſion or partition, (a, f) as 1. to .363271.


Which two Diametrall ſegments, are Coſſically the irrationall Apotomies √ 1.130635 &c.—0.475528, [Page] for the greater ſegment; and 1.426584 &c.—√ 1.130635 &c. for the leſſer ſegment, according to a Coſ­ficall computation of theſe two ſegments, which we find to agree exactly with the Trigonometricall, as the for­mer.
Which Pentagonall proportions before-going, (thoſe of the Diagony being ſecluded) would be according to the Dimenſion of the foregoing ordinate Pentagon, by Ramus &c. exactly rationall in the leaſt terms, thus;
	1. The Side of the Pen­tagon to the	Ray of the Circle	circumſcribing, as 6 to 5, ſeſquiquinta, (which is decimally irrationall, 1. to .833333 infinitely, & defective.)
	inſcribed, as 3 to 2 ſeſqui­altera, (which is decimal­ly irrational, 1. to .66666 &c. infinitly, and defe­ctive.)
	And ſo to the Diameter, as 2 to 8, ſubſeſ­quialtera (which is decimally irrationall 1. to 1.5, (or integrally, rationall, 10 to 15, de­fective.)


[Page]
	2. The Radius of the circum­ſcribing Circle to the	Radius of the inſcribed Circle, as 5 to 4, ſeſ­quiquarta, (which is decimally irrationall. 1. to .8 (or integrally, rationall, 10 to 8. defici­ent.
	And conſequently to the Pentagonall Di­ameter, as 5 to 9, ſub-ſuperquadriquinta, or ſubſuperquadrapartiens-quintas, (which is decimally irrationall, 1. to 1.8 (or integrally, rationall, 10 to 18 deficient.)


And ſo the Radius of the inſcribed Circle, to the ſaid Diameter, as 4 to 9, ſubdupla-ſeſquiquarta, (which is de­cimally irrationall, 1. to 2.25, (or integrally rationall, 100 to 225) and exceſſive or redundant.)
By which the reciprocall proportions may be had by inverſion of the Termes: And here the proportion of the Pentagonall Diameter to the ſide, wilbe the ſame with that of the ſide to the Raie of the inſcribed Circle, before noted, viz. 3 to 2 ſeſquialtera.
Then ſecondly in relation to ſuperficiarie Dimenſion, the Pentagonall proportions will be exactly, as followeth.
	1. The Qua­drat	Laterall	is to the Pen­tagon it ſelfe, as 1. to	1.720477
	Diametral	0.726543 ferè
	Diagonial	0.657164 ferè


And contrariwiſe
	2. The Penta­gon is to the Quadrat	Laterall	as 1. to	.581234
	Diametral	1.37638
	Diagonial	1.52169
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And ſo,
	3. The	Side	is to the Side of the Pentagonall Quadrat, as 1.10	1.31167.
	Diameter	.85237.
	Diagonial	.810656.


Which three laſt Proportions are the moſt preciſe and proper Tetragoniſmal termes of an ordinate Pentagon; but chiefly the firſt of them.
And which ſuperficiall Proportions (ſecluding thoſe ſor the Diagony) would be, according to the former Linear Proportions, deduced from the foregoing Pentagonall di­menſion of Ramus, &c. in theſe Terms;
	1. The Quadrat	Laterall	to the Pentagō it ſelfe, as 1. to	1.666666 infinitely, & defective; being in vul­gar terms, as 1. to 1  [...]/ [...], or 5/1 ſub-ſuper-bitertia, or ſub-ſuper-bipartiens­tertias.
	Diame­trall.	.740740, infinitely, & exceſſive; being more vulgarly, 1 to 20/27, ſuper­ſeptu-partiens-vigeſi­mas; which is very neer ſeſqui-tertia in the leaſt terms, it being ſu­perpartient 7/20.
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Contrarily;
	2. The Pentagō to the Quadrat	Laterall	as 1. to	.6 (or integrally, 10 to 6) exceſſive; being more vulgarly, 1 to 3/5, ſuper-bi­tertia, viz. ſuperparti­ent 2/3.
	Diame­trall	1.35, (or integrally, 100 to 135,) defective; be­ing in vulgar terms, as 1 to 17/2 [...], ſub-ſuper-ſeptu­partiens-vigeſimas.


And ſo,
	3. The Penta­gonall.	Side	to the Side of the Pentagonall Qua­drat, as 1. to	1.29099, deſicient.
	Diam.	.86066, redundant.


But the former or Linear Proportions are erronious; Therefore, the latter or ſuperficiall.
Then as for the Proportions of dimenſion in the Tetra­gon; there be onely theſe two conſiderable; viz.
1. The Side is to the Diagony (or circumſcribing Cir­cle's Diameter) as 1. to 1.4142, &c. √. 2. (which is the generall Linear or Scalar Number, for Diagonial Quadra­ture, noted before)
[Page]
[geometrical diagram]
And Vice-verſâ.
2. The Diagony is to the Side, as the diameter of a Cir­cle to the ſide of it's inſcribed Quadrat, noted formerly in the dimenſion of a Circle; viz. 1. to .7071, &c. √ 1/2:
And ſo is the ſide to the ſemi-diagonie, (or the circum­ſcribing Circle's ſemi-diameter.)
And here, as the ſide of the Tetragon, is the Tetrachord, or the Chord tetragonall of the circumſcribing, compre­hending, or containing Circle, (as ſubtending a Quadrant of it's Peripherie) So is the Diagony, the like Chord of the Circle deſcribed out of ſome angular point of the Tetragon, according to the ſide thereof, as the Radius; viz. the Cir­cle deſcribed about the diagoniall Quadrat; the ſaid Dia­gony being then the Side of the Tetragon inſcribed; And ſo thoſe Circles are Tetrachordall.
And here we may take in by the way, another kind of tetragonall Plane, very variable in reſpect of it's angles, but regular-like, (as I may term it) being equilaterall, [Page] though notequi-angular, called Rhombus, being the onely obliquangle equilaterall Concerning the dimenſion of a Rhombus. Parallelogram, and which therefore is a Quadrat, as it were, diſlocated in it's Terms, or compreſſed in the angles, as Ramus ſpeaketh lib. Geomet. 14. el. 7, 8, and ſo is a Triangu­late, conſiſting as it were, of two equall and like iſoskelan Triangles, meeting upon one common baſe; And if the Triangles happen to be equilaterall, equiangular, or exact­ly regular; then will the Rhombus be artificially in the nature of an exact Quadrat, as that kind of Triangle is, and ſo all other regular Planes artificially are: and ſo will ad­mit of the like artificiall, or quadrate dimenſion, by it's ſide, (or by either of the Diagonall-lines which may be drawn in it, and ſo by which it may be reſolved into 4 e­quall and like rectangle Scalenons; the leſſer or obtuſe an­gle-diagonall, which is the common baſe of the ſaid two Iſopleurons, being equall to the ſide of the Rhombus, as being a ſide of it's compoſing ordinate Triangle) according to an exact Quadrature. And the artificiall Line for this particular Rhomball Dimenſion, will be (according to the reaſon of the foregoing Theoreme, &c.) of the ratio­nall Line in generall. 1.0745, &c.
Therefore for Examples-ſake, Suppoſe a Rhombus were given to be meaſured, whoſe ſide is found to be the ſame in meaſure with that of the foregoing equilater Triangle, which was put of the Rationall Line intirely, 12.00; and the Diagonall paſſing between it's two ob [...]uſe angles, or ſubtending the two acute angles, is found to be equall with the ſide, whereby the Rhomb is thus biſected into, (or is compoſed, as it were of) two equall equilaterall Triangles, the Area of which Triangle was found naturally, 62.3538. [Page] 
[geometrical diagram]
 and which therefore doubled, gives the true, naturall Area of the Rhomb, 124.7076. Now the ſide of the Rhomb, 12.00, being meaſured by it's proper and peculiar artificiall Line of quadrature (centeſimally divided) will be found 11.17 ferè whoſe Quadrat is 124.7689 ferè, for the A­rea of the Rhombus, agreeing very nearly with the true one; and which will be by the like Line of quadrature for an ordinate Trigon, 124.8200 ferè, the ſide of the foreſaid Triangle being formerly found thereby, 7.90 ferè, and ſo the Area, 62.4100 ferè. But if the ſaid Line of Rhomball quadrature be milleſimally divided, then the ſide of the Rhomb will be found thereby 11.167, which ſquared, yields 124.701889 for the Rhomball area, which now wanteth of the true Area, viz. 124.7076 [...]8 (being the double of the foreſaid Triangle, viz. 62.353829) onely [Page] about 1/1 [...] of the prime Rationall Line ſquared: as it ex­ceeded the ſame before in the centeſimal operation, hardly ſo much as 1/16 of the ſaid Line ſquared; and which Area will be by the foreſaid Line of Trigonall quadrature, (in a milleſimall partition) 124.693628; the content of the foreſaid Triangle it ſelf, being found thereby, 62.346814. And ſo the Area of this Rhomb produced by the Line of Trigonall quadrature, comes not ſo near the true Area, as that which is produced immediately by the Line of Rhomball quadrature it ſelf.
And by the artificiall Line for the dimenſion of Trian­gles in general, may the Area of any Rhombus be obtained, it's two diagonal-lines being meaſured thereby; for ſo the rectangle Parallelogram reſulting therefrom, ſhall be equall to the Rhombus; as the Rectangle of thoſe two lines, is naturally and really double to the Rhomb; or the Rhomb is half the Rectangle made of thoſe two lines, be­ing meaſured by the naturall Line of meaſure; viz. the Re­ctangle from one whole Diagonall infolded with half the other. And thus alſo may be artificially obtained the Area of any Rhomboides or Trapezium.



SECT. II. Setting forth the Dimenſion, both ſolid and ſuper­ficiall, of regular-baſed Pyramids in gene­rall, and their Compounds: And de­monſtrating the ſame particularly in the three firſt kinds of them.
[Page]
ANd now having ſufficiently ſhewed our ar­tificiall Dimenſion in the three firſt recti­line or angular ordinate Planes in parti­cular; namely the Trigon, Tetragon and Pentagon, simply in themſelvs, (but chief­ly the Trigon and Pentagon, as being in them, only requi­site) and ſo conſequently the like Dimension of all ordi­nate polygonall or polypleurall Planes whatſoever, by the ſame metricall reaſon: We ſhall next proceed to the like kind of dimension in them, as in order and relation to all Pyramidall Bodies, both prime or simple, and compound, (as I may ſo ſpeak) or Pyramids, and Pyramidates, as be­ing their Baſes: or the dimenſion of theſe Solids, being founded, (as it were) conſtituted, or erected upon ſuch Planes; and ſo denominated from them accordingly, as I have ſaid before. And this I ſhall particularly ſhew in the three firſt ſorts of Pyramids, conſtituted or raiſed upon the three firſt Planes before named; and more eſpecially [Page] for that, as thoſe three Planes do concurre ſuperficially, to the composition, (or to the ſuperficiall composition) of the five famous ordinate Bodies, or rectiline regular Solids, as I ſaid before; namely, the Trigon, to the Tetrahedron, Octahedron, and Eicoſahedron; the Tetragon to the Hex­ahedron, and the Pentagon to the Dodecahedron: ſo the three kinds of Pyramids erected or conſtituted upon them, do concurre in like manner ſolidly, to the compoſition, (or to the ſolid compoſition) of the ſaid five Bodies, as I ſhall ſhew particularly in each of them.
And ſeeing that of all the kinds of Pyramids (which may be as infinite in number, as the Figures, for their Ba­ſes, upon which they are raiſed and conſtituted, and ſo from which they take their ſpecial denomination, as whe­ther the ſame be trigonall, tetragonall, pentagonall, or howſoever polygonall, and ſo the reſpective Pyramids be denominated accordingly) there is but one kind exactly ordinate or regular, and ſo is ſpecially and peculiarly, (for the excellency thereof) called Tetraedron, and by Euclid, ſimply by the name of Pyramid, in E 13. p. 13; it conſi­ſting of four equall ordinate Trigons compact together by ſolid angles (by E 11. d. 26) whih therefore are in number ſubtriple the plain, ſuperficial, or Trigonal angles conſti­tuting the ſame, (ſo that to the conſtitution of one ſolid an­gle, do here concurre three ſuperficiall angles; and there­fore this ſolid angle is contained under two plain right an­gles preciſely, and ſo is 2/3 of a ſolid right angle, as it's com­poſing or baſiall angle is 2/3 of a plain right angle) and ſo the angular lines, or ſharp edges, called the ſides of the Pyra­mid, (made by the connexion of the ſides of the ordinate trigonall Planes) are in number, ſubduple the trigonall ſides conſtituting the ſame) And ſo any one of the ſaid [Page] Trigonall Planes may be put for the Baſe of this Pyramid, and thereupon the ſolid angle oppoſite thereunto, made by the inclination, connexion, or concurſion of the other three like Planes, (according to their verticall angles) ſhal be the top or verticall point of the ſame; between which, and the Center of the Baſe, ſhall be adjudged the perpen­dicular altitude, (or the Axis) thereof: We ſhall firſt therfore ſhew our artificial dimenſion (both ſolidly & ſuper­ficially) of the firſt kind of Pyramid, in the firſt of the fore­ſaid five regular Bodies, namely the Tetrahedron; and that by the Side of the Baſe, (which is the generall ſide of this Body) in anſwer to the foregoing quadrate dimenſion of an ordinate Trigon by it's ſide) and the Axis toge­ther; which we ſhall compare with the naturall or vulgar dimenſion, according as we have done in all the Figures beforegoing; whereby the ſame may withall be under­ſtood by ſuch as are yet to learn.
[geometrical diagram]
 And therefore firſt for ſolid dimenſion; Let the ſide of a Tetrahedron be of the Rati­onal Line in general, 12.00 (which is alſo the ſide of the baſe) ſo the trigonall Plane for the Baſe, wil be (as was found before in the dimenſion of an ordinate Trigon) 62.3538. Now the Axis, or altitude of the Te­trahedrum (and ſo of all right or iſoskelan Pyramids whatſoever, The ſolid di­menſiō of a tri­gonal Pyramid. having regular baſes) is had geometrically (in a Triangular manner) as was formerly [Page] ſhewed for the Axis of a Cone, according to E. 1. p. 47, &c. it being the greater containing ſide of the right angle in the rectangle Triangle made by the Axis of the ſaid Py­ramid, and the baſiall Ray, (which is the ray of the Circle circumſcribing the ordinate trigonall baſe) for the leſſer containing ſide; and by the ſide of the Pyramid, being the Hypotenuſe to the right angle, in the Center of the Baſe: ſo that the Axis of the Pyramid, is the ſide of the reſiduall or differentiall Plane, (taken quadrately) between the La­terall Quadrat of the Pyramid, and the Radiall Quadrat of it's Baſe: which laſt Quadrat, (ſeeing that the ſide of the baſe, as being the ſide of an ordinate Trigon, is treble in power to the Ray of the Circle circumſcribed to the baſe, by E. 13. p. 12) will be here found 48; by which the laterall Quadrat of the Tetrahedrum viz. 144, being dimi­niſhed, there will remain the Quadrat of the Axis, 96; (viz. q 12—q 7 ferè) whoſe Root, irrationall or ineffa­ble, 9 15/19, or rather (according to a decimall extraction of the quadrate Gnomon) 9.7979, &c. (whereas the other is decimally, but 9.7894, &c.) is the true Axis or Altitude of this Tetrahedron: whereby it appeareth, that the Side of a Tetrahedron is potentially ſeſquialter the Axis of the ſame; and ſo E 14. p. 31. Or again, ſeing that the Side of the Tetrahedron is to the Diameter of the ambient Sphear, potentially ſub-ſeſquialter, becauſe the Diameter is po­tentially ſeſquialter the ſide, by E 13. p. 13, before cited; (and ſo the Diameter of the ſaid Spheare is potentially quadruple-ſeſquialter to the ſemidiameter of the Circle circumſcribing the Baſe of the ſaid Pyramid inſcribed,) therefore the Diameter of the ſaid Spheare will come forth here potentially, 216; whoſe Root tetragonical, irra­tional or inexplicable, is vulgarly 14 20/29, which is by deci­mall [Page] reſolution, 14.6896 &c. or the ſaid Root is more truly, by immediate decimal production of the gnonomical additament, or additionall Gnomon, 14.6969, &c. for the Diameter of the ambient Spheare; whoſe ſubtriple dou­bled, viz. 9.7979, &c. is the altitude of this ordinate tri­gonall or Tetrahedrall Pyramid, exactly as before; which then being conjunctly compounded with the ſubtriple of the baſe, viz. 20.7846, &c. or the whole baſe with the ſubtriple of that, viz. 3.26598, &c. there will reſult the ſolidity of the Tetrahedron (to cube-centeſmes of the Ra­tionall Line, by a ſufficient extenſion or production of the two foreſaid terms of conſolidation) 203.646753 ferè. So that a Pyramid, is naturally the ſubtriple of a Priſme, ha­ving the ſame Baſe and altitude, by E 12. p. 7. as a Cone is the ſubtriple of a Cylinder, of equal baſe and altitude, by E 12. p. 10. and therefore if you triple the ſaid Tetrahe­drum, you wil have a Priſm, of an ordinate trigonal baſe, according to the ſaid E 12. p. 7, being in content, 610.940259 ferè, and ſo of the ſame baſe and altitude with the Tetra­hedrum.
And though a Cone do ſomewhat reſemble a Pyramid, and a Cylinder, a Priſme; yet a Cone cannot properly be called a Pyramid (as ſome do call it) nor a Cylinder a Priſ­me; they being not plain Solids, riſing from a rectiline or angular Baſe; but various, or variable gibbous Solids, rising from a curviline, obliqueline, or circular Baſe; but yet a Cone may be underſtood to comprehend in it's ſelfe, any kind of Pyramid; and ſo a Cylinder to compre­hend any kind of Priſme; their Baſes being the Circles circumſcribed to the Baſe of the Pyramid or Priſme, and ſo their whole Bodies circumſcribed to the whole Pyra­mid or Priſme, viz. their concave ſuperficies juſt touch­ing [Page] the angular lines, or the sides of the reſpective Pyra­mid or Priſme inſcribed. And contrarily, may any Pyra­mid be underſtood to cōprehend or include a Cone, & any Priſme a Cylinder; the rectiline Planes of the Pyramid and Priſm, juſt touching the convex Superficies of the inſcri­bed Cone and Cylinder, (and ſo the angular or rectiline baſe of the Pyramid and Priſm, compleatly circumſcribed to the circular baſe of the Cone and Cylinder,) according to the nature of Mathematical Inſcription and Circum­ſcription, as you may ſee it fully ſet forth in E. 4. d. 1, 2, 3, 4, 5, 6, for Superficies; And E, 11. d. 31 and 32, for So­lids.
But now to the main thing in hand, to wit, the ſolid dimension of the foregoing Pyramid, according to our artificial and compendious way (as before in the Cone) and here, by the side of the Baſe, & the Axis, or line of altitude; the artificial Line of Mea­ſure The artificiall Line for the ſo­lid dimenſion of a Trigonall Pyramid by the ſide of it's baſe and its Axis or Altitude toge­ther. for which purpoſe, I find (according to the reaſon of the 3d. Theoreme, &c. fol­lowing) to be of the prime or natural Ra­tional Line in general, 1.9064, ferè; which being duly ſet off therefrom; the side of the aforeſaid Tetrahedrum's Baſe (put na­turally 12.00) will be found thereby, 6.29, (in a centesimall partition) whoſe Quadrat is 39.5641, for the artificiall baſe: And the Axis or Altitude of the Tetrahedrum, found geometrically before, 9.7979, &c. (which according to a centenarie ſolution of the unit, or of the Rationall Line, is 9.80 ferè.) will be found by the foreſaid Line, 5.14, for the artificiall Axis; which being wholly infolded with the whole Baſe, will produce the rectangle regular-baſed Priſme, or Parallelipipedum, [Page] 203.359474, ſor the artificial ſolidity of the Tetrahedrum; which differeth from the true, natural, ſolidity, viz. 203.646753, (by way of defect) not ſo much as 1/3 of the prime Rationall Line cubed, or 1/3 of a cube-unit. And by a fur­ther ſolution of the two Lines of Meaſure, (viz. the natu­rall and artificial Rationall Line) the difference will be found much leſſe, according to what I have ſaid, and alſo plainly demonſtrated in all the precedent Dimensions.
Now for the ſuperficiarie dimension of this kind of Pyramid; if it be exact­ly Concerning the ſuperficiall di­menſion of a­trigonal Pyra­mid. ordinate, as the Tetrahedron, then one of the Planes being had, the whole Superficies is easily had, by the quadru­plication of that Plane: As the Plane of the foregoing Tetrahedrum, being found by the natu­ral Dimension, 62.3538; the whole ſuperficies wil be 249.4152: And which may be artificially obtained by ei­ther of the Lines for the quadrate dimension of an ordi­nate Trigon; but moſt readily and properly, by that for the side. As the side of this Tetrahedrum being 12, wil be found by the Line of Lateral quadration of a Trigon, 7.90 ferè (as before the side of the Trigon simply) and ſo the Square thereof, 62.4100 ferè, for the Plane of the Tetrahe­drum; and the quadruple of this, is 249.6400 ferè, for the total ſuperficies thereof; which exceedeth the for­mer, or true ſuperficies, not ſo much as 1/4 of a ſquare­unit, or Integer.
But if the Pyramid be not exactly ordinate; then ought the ſuperficies thereof to be considered firſt, and moſt pro­perly, as that of a Cone, called Conicum, which I noted formerly in the Dimension thereof; to wit, without the Baſe; to which muſt afterwards be added the baſe, to [Page] make up the whole Superficies. For ſo indeed the true Pyramidall ſuperfice (what Pyramid ſoever it be) is moſt properly to be eſteemed; it being comprehended in a re­ctangle Plane arising from the ſemperimeter of the Baſe, and the perpendicular-line of the iſoskelan, or laterall tri­angular Plane of the Pyramid, which is the altitude of the ſaid Plane, (not the angular line between the Baſe and the top, called the side of the Pyramid, made by the mee­ting together of two of the Planes, according to their ſides, and ſo is no other then the ſide of the iſoskelan Plane) bi­ſecting the ſame into two rectangle Triangles, upon the ſide of the baſe of the Pyramid (which ſide is alſo the baſe of the ſaid iſoskelan triangular Plane; the perpendicular falling thereupon from the top or verticall angle, by way of biſection or bipartition) 
[geometrical diagram]
 As here the perpendicular a, d of the Triangle a, b, c, repreſenting the lateral Plane of the Pyramid, biſects the ſame into two rectangle Trian­gles, a, d, b, and a, d, c, right-angled at d, be­ing the middle of the ſide of the ordinate Baſe of the Pyramid, b, c, which is alſo the baſe of the ſaid trian­gular Plane a, b, c; but the ſide of the Pyramid is the ſame with the ſide of the ſaid Plane (as noted even now) viz. a, b, or a, c: and the rectangle Plane made by that and the ſemiperimeter of the baſe, will much exceed the Pyramidall ſuperfice before mentioned; which we may [Page] conveniently demonſtrate in the foregoing Tetrahedrum; whoſe ſide, or the ſide of whoſe Plane, (wch, may here be repreſented by, a, b, or a, c,) being put naturally, 12; the perpendicular (wch may here be a, d) wil be 10.3923, &c. (as was found formerly in the ordinate Trigon.) Now the ſide of this Pyramids baſe (b, c) being the ſame with the other, (viz. a, b, or a, c,) the perimeter of the Baſe wil be 36, whoſe half, 18, being augmented, by the ſaid perpendicular. (or halfe the perpendicular, 5.19615 by the whole perimeter, 36) there will reſult the ſuperficies of this ordinate Tetrahedrall Pyramid, without the Baſe as it were, or of three of the Planes, 187.0614; to which being added the fourth equall Plane, for the more proper and peculiar baſe, as it were, of the Pyramid, viz. 62.3538; the aggregate wilbe 249.4152, for the totall ſuperficies, or ſurface of the Tetrahedrum, exactly as before, by the true, naturall dimenſion. But now the rectangle Plane made of the ſe [...]iperimeter of the baſe, 18, and the ſide of the Tetrahedrum, 12, would be 216, for the ſuperficies of this Pyramid without the baſe (or of three of the equall Planes only) which exceeds the former, by 28.9386, and ſo being joyned with the baſe, 62.3538. would exceed the true totall ſuperficies accordingly.
Now for a triall of this dimenſion artificially, and that by the foreſaid perpendicular-line, and the Side of the baſe of the Pyramid together, whereby the rectangle Plane made of them, ſhall agree with the rectangle Plane made naturally of the ſemi-perimeter of the Baſe, and the ſaid hedrall perpendicular, for the true Pyramidall ſuperfice, viz. without the proper baſe: The artificiall Line of Meaſure ſpecially ſerving hereunto, I find (according to the reaſon of the 3d. Theoreme, &c.) to be of the Ratio­nall [Page] Line in generall, deficiently, 0.8165 ferè, (which is Apotomally in Number, The artificial Line for the ſuperficial Di­menſion of a trigonall Pyra­mid, by the Side of its Baſe & the perpen­dicular-line of its laterall tri­gonall Plane, (or the alti­tude of the ſame) together. according to our generall reaſon of Mea­ſure, 1—.1835 ferè) which being ſet off from the ſaid Line, and the ſide of the fore­ſaid Pyramid's baſe meaſured thereby (in a centeſimall partition) will be found, 14.70 ferè; and the Perpendicular be­ing alſo meaſured by the ſame Line, will be found, 12.73. ferè; which two being multiplied together, there will reſult the rectangle Parallelogram, 187.1310 ferè, for the Pyramidall ſuperfice, before-menti­oned (viz. without the Baſe) which ex­ceedeth the like ſuperficies formerly found moſt truly, 187.0614, not fully ſo much, as wil make in vulgar terms, 1/14 of a ſquare-unit.
And thus much for the Dimenſion both ſolid and ſu­perficiall of the firſt kind of Pyramid in generall, whether ordinate or inordinate, ſo as the Baſe be ordinate: And ſo in ſpeciall, of the firſt of the five ordinate plain Bodies, namely, the Tetrahedron; according to a Pyramidall di­menſion only.
As for the firſt kind of Pyramidate, called in generall Priſma, which I have mentioned before in the firſt Part; I ſhall afterwards ſpeak a little of the like dimenſion thereof, as is of a Pyramid it ſelfe.
Now for the ſecond kind of Pyramidate, Cōcerning the Dimenſion of the Icoſahedron in a Pyramidal way. called in generall a mixt Polyhedron, of which ſort are uſually reckoned three of the ſaid five ordinate Solids, to wit, the Octahedron, Icoſahedron, & Dodecahedron, [Page] 
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 ſeing that the ſecond of theſe is made up of the firſt kind of Pyramid (but not exactly ordinate,) in number 20, and equal and like, being comprehended under ſo many ordi­nate and equal Trigons, as their Baſes, by which they are only eminent, their whole Bodies beſides being latent, and meeting vertically in the Center of the Icoſahedrum, (or of its circumſcribing Spheare) which baſes or trigonal Planes being compoſed together by ſolid angles, do there­fore comprehend or contain the whole Icoſahedrum, ac­cording to E. 11. d. 29. and which ſolid angles (made by the connexion or concurſion of the ſaid Planes or baſes, according to their angles) are, therefore in number ſub­quintuple the plaine, ſuperficial, or trigonal angles con­ſtituting the ſame, (ſo that to the conſtituting of one ſolid angle, here do concurre five ſuperficial angles) unto all which from the Center of the Body, right lines being drawn, the whole Icoſahedrum is thereby divided into 20 equal and like trigonal Pyramids, according to what I ſaid before: and the angular lines called the Sides (made by the inclination of the ſaid trigonal Planes according to [Page] their ſides, and ſo equal with the ſame) are in number, halfe ſo many as the baſial or hedral ſides. Therefore I wil next briefly touch upon the dimenſion of this Body, how to perform the ſame, according to our artificial way of Py­ramidal Dimenſion before demonſtrated; as it is vulgar­ly conceived to be compoſed of Pyramids: For the ſolidi­ty of one of the ſaid compounding Pyramids being firſt obtained (which is the uſuall way of meaſuring this, and alſo the two other ordinate mixt Polyhedrums) the ſolidi­ty of all the reſt, (and ſo conſequently of the total Icoſahe­drum) is preſently had, by the vigecuplation only of that one Pyramid.
But now the whole difficulty of this Dimension of the Icoſahedrum, (and  [...]o of the other two ſoreſaid Bodies) consiſts in the inveſtigation of the Axis, or line of altitude, of the compounding Pyramid (as it did before in the Te­trahedron) if the ſame be inquired geometrically (as Geo­metricians ſpeake) to wit, by firſt having the side of the ordinate Solid only, and ſo coming at length, after many tedious and troubleſome operations, both arithmetical and geometrical, to the ſaid perpendicular-line of altitude, (which is no other then the Radius of the Spheare inſcri­bed within the plain Solid) which way therefore I ſhal here pretermit, as being needleſs for me to demonſtrate; the ſame being ſhewed by divers practicall Authours, eſpecially Ramus and Clavius in Latine; and more abun­dantly in Engliſh, by our Countrey-man, Mr. Digges long ſince, in his learned Diſcourſe of geometrical Solids, annexed to his Pantometria, as a part thereof; to which Authours I therefore refer the diligent practizer for a full ſatisfaction in this poynt; my intention in this place, be­ing only to bring in our new or artificial way of Pyrami­dal [Page] Dimenſion, in the aforeſaid ordinate Bodies, for the more eaſie and ſpeedy obtaining of their ſolidities in a Py­ramidal way, the Hexahedron being excepted. And there­fore I ſhal here only ſhew, how, inſtrumentally or me­chanically to get the ſaid Pyramidall Axis or altitude, by getting firſt the altitude of the whole body, (which  [...] no other then the total Dimetient of the inſcribed Spheare) being according to what I ſhewed before, for getting the altitudes of Cones and Pyramids in general. Therefore, if from the ſuperiour Plane of the Icoſahedrum, being pro­duced or extended, that is, from the inferiour or interiour ſuperfice of any Plane placed upon the uppermoſt Plane of the Icoſahedrum, a perpendicular be let down to the in­feriour or oppoſite Plane or Baſe thereof, in like manner produced, that is, to the ſuperiour or exteriour ſuperfice of a Plane placed under the Icoſahedrum (and ſo, upon which the ſame lyeth) the ſaid perpendicular-line (being accu­rately meaſured) ſhall give the altitude of the whole Ico­ſahedrum, whoſe half ſhall be the Axis or Altitude of the compoſing Pyramid ſought for.
So that the great difficulty in the dimenſion of the Ico­ſahedrum, ariſing by the foreſaid geometrical inveſtigati­on of this Pyramidall altitude, is by this means quite ta­ken away, and the thing made very eaſie. Ane therefore whenſoever you would meaſure an Icoſahedron (or a Dodecahedron, for the ſame reaſon holds in it for the alti­tude) it is beſt to uſe this way; for ſo the ſolidity of the ſame wil then be obtained with little labour, eſpecially ac­cording to our foregoing artificial pyramidal Menſuration; For the ſaid Axiscr altitude of the Icoſahedron's cōpoſing Pyramid, being taken by the foreſaid artificial Line for the ſolid dimenſion of a Trigonal Pyramid, and the ſame be [Page] tiplied into the Quadrat of the ſide, taken by the ſame Line; the product ſhal be the ſolid content of the ſaid compounding Pyramid; whoſe vigecuple wilbe the ſoli­dity of the total Icoſahedrum. But how, readily to obtain the Axis of the compounding Pyramid, both of this, and alſo the other ordinate bodies (where need is) I ſhall af­terwards ſhew among the dimenſional Proportions in theſe Bodies; by firſt having the ſide of the Body, and which is very eaſily taken, without any trouble at all.
And ſo the totall ſuperficies of this Solid, wil readily be had by the Line for the Lateral quadrature of an ordinate Trigon (according as I ſhewed before in the ſuperficies of a Tetrahedron) for the ſide thereof being meaſured there­by, its Quadrat wilbe the area of one of the baſes or Planes, whoſe vigecuple wilbe the total Icoſahedral ſu­perficies.
Now for the ſecond kind of Pyramid, to wit, the Tetragonal, upon a regular The Dimenſi­on of a tetra­gonall Pyra­mid, ſhewed in the Octabe­dron. baſe, we ſhal next ſhew our artificial di­menſion thereof, both ſolid and ſuperficial, and firſt in the other trigonal ordinate mixt Polyhedrum, or the ſecond trigonal ordinate Body, called Octahedron, ſeing that the ſame is compoſed of two equal and like tetrago­nal Pyramids of equal altitudes (according to E. 14. p. 16.) meeting in their baſes, and ſo making one common baſe, which is a Quadrat deſcribed by the side of the Octake­drum, whereupon this regular Solid is comprehended un­der twice ſo many equal ordinate Trigons, as is the Te­trahedrum, being compoſed together by ſolid angles, which therefore are in number, ſubquadruple the ſuperfi­cial or trigonal angles conſtituting the ſame, (ſo that four [Page] 
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 ſuperficial angles do here meet to make up one ſolid angle) And ſo this Body may alſo be cōſidered under another py­ramidal compoſition, to wit, as compoſed of 8 equal and like trigonal Pyramids, (according to the number of its trigonal baſes, which ſhal alſo be the baſes of the ſaid Py­ramids) concurring vertically in the Center thereof (or of its circumſcribing Spheare) like as the Tetrahedron (though that be an intire Pyramid of it ſelfe, and of the moſt ſimple kind of all, to wit, the Trigonal) may be con­ceived to be compoſed of 4 equal and like trigonal Pyra­mids, (according to its 4 baſes or Planes) meeting vertically in the Center of its body, or of its comprehending or con­taining Spheare. And ſo we ſhal here ſhew the artificial dimenſion of this Body in a pyramidal way, as being taken in the firſt pyramidal compoſition, by ſhewing the di­menſion of its tetragonal Pyramid; which we wil firſt perform by the natural way of its dimenſion for a confir­mation of our artificial way, according as we have done in all the precedent Dimenſions.
And therefore firſt (for example-ſake) let the Side of [Page] the Baſe of a tetragonal Pyramid, as alſo the true ſide it ſelf of the Pyramid, be of the Rational Line in general, the ſame with that of the foregoing trigonal Pyramid, or the Tetrahedron, viz. 12.00: then the Diagony of the baſe, (which is alſo the Diameter of its circumſcribing Circle) wilbe 16.97; and thence, the Axis of the Pyramid 
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 8.485, as being equal to the ſemi-diagony of the baſe, (or ſemidiameter of its circumſcribing Circle.) For ſeing firſt, that the Diagony of the Baſe, is double in power to the Side thereof, by E, 1. p. 47, &c. the power of the Diago­ny wilbe 288, whoſe Root irrational, 16.97, &c. wilbe the Diagony it ſelf; whoſe half therefore, 8.485, &c. is the ſe­midiagony (or Radius of the circumſcribing Circle.) And then again, ſeing that the Axis, and baſial ſemidiagony, as being the two ſides about the right angle of the rectan­gle Triangle made by the ſaid two lines, and the ſide of the Pyramid, are both together but equal in power to the ſaid Pyramidal Side, as being the Hypotenuſal ſide of the ſaid Triangle, by E, 1. p. 47. before-cited; if therefore [Page] the Lateral power of the Pyramid, viz. 144, be dimi­niſhed by the ſemi-diagonial power, viz. 72; (which is juſt half the lateral power,) there muſt needs remain the ſame for the power of the Axis; and ſo the Axis it ſelfe, the ſame with the baſial ſemi-diagony, viz. 8.485, &c. which (ſufficiently produced) being infolded with a tri­ent of the Baſe, viz. 48; there wil reſult the true ſolidity of the Pyramid, (to cube-centeſmes) 407.293506: and ſo half the ſolidity of an Octahedrum compoſed of two ſuch Pyramids; which therefore doubled, wil give 814.587013 for the whole ſolidity of the Octahedrum. Now for the performing of this ſimple Pyramidal Dimenſion, by an ar­tificial Line of Meaſure proper thereun­to, which, I find (according to the reaſon The artificiall Line for the ſo­lid dimenſion of a tetragonal Pyramid, by the ſide of it's Baſe, and it's Axis or Alti­tude together. of the 3d. Theoreme, &c. following) to be of the Rational Line in general, 1.4430, &c. The ſide of the Baſe of the foregoing tetragonal Pyramid put naturally 12.00, being meaſured thereby (under a centeſi­mal ſolution) wilbe found 8.32, whoſe Quadrat is 69.2224 for the artificial baſe: and the Axis of the Pyramid, being natu­rally, 8.48, wilbe found by the ſame Line, 5.88; which two artificial numbers of dimenſion being wholly mul­tiplied together (that is, the whole baſe with the whole axis) there wil ariſe 407.027712, for the artificial ſolidity of the Pyramid; which wanteth of the true, or natural ſolidity, only 1/4 ferè, of a cube-unit: and this then being doubled, wil give, 814.055424 for the artificial ſolidity of the Octahedrum, wanting of the true, natural ſolidity be­fore declared, only about 1/2 of a cube-unit, which is no ve­ry conſiderable matter, And if the ſaid artificial Line of [Page] Meaſure be made 1000 parts, and then the Axis of the Pyramid, and the ſide of it's baſe, be meaſured thereby; they wil produce the ſolidity ſtil nearer the truth.
And if the ſolidity of an Octahedrum be immediatly re­quiree; then the total Axis or Diagony thereof (which is double to the Axis of the foreſaid Pyramid, and ſo no other then the Diagony of it's baſe, or the Diameter of the Circle circumſcribing the ſame, and alſo the Axis or Dia­meter of the Sphear circumſcribing the Octahedron) being infolded with a trient of the compounding Pyramids baſe, (which is no other then the Octahed [...]on's Lateral Quadrat, as was ſhewed before) or the whole baſe wi [...]h a trient of the ſaid Axis or Diagonial; there wil immediatly reſult the ſolidity of the Octahedrum: For ſo the true Axis or Diagonial of the foreſaid Octahedrum, 16.97, &c. ſuffi­ciently produced by Radical extraction, or otherwiſe, viz 16.97056274, &c. being infolded with a trient of the aforeſaid pyramidal baſe, viz. 48. (or the whole baſe 144 with a trient of the axis, viz. 5.65685424, &c.) there, wilimmediatly reſult the true total Octahedral ſolidity, 814.587012 as before. And ſo the total axis or Diagony of the Octahedrum, found by the former artificial Line, (in a centeſimal ſolution) 11.77 ferè, being infolded with the foreſaid total common baſe of the two compounding Pyramids, produced by the ſame Line, 69.2224; there wil alſo immediatly reſult the ſolidity of the Octahedrum, 814.747648 ferè, which comes much neerer the true ſoli­dity, then the former dimenſion; this differing there from (now by way of exceſſe) not ſo much as 1/6 of a cube-unit, or integer, of the appointed meaſure; which Octahedral ſolidity is exactly quadruple to the foregoing Tetrahe­dral ſolidity, theſe two Bodyes having here one and the [Page] ſame ſide in meaſure. And here therefore it appears in brief, that if the total Axis or Diagonial, and the Side, of an Octahedrum, be taken by the foreſaid artificial Line of meaſure for a Tetragonal Pyramid, and the Quadrat of the Side be augmented by the Axis; the reſulting rectangle regular-baſed oblong Priſm, or Parallelepipedum, ſhal compleatly contain the ſolidity of the Octahedrum.
As for the Diagonial, Axis, or Altitude of the Octahe­dron, the ſame may be alſo obtained inſtrumentally or mechanically, according to what I ſhewed in the Tetra­hedron, and Pyramids in general; and alſo for the altitude of the Icoſahedron, and Dodecahedron; the altitude of this Body being conſidered according to a perpendicular-line comprehended between its two oppoſite angles, for as much as it is compoſed of two equal and like quadrangu­lar Pyramids joyned together in their baſes, as I ſaid be­fore.
As for the ſuperficiarie dimenſion of this kind of Pyra­mid which now we have in hand, the The ſuperfici­all dimenſion of a tetragonal Pyramid; And the artificiall Line for per­forming the ſame by the Side of the baſe, and the perpendicular line of the tri­gonall Plane together. ſame may be moſt readily performed in the ſame artificial manner as that of a tri­gonal Pyramid, to wit, by the ſide of the Baſe, and the perpendicular-line of it's tri­angular Plane together. And the artificial Line of Meaſure for this purpoſe, I find (according to the reaſon of the ſame The­oreme) to be of the Rational Line in gene­ral, 0.7071, &c. √ 1/2, which is Apotomal­ly in Number, as 1—.2929 ferè) which Line being ſet off there from, and divided in a due manner, and then the two forena­med Lines of the Pyramid commenſurable by the ſame, be [Page] accordingly meaſured thereby, the product ariſing by their mutual multiplication, ſhal be the ſuperficies of the Pyra­mid, (to wit, without the baſe) agreeing with that which is produced naturally, by the ſemiperimeter of the baſe, and the foreſaid trigonal perpendicular multiplied together, according as I fully demonſtrated before in the ſuperficiary dimenſion of the trigonal Pyramid. As in the foregoing tetragonal Pyramid, the ſide of the baſe being 12, the pe­rimeter thereof wil be 48, and ſo the ſemiperimeter 24: & the ſide of the Pyramid, or of its trigonal Plane, being the ſame with the ſide of the baſe, the perpendicular of the ſaid Plane, wil be 10.39, &c. as was ſhewed in the ſuper­ficiarie dimenſion of the Tetrahedron, and before that, in the dimenſion of the Trigon alone; which two multipli­ed together, (the ſaid perpendicular being further produ­ced, as formerly) there wil ariſe 249.4153, for the ſuper­ficies of this Pyramid, without the baſe; agreeing with the total ſuperficies of the foregoing Tetrahedrum, the Planes of that & this, being all one. Now the ſide of the baſe of this Pyramid (naturally 12.00) being meaſured by it's proper Line, for ſuperficial meaſure, wil be found artificially, the ſame that the Diagony or Diameter of its baſe is natu­rally, viz. 16.97, &c. and the foreſaid perpendicular wil be found by the ſame Line, (in a centeſimal partition) 14.70 ferè; which two multiplied together, do produce 249.4590 ferè, for the Pyramidal ſuperfice aforeſaid; ex­ceeding the true ſuperfice, only ſo much as 1/23 of a ſquare­unit or integer, it being decimally, .0437, or 437 of 10000.
And thus may the ſuperficies of an Octahedrum be ob­tained, it being only double the ſuperficies of its com­pounding Pyramid: For ſo, the ſuperficies of the forego­ing [Page] Octahedrum, wil be by this latter or artificial Meaſure, 498.9180 ferè. And therefore if the ſide of an Octahedrum, and its hedral perpendicular, be taken by this artificial Line, and one of them be doubled; the Rectangle Plane made thereof, wil be the total ſuperficies of the Octahe­drum: And ſo the hedral perpendicular of the foreſaid Octahedrum being taken by this Line, and doubled, wil be 29.39. which multiplyed by the ſide of the Octahe­drum, found by the ſame Line, 16.97; the Plane produ­ced therefrom, wil be, 498.7483, for the ſuperficies of the Octahedrum; which comes a little nearer the true ſuper­ficies, then the former; that exceeding the ſame only, .0874 ferè, which in vulgar terms, is not fully 1/11; and this wanting thereof, but .0823, which in vulgar account, is hardly 1/12; the true ſuperficies being 498.8306, (double to the ſuperficies of the foregoing Tetrahedrum:) ſo that the ſide and hedral perpendicular of an Octahedron being taken by the prime Rational Line, and doubled; the Plane ariſing from their mutual multiplication, ſhal be the true ſuperficies of the Octahedrum; being no other then that of the baſial ſemiperimeter, and the trigonal perpendicular of its tetragonal compounding Pyramid, doubled; As before, the double product of 24 and 10.39, &c. (or 12, and 20.78, &c.) being now the ſingle product of 24, and 20.78, &c. Or the ſide being quadrupled, and the ſaid perpendicular taken ſingle, ſhal together produce the ſame; being no other then that of the whole baſial peri­meter of the foreſaid Pyramid, and the perpendicular of its triangular Plane together, for the double ſuperficies of the Pyramid; which is the ſuperſicies of the Octahedrum: As heer the product of 48, and 10.39, &c. Or the ſuperficies of this Solid, may be had againe artificially by the Lines [Page] of quadrature pertaining to the Trigon, as I ſhewed be­fore for the ſuperficies of a Tetrahedrum; for ſo, one of the Planes or baſes being had; the Octuple thereof ſhal be the total Octahedral ſuperficies.
Now for the third ſort of Pyramid, to wit, the penta­gonal, upon an ordinate Baſe; I ſhal next briefly ſhew our artificial Dimenſion thereof, and that in the third ordinate mixt Polyhedron, or The Dimenſi­on of a penta­gonal Pyramid demonſtrated in the Dodeca­b [...]dron. the pentagonal ordinate Body, namely the Dodecahedron; ſeing that the ſame is com­poſed of this ſort of Pyramid, in number 12, equal and alike, which are compre­hended under ſo many equall ordinate Pentagons, as being their Baſes, whereby they are only 
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 eminent, their whole bodies beſides being hidden, & meet­ing vertically in the Center of the Dodecahedrum, (or of its ambient Spheare) as thoſe of the Icoſahedrum, before­mentioned; the ſtructure, or fabrick of theſe two bodies being much alike: Which baſes therefore, or Pentagonal Planes, being compact together by ſolid angles, do com­prehend [Page] the total Dodecahedrum, by E, 11. d. 28. and theſe ſolid angles (made by the inclination or connexion of the ſaid Baſes or Planes according to their angles) are thereupon, numerally ſubtriple the plain, ſuperficial, or pen­tagonal angles compoſing the ſame, which are juſt ſo ma­ny as the trigonal angles of the Icoſahedrum, the ſides of theſe two Bodies, or the ſides of all their baſes together, being numerally the ſame; (ſo that three ſuperficiary an­gles do here meet together, for the compoſition or con­ſtitution of one ſolid angle, as in the Tetrahedrum; and this ſolid angle is the greateſt of any of the other Bodies, being contained or included by 3 3/5 plain right angles; and ſo is in quantity 1 1/5 ſolid right angle, as its compoſing, or hedral angle, is 1 1/5 plain or ſuperficial right angle.) And ſo wee ſhal here conſequently ſhew our artificial Dimenſion of this ordinate Solid in a pyramidal way. And this Py­ramidal dimenſion I ſhal perform by the ſide of the baſe of the compounding Pyramid, and its Axis together, as I did before in the Pyramid trigonal and tetragonal, in reference to the Tetrahedron & Octahedron. And the Line of mea­ſure The artificiall Line for the ſo­lid d [...]menſion of a pentago­nal Pyramid, by the ſide of it's baſe, and Axis together. for this purpoſe, I find (according to the reaſon of the 3d. Theoreme, &c.) to be of the Rationall Line in generall, 1.2036, &c. Therefore admitting the ſide of the baſe of a Dodecahedron's compounding Pyramide (which is alſo the ſide of the Dodecahedrum it ſelf) to be of the Rational Line in general, 6.00; then the Axis or altitude of the ſaid Pyra­mid (being the ſemi-altitude of the Dodecahedrum, or the ſemi-axis, or ſemi-dimetient of it's inſcribed Spheare) wil be found, (according to the proportion of the ſide of a [Page] Dodecahedrum to the Axis or Dimetient of its inferibed Sphear, noted afterwards) to be 6.68; which two Pyra­midal lines being meaſured by the foreſaid artificial Line, (in a centenary ſolution) wil be found, the firſt, 4.98, for the artificial ſide of the Pyramids baſe, and the other, 5.55, 
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 for the Pyramids artificial Axis; Now 4.98, being ſqua­red, yields, 24.8004, for the artificial Baſe; which aug­mented by 5.55, yields 137.642220 for the artificial ſoli­dity of the compounding Pyramid ſingly; and which augmented by the number of the compounding Pyramids, yields, 1651.706640, for the ſolidity of Dodecahedrum; which indeed differs ſomwhat conſiderably (by way of defect) from the true natural ſolidity, in reſpect of the total Dedecahedrum, though not of its compounding Pyramid alone. For the ſide of the Dodecahedrum, or of its Py­ramids baſe, being naturally 6, the true area of the baſe, wil be found (according to the trigonometrical operations in the Pentagonal Dimenſions before going) 61.9371, &c. [Page]  [...] [Page]  [...] [Page] whoſe ſubtriple, 20.6457, &c, being infolded with the whole axis or altitude of the Pyramid, naturally 6.68, &c. there wil ariſe the true, natural ſolidity of the Pyramid, 137.936159 ferè; which our meaſure wants of, not 1/3 of a ſolid integer or unit; and the duodecuple hereof, 1655.233908 ferè, is the true ſolidity of the Dodecahedrum. Or the Baſe and Axis of the Pyramid being wholly in­creaſed together, there wil reſult the Pentagonal Priſme, 413.808476, containing three of the compounding Py­ramids, (according to the reaſon of E, 12. p. 7. before ci­ted) being of equal baſe and altitude with the Pyramid.) and ſo a quarter of the Dodecahedrum; whoſe quadruple therefore, 1655.233904, is the total Dodecahedrum; which agrees with the other natural meaſure thereof, without any ſenſible difference.
Or again, ſeing that the rectangle Solid (Priſma or Parallelepipedum) contained under the Perpendicular from the Center of any regular plain Body, to any of it's baſes or Planes, and a trient of the total ſuperficies, comprehends the ſolidity of the whole body (according to what I ſhew­ed formerly in the dimenſion of a Sphear, for the producing of its ſolid content by the ſemidiameter, and a trient of the Superficies, the plain Solid arising therefrom, being equal to the ſpherical Solid: or wch is all one, the plain Solid made of the whole Diameter, and a ſextant of the ſpherical ſu­perficies,) in as much as that which is contained under the ſaid Perpendicular, (which is here no other then the Axis of the compounding Pyramid, and the ſemi-axis of the inſcribed Sphear) and a trient of one of the baſes or Planes (which is the baſe of the compounding Pyramid, as afore­ſaid) comprehends the ſolidity of one of the compounding Pyramids; and ſo conſequently that which is contained [Page] under the ſaid Perpendicular, and a trient of all the baſes or Planes together (as being the baſes of all the compound­ing Pyramids together) muſt needs comprehend the ſoli­dity of all the Pyramids together, and ſo of the whole or­dinate Body; (as the rectangle Plane contained under the perpendicular from the Center of any rectiline regular Plane, or ſuperficial Figure, to any of it's ſides, and the ſemi-perimeter of the ſame, comprehends the Area of the whole Figure (as I ſhewed formerly in the Pentagon, and which anſwereth to that of the dimenſion of a Circle, for the producing of it's Area by the ſemidiameter, and ſemi­periphery, the rectangle Plane or Parallelogram reſulting therefrom (by their mutual implication) being equal to the Circular Plane: or which is all as one, the rectangle Plane made of the whole diameter & a quadrant of the Periphe­ry, or of the whole Periphery & a quadrant of the diame­ter) in as much, as that which is contained under the ſaid perpendicular, (which is no other then the perpendicular of altitude of the Figure's compounding Trigon, and the Radius of the inſcribed Circle) and half the ſide, (as be­ing, half the baſe of the ſaid Trigon) comprehends the ſu­percies, or area, of one of the compounding Trigons; and ſo, that which is contained under the ſaid perpendicular and half the perimeter of the Figure (as being half of the baſes of all the compounding Trigons together) muſt needs comprehend the ſuperficial Content of all the ſaid Trigons together, and conſequently of the whole regular Figure it ſelf.) Therefore the Baſe of the Dodecahedrum being 61.9371, &c. the total ſuperficies thereof, wil be 743.2462 &c. whoſe ſubtriple, 247.7487, &c. being augmented by the foreſaid perpendicular (or axis of the compounding Pyramid) 6.68, &c. there wil reſult the total Dodecahe­dral [Page] ſolidity, 1655.2339, &c. exactly as before: which may be plainly ſeen by the ſubſequent Logarithmical ope­rations, whereby theſe Pyramidal and Dodecahedral di­menſions, are moſt readily and accurately performed.
Therefore firſt,
Side of the Dodecahedron, or of its compounding Pyramid's Baſe, 6.
 [...]
Again, 2ly.
 [...]
[Page]
Or again, 3ly.
 [...]
Which our Meaſure found by the foreſaid artificial Line of Pyramidal conſolidation, falleth ſhort of indeed, about 3 integers, or units, and an half: But then if the ſaid Py­ramidal Line of Meaſure be increaſed in its parts, by a ſubdecuple ſolution of the former; the ſide of the afore­ſaid Pyramids baſe (naturally 6.000) wil be found thereby, 4.985, ferè, whoſe Quadrat is 24.850225 ferè, for the ar­tificial baſe: and the Axis of the ſaid Pyramid (naturally 6.681) wil be found thereby, 5.551 ferè; which two by a conjunct compoſition, wil produce 137.943598975 ferè, for the ſolidity of the Pyramid (which now exceeds the true ſolidity, being 137.936158730, hardly ſo much as 1/134 of a ſolid integer or unit) whoſe duodecuple, 1655.323187700, is for the ſolidity of the Dodecahedron; which now differeth from the true ſolidity, being cor­reſpondently 1655.233904760 (by way of exceſſe) hardly 1/1 [...] of a ſolid integer or unit.
[Page]
As for the ſuperficies of a Do [...]ecahedron, the ſame may be readily obtained by any of the three Lines of quadra­ture pertaining to an ordinate Pentagon, but that for the ſide is the moſt fit and proper (though all of them wil pro­duce the ſame thing) for ſo the ſide of the Dodecahedron being taken thereby, the Square thereof ſh [...]l be the baſial or hedral area, whoſe duodecuple wil be the total Dode­cahedral ſuperficies. But a farre better way for the dimen­ſion both ſolid and ſuperficial of this, and the other plain regular Bodies, I ſhal ſhew in the next Section, which wil be wholly taken up about the ſaid five Bodies.
As for the ſuperficial Dimenſion of a pentagonal Pyramid ſeing it is but the Concerning the ſuperficial dimenſion of a Pentagon all Pyramid; And withall, the ar­tificiall Line for performing the ſame, by the ſide of the baſe, and the perpendicular of the trigonal Plane together. ſame with that, which I have fully ſhew­ed in the two preceding Pyramids, both naturally and artificially, in the moſt rea­dy manner that may be; to wit, artificial­ly, by the ſide of the Baſe, and the per­pendicular-line of the triangular or laterall Plane together: Therefore I ſhal not need to inſiſt upon the ſame in this laſt Pyramid here particularly handled, by way of exem­plary illuſtration; But ſhal only give the artificial Line of meaſure for the perfor­mance thereof, as I find it to be from the natural Line of meaſure, or prime Rational Line in general, deficiently, 0.63245, &c. (that is Apotomally in number, from our general reaſon of Meaſure, as 1—.36754, &c. the ſaid artificial Line being √ 2/5 of the natural Line, in it's power quadratick.
And thus may the Dimenſion both ſolid and ſuper­ficiall of this and all other Pyramids, be performed artifi­cially [Page] by the other dimenſional lines of their Baſes (ſpeci­fied before in the dimenſion of thoſe baſial Figures ſimply, and by which we ſaid, they might be alſo artificially, or quadratically meaſured;) as, the Diameters or Perpendi­culars, and Diagonals, together with their Axes or Alti­tudes, for ſolid meaſure; and with the perpendicular-lines, or altitudes of their triangular Planes, for ſuperficial mea­ſure: And which, though it be needles, that by the ſide of the Baſe, (with the Axis and trigonal Perpendicular) being moſt ready, and alſo moſt proper, according to what I noted in the beginning of this Section, in the baſial Fi­gures: Yet having for variety of Art in this kind, not ſpa­red the pains of extracting or eradicating the artificiall Lines ſerving thereunto; I thought it might not be amiſs, to ſet them down here alſo; as they are from the natu­ral Line of meaſure, or prime Rational Line in generall, in a decu-millenary ſolution; thoſe for ſolid dimenſion, (as alſo the other beforegoing) being all of them, thereof redundantly; and thoſe for ſuperficial dimenſion, all of them deficiently.
[Page]
	The artificiall Line of Meaſure, is for the Pyramid,	Trigonall,	in reſpect of the baſial Diameter, conjunctly with the	Axis, or Altitude of the Body,	1.7320 √ q 3	Solid meaſure.
	Tetragonal,	1.8172 √ c 6
	Pentagonal,	1.6043.
	Trigonall,	Perpendic line, or al­titude of the trigo­nal or late­ral Plane.	0.7598 √ qq 1/3	Superfie meaſure
	Tetragonal,	0.8409 √ qq 1/2
	Pentagonal,	0.7846 ferè.


	And for the Penta­gonall Pyramid, in regard of the Baſial Diagony with the	Axis, or Altitude,	1.6589 ferè.	Solid meaſure.
	Trigonall perpendic.	0.8045 ferè.	Superficiall meaſure.


All which Pyramidal Dimenſions beforegoing, in a Li­near, inſtrumental, or geometrical way, I ſhal next briefly expreſſe in an Arithmetical way, in the proportional terms following, from an ample ſolution of the unit, (according as I did before in the Cone and Cylinder,) by which, the artificial Meaſure may be readily produced from the natu­ral; or the naturall Meaſure be reduced to the artifi­ciall. Therefore,
[Page]
	The naturall Meaſure is to the artificiall [...] in the Pyra­mid	Trigonal, or Tetrahedral	in reſpect of the	Axis, or Altitude of the Body, conjun­ctly with the	Side	of the Baſe, as 1. to	.524587	Solid dimenſion.
	Diam.	.577424
	Tetragonal, or Pētahedral	Side	.693373 √ c 1/2
	Diam.	.550321
	Pētagonal, or Hexahedral,	Side	.830824
	Diam.	.623323
	Diagō.	.602815
	Trigonal,	Altitude, or perpen­dicular of the trigo­nal or la­teral Plane conjunctly with the	Side	1.224745 √ q 1 1/2	Superficiall dimenſion.
	Diam.	1.316074 √ bq3
	Tetragonal,	Side	1.414213 √ q2
	Diam.	1.189207 √ qq2
	Pentagonal,	Side	1.581139 √ q 2 1/2
	Diam.	1.274597
	Diagō.	1.243014
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[Page]
[Page]
And what hath been here delivered concerning the artificial Dimenſion of Pyramids upon regular Baſes; the like is to be underſtood for the dimenſion (both ſolid and ſuperficiall) of Priſms upon the like baſes, by artificiall Lines of meaſure peculiarly appropriated and applied to them for that purpoſe, in regard either of any of the baſial­lines aforenamed, with the Axis or Alti­tude for ſolid meaſure, or with the ſame Concerning the dimenſion of Priſms. for ſuperficial meaſure, (ſeeing the Axis or Altitude and the ſide, is all one in right or upright Priſms, as in right Cylinders, which I ſhewed formerly.) But theſe I ſhal here paſſe by, leaving them to the induſtry of the ingenious Practitioner, that ſhal pleaſe to exerciſe himſelf therein; and the rather for that the artificial Lines of meaſure pertaining to the Pyramids, wil alſo ſerve (if need be) for the dimenſion of the correſponding Priſms, (as I ſhewed formerly between the Cone and Cylinder ſeeing that a Priſm is only triple its correſpondent Pyramid, according to E, 12. p. 7. as a Cylinder is triple its correſpondent Cone, according to E, 12. p. 10, as I noted formerly; And as the proportion of the Priſm to the Pyramid is triple, for ſolidity; ſo it is double for ſuperficiety; the ſimilitude, and ſo the reaſon between a Pyramid and Priſm, being the ſame (in both Dimenſions) with that between a Cone and Cylinder: And ſo the Lines of artificial Dimenſion, pertaining to the trigonal or tetrahedral Pyramid, wil ſerve for the trigonal or pentahedral Priſm; And the Lines for the tetragonal or pentahedral Pyramid, will ſerve for the tetragonal, or hexahedral Priſm: And the Lines for the Pentagonal, or hexahedral Pyramid, wil ſerve for the pentagonal, or hep­tahedral [Page] Priſm; and ſo forward: For as the Pyramid be­gins à Quaternario, So the Priſm, à Quinario.
And by the ſame artificial manner of meaſuring (as by the natural) may be obtained the ſolid content of any ob­lique or inclined Pyramid or Priſm upon a regular baſe, as readily as of a right or upright one, accor­ding Concerning the dimenſion of oblique or inclined Pyra­mids & Priſms. as I ſhewed formerly for oblique Cones and Cylinders; the true altitudes of theſe Bodies (not their Axes) being con­ſidered; ſeeing that every ſuch oblique kind of Body, is equal in ſolidity to the right or erect body, having the ſame (or being of equal) baſe and altitude; by the reaſon of E, 12. p. 5 and 6, and p. 11 and 14, and alſo E. 11, p. 30 and 31, as I noted formerly.

SECT. III. Exhibiting a more ſpeciall and peculiar arti­ficiall way of meaſuring both ſolidly and ſuperficially, the four plain ordinate Bo­dies, or rectiline regular Solids be­fore handled, then was before; & this, after the moſt exquiſite manner that may be. Toge­ther with the like arti­ficiall dimenſion of the other like regular Body, ſeverall waies.
[Page]
HAving now ſhewed our artificial Dimen­ſion ſeveral waies, in Pyramids, and their Compounds, or Pyramidates; and conſequently of the five fore-named or­dinate plain Bodies, or rectiline regular Solids, in a Pyramidal way: (the Hexa­hedron excepted.) We ſhal next come to ſhew the di­menſion of the ſaid Bodies in a farre better way; and in­deed, in the moſt excellent artificial, and compendious manner that can poſſibly be found out: and that for ſuper­ficial meaſure, with the ſame ſpeed, eaſe and exactnes, and [Page] ſo in the very ſame manner, as that of the Circle, Trigon, God  [...], &c. And for ſolid meaſure, as that of a Cube, by the natural or vulgar way of meaſuring the ſame (which weſhal alſo here ſhew by the like artificial way with the reſt) And this only by ſquaring and cubing any one of their dimenſional lines (as in the Sphear) by artificial Lines of meaſure convenient for the purpoſe: Which may indeed, I almoſt deſpaired of, in regard of the great difficulty which I found to be in the ſolid dimenſion of theſe Bodies, by the uſual or natural way, according to their Pyramidal compoſitions, (the Hexahedron excepted) eſpecially the the two laſt and greateſt of them, namely the Icoſahedron and Dodecahedron. But yet conſidering the excellency of them in their compoſitions, conſtitutions, and ſtructures above any other ſolid Figures; from whence they are cal­led by Pappus, and other of the Greeks,  [...], i, e. ordinata benè ordinata; and commonly the Pythagorean, and Platonicall Bodies, as being firſt inven­ted (as is generally ſuppoſed) by Pytha­goras, and afterwards ſet forth briefly by Plato in Ti­maeo, de Ani­ma Mundi, ſeu Natura. Plato in the composition and fabrick of the World, as in the Heaven, and the four Elements; and ſo are alſo called there­from, the Coſmical or mundane Bodies; and ſo that in the knowledge and underſtanding of the natures, properties and affections thereof, lieth as great a difficulty, nicety, and curiosity of Geometry, as may be; in ſo much as that Proclus makes the ſingular and admi­able end of the Mathematiques, to be in the knowledge of theſe five Bodies, in reſpect of their conſtitution, ad­ſcription, and comparation, collation, or application a­mong themſelves: And ſo thereupon our Countreyman [Page] Billingſley, in his learned Annotations upon Euclids Ele­ments in Engliſh, after the 25th. defin. of the 11th. book, ſpeaking of the dignity and excellency of the ſaid 5 Bodies; ſaith, that they are as it were, the end, and perfection of all Geometry, and for whoſe ſakes was written, whatſoever was written in Geometry: Therefore for the avoiding and removing of all difficulties in their Dimenſions, and ſo the facilitating of the ſame, as to the obtaining of their ſolid & ſuperficial Capacities (eſpecially ſolid) as eaſily and exact­ly, as of any other Figure whatſoever, and that ſeveral wayes, both naturally and artificially; I reſolved (by Gods aſſiſtance) to proſecute my metrical conceits and invention herein, as far as in any other Figure.
And ſeing that the ſides of theſe Bodies may more rea­dily and accurately be taken by a Line of meaſure, then any other their lines of dimenſion adſcribed to them, (and indeed very accurately, without any trouble) as being their only natural lines of dimenſion, and ſo only apparent of of themſelves in them; (according to what I formerly ſaid for rectiline Planes or Superficies in general: There­fore I ſhal here briefly demonſtrate their dimenſions both ſolid and ſuperficiall (by way of example) artificially by their ſides only; and withall, ſhal by the way, give artifi­cial Lines for the like dimenſion of them, by ſome other of their dimensional lines adſcribed to them. And firſt for ſolid dimension, the Lines for the Sides of theſe Bodies, (or for the cubick dimension of them by their Sides) I find, by the reaſon of the 2d. Theoreme, &c. following, to be of the prime Rational Line in general, (in a decu-millenary ſolution,) as followeth.
[Page]
	The arti­ficial Line for ſolid Meaſure, or Line of Cubature is for the ſide of the	Tetrahedron, 2.0396	redundant
	Octahedron, 1.2849
	Icoſahedron, 0.7710	deficient
	Dodecahedr. 0.5072


Which Lines being duly ſet off and divided, as the for­mer, and ſo the Sides of theſe bodies meaſured thereby; the Cubes thereof, ſhal be the ſolid contents of the ſame, accor­ding to the dimenſional reaſon of the prime Rational Line: which I ſhal briefly illuſtrate in three of theſe Bodies, by the foregoing Exammples laid down in their Pyramidal dimenſions, viz. the Tetrahedron, Octahedron and Dode­cahedron; to which, I ſhal here add the like for the Ico­ſahedron.
[geometrical diagram]
 Therefore firſt; the Side of the Tetrahedrum before handled, being put natu­rally, 12.00, the true ſoli­dity thereof, was there found, by the naturall Pyramidall Dimenſion, 203.646753, and by our artificial Pyramidall Di­menſion, 203.359474. Now the Line of Cuba­ture [Page] for the ſide of a Tetrahedrum being firſt put under a centenary ſolution only, and the ſide of the foreſaid Te­trahedrum meaſured thereby, the ſame wil be found 5.88, whoſe Cube is 203.297472 for the ſolidity of the Tetrahe­drum; which wanteth of the true ſolidity, about as much as the foregoing artificial Pyramidal Dimenſion, viz. 1/3 of cube-integer or unit only; which is near enough for any ordinary uſe: But however proceeding by a decuple of the former parts, in the Line of Cubation, viz. 1000; the ſolidity of this Tetrahedrum wil be found thereby, 203.608800, &c. which now wants of the true ſolidity, hardly ſo much as 1/26 of a cube-integer; the ſide of the Tetrahe­drum being now by this Line, 5.883.
[geometrical diagram]
 II. The Side of the foregoing Octahedron being put na­turally 12.00, the ſolid content thereof was found 814.587012, by the natu­ral pyramidal Dimenſi­on, and 814.055424, by the artificial. Now the Line of cubical Dimenſi­on for the ſide of an Octa­hedron, being put in a cen­teſimal partition; the ſide of the aforeſaid Octahe­drum, wil be found there­by 9.34, which cubed, gives 814.780504, for the ſolidi­ty of the Octahedrum, which exceeds the true ſolidity, ſcarcely 1/5 of a cube-integer or unit. And this very mea­ſure would be produced by the artificial Line for the ſolid dimenſion of a tetragonal Pyramid, by the diagony of its baſe and its Axis together: it being the ſame with the [Page] Line for cubing an Octahedron by its Axis or Diagonial, as I ſhal ſhew afterwards; and the Axis of this Body be­ing double to the Axis of its compounding tetragonal Py­ramid, and ſo equal to the Diagony of the ſaid Pyramids baſe, as I ſhewed formerly.
[geometrical diagram]
 III. The ſide of the Dode­cahedron formerly handled, being put naturally, 6.00; the ſolidity thereof, was found by the natural Pyram. dimenſion, 1655.233905 fe­rè; and by the like artificiall dimenſion (in a millenary ſolution of the proper Line of Meaſure) 1655.323188 ferè. Now the ſide of this Dodecahedrum being taken by its Line of cubation (in a centeſimal ſolution) wil be found thereby, 11.83 ferè, whoſe Cube is, 1655.595487 ferè, for the ſolidity of the Dodecahedron, differing in­conſiderably from the true ſolidity, being (by way of ex­ceſſe,) but about 1/3 of a cube-integer. But however if the ſaid Line of Lateral Cubatnre be made 1000, the ſolidity of this Dodecahedrum wil be produced thereby, much nearer the true one, viz. 1655.175675, &c. which now differeth from the true ſolidity (by way of defect) hardly 1/17 of a cubique integer or unit: the ſide of the Dodecahe­drum being now by this Line, 11.829.
IV. The ſide of an Icoſahedron being put naturally, 12.00, the ſolidity thereof wil be found by the natural Pyrami­dal Dimenſion, upon the very point of 3770: For the Ax­is of the compounding Pyramid, wil be found (by the pro­portion [Page] of the ſide of an Icoſahedrum to the Axis of its inſcribed Sphear, or altitude of its own body, hereafter declared) to be 9.069, &c. which with a trient of the baſe (being the ſame with that of the foregoing Tetrahedrum and Octahedrum, viz. 62.3538, &c.) viz. 20.7846, &c. wil produce the ſolidity of the compounding Pyramid, 188.498398. (which by the proper artificial Pyrami­dal Line, wil be 188.325116,) whoſe vigecuple, 3769.967960, is the ſolidity of the Icoſahedrum: All which you may ſee moſt accuratly produced by the ſeveral Loga­rithmetical operations or artificial Numerations follow­ing, according to thoſe formerly in the Dodecahedron. And therefore firſt.
[geometrical diagram]
 [...]
[Page]
Again, 2ly.
 [...]
Or again, 3ly.
 [...]
Or 4ly. (to come towards our preſent way of meaſuring here propoſed) the ſame wil be moſt readily produced in a cubical manner, without any trouble of Calculation, or arithmetical and geometrical operation; and that firſt by comparing the Cube of the Icoſahedrum's ſide with the Icoſahedrum it ſelf, according to the moſt exquiſite terms of proportion, noted in the next Section; and this only by one ſimple compoſition of Numbers, from the artificial Numeration, thus;
[Page]
 [...]
Or 5ly. and laſtly; the ſame from thence, by finding the content of the Cube equal to the Icoſahedrum accor­ding to the moſt exquiſite Proportion of the ſide of the Icoſahedrum to the ſide of that Cube or Hexahedrum, no­ted immediatly after the former Proportion; (to which doth anſwer exactly, our preſent artificial Menſuration, o [...] organical, or mechanical Cubation) As,
 [...]
Which ſeueral Logarithmical operations, do agree wel with that Algebraical or Coſſical computation of Mr. Diggs in his forementioned diſcourſe of geometrical So­lids. Probl. 14. where having Coſſically caſt up the ſolid content of this very Icoſahedrum, he ſaith at laſt, that the ſame being reduced into rational numbers, wil fal between 3769 and 3770.
And with theſe ſeveral artificial Numerations, wil be found to agree very nearly, our preſent artificial Menſura­tion: For the ſide of this Icoſahedrum being meaſured by [Page] its proper Cubatorie Line, (taken in a centenary ſolution) wil be found thereby, 15.56 (as before, the ſide of its e­qual Cube, by the artificial Numeration) which cubed, yields, 3767.287616, for the ſolidity of the Icoſahedrum, which indeed wanteth of the true ſolidity, between two and three integers of the appointed meaſure; but one ex­ample is not to be regarded: But however therefore, pro­ceeding here in a more ample or numerous ſolution of the Line [...] of meaſure both natural and artificial, equally; the ſolidity of this Icoſahedrum wil be thus artificially produ­ced very near the true content. As if the prime or natural Line be made 1000 parts, and ſo alſo the ſecond, artificial, or Cubatorie Line; then the ſide of this Icoſahedrum meaſured thereby, wil be found 15.564 ferè, whoſe Cube is 3770.193726, &c. for the ſolidity of the Icoſahe­drum, which exceedeth the true Content, not ſo much as 1/4 of the prime or natural Line, cubed; or 1/4 of a cube-inte­ger, or unit.
Now for the like ſuperficiary Dimenſion Concerning the ſuperf [...]cial dimenſion of the 4 regular Solids before­going, by way of exact Qua­drature. of theſe Bodies, the artificial Lines of qua­drature for this purpoſe, I find (according to the reaſon of the firſt and 2d. Theoremes &c.) to be of the prime Rational Line in ge­neral (under the former ſolution) as fol­loweth.
[Page]
	The ar­tificiall Line for ſuperfi­cial meaſure, or Line of Quadra­ture, is for the Side of the	Tetrahedron, 0.7598	√qq. 2/ [...]
	Octahedron, 0.5373 ferè
	Icoſahedron, 0.3398	Deficiēt
	Dodecahedr. 0.2201 ferè


By which Lines duly ſet off and divided, the ſides of theſe Bodies being meaſured; their Quadrats ſhal [...] be the total ſuperficies; which I ſhal alſo briefly illuſtrate by help of the examples beforegoing in the Dimenſion of the Trigon and Pentagon, which I made uſe of formerly in the ſuperficial Dimenſion of the Tetrahedron and Octahe­dron in a Pyramidal way.
Therefore firſt; the Side of the foregoing Tetrahedrum being naturally 12.00, the true totall Superſicies there­of was formerly found, 249.4153, (which by the Line of quadrature pertaining to the ſide of an ordinate Trigon, was found, 249.6400 ferè.) Now the Line of quadrature peculiarly appropriated to the side of a Tetrahedrum (not having reſpect to the baſe or Plane simply, as being an or­dinate Trigon) being centesimally divided; the side of this Tetrahedrum meaſured thereby, wil be found, 15.79, whoſe Quadrat is 249.3241, for the total ſuperficies of the Tetrahedrum, which wanteth of the true ſuperficies in [Page] vulgarterms, only 1/11 ferè, of a ſquare integer or unit, of the meaſure appointed.
II. The ſide of the foregoing Octahedrum being the ſame with that of the Tetrahedrum, viz. 12.00; the ſu­perficial Content thereof wil be double to that of the Te­trahedrum, (as I ſhewed before) viz. 498 8306. Now the ſide of this Octahedrum being meaſured by its proper Line of quadration (in a centeſimal ſolution) wil be 22.33, whoſe Square is 498.6289, for the Octahedro [...]'s total Su­perficies, wanting of the true content, only 1/5 of a ſquare-in­teger. Or the ſaid Line being made 1000, it wil give the Octahedron's ſide, 22.335 ferè, wch ſquared, giues the Octa­hedron's ſuperficies, 498.852225 ferè, which exceeds the true Content, viz. 498.830633 ferè, hardly 1/46 (in vulgar terms) of a ſquare-unit.
III. The ſide of the former Icoſahedrum being the ſame with the ſide of the Tetrahedrum and Octahedrum; the ſuperficies thereof wil be quintuple the ſuperficies of the Tetrahedrum, and ſo double-ſeſquialter the ſuperficies of the Octahedrum, (according to what I have formerly ſpoken in the ſuperficial Compoſition of theſe Bodies) viz. 1247.0766 ferè: Now the ſide of this Icoſahedrum, be­ing taken by its proper tetragoniſmal Line, under a cen­tesimal partition only, wil be found 35.31, whoſe Quadrat is 1246.7961, for the ſuperficies of the Icoſahedrum; which wants of the true ſuperficies, ſcarc [...]ly 1/3 of a ſquare-integer. But yet the ſide of the Icoſahedrum being meaſured by its ſaid Line under a millesimal ſolution, wil be found upon the point of 35.314, which quadrately, is 1247.078596 ferè, for the Icoſahedrum's ſuperficies, which now exceeds the true ſuperficies, (being 1247.076581) in vulgar terms, hardly 1/4 [...]6 of a ſquare integer or unit.
[Page]
IV. The Side of the foregoing Dodecahedrum, being, 6, the true totall ſuperficies thereof, was formerly found 743.2462, &c. Now the Line peculiarly appertaining to the ſide of a Dodecahedrum, for the quadrate dimenſion of its Super­ficies (not as relating to the Baſe or Plane thereof ſimply, as being an ordinate Pentagon) being firſt laid down un­der a centesimal partition, and the side of this Dodecahe­drum meaſured thereby, wil be found 27.26, whoſe Qua­drat is 743.1076, for the total Superficies of the Dodeca­hedrum, which wanteth of the true ſuperficies, only about 1/7 of a ſquare-integer or unit.
And ſo again, the side of a Dodecahedrum being double to the former, and ſo the ſame with the ſides of the three Bodies before going; the basial or hedral area, wil be the ſame with the area of the Pentagon formerly hand­led, viz. 247.7487, &c. and ſo the total ſuperficies (ac­cording to what I have ſaid of the composition of this Body) wil be upon the point of 2973, viz. 2972..9844, or more exactly, (by a further extension or production of the Pentagonal area) 2972.9849; which is quadruple the ſuperficies of the former Dodecahedrum: the baſe of this being quadruple the baſe of that. Now the side of this Dodecahedrum being meaſured by its foreſaid Line of Qua­drature, wil be, 54.52; which ſquared, gives 2972.4304, for the Superficies of the Dodecahedron, which wanteth of the true Content only about 1/2 of a ſquare integer: But however, proceeding in the partition of the Line of Qua­drature, but one degree of parts further, viz. to 1000; the Dodecahedron's ſuperficies wil be produced thereby, 2972.975625 (the ſide being 54.525) which now wanteth of the true ſuperficies, being 2972.984949 (in vulgar accompt) hardly 1/107 of a quadrate unite or integer of the meaſure firſt aſſigned. [Page] As for the other ordinate plain Body, name­ly the Hexahedron, (or orthogonial Iſo­hedron, Concerning the dimenſion of the Hexahe­dron. or ordinate Parallelepipedon) the ſame cannot more readily be meaſured, (eſpecially for ſolid Meaſure) then by the natural way, which is by cubing it's ſide, being taken by the prime or natural Rational Line: 
[geometrical diagram]
 And ſo almoſt as readily for ſu­perficial alſo, by ſquaring its ſide, taken by the ſame Line; whoſe ſextuple wil be the total ſuper ficies: But elſe however, both theſe Dimensions may be per­formed artificially, either by the Diagoniall, Diameter, or Axis of its Body (which is no other then the axis or Dimetient of its circumſcribing or comprehend­ing Sphear, and which in the Hexahedron cannot imme­diatly be taken, unleſſe the ſame be concave, and one ſide or baſe open) or elſe by the Diagony or Diameter of its Baſe (which is the ſame with the Diameter of the Circle circumſcribing the ſaid Baſe, as I ſhewed formerly in the Dimenſion of a tetragonal Pyramid, and before that, of a Tetragon it ſelf,, by its Diagony.) And ſo, whereas the Diagoniall or Axis of the Hexahedron, is naturally triple in potencie or poſſibility, to the ſide thereof, by E, 13. p. 15, (as the Diagony or Diameter of its baſe is naturally double in the ſame manner, to the Side, by E, 1. p. 47, &c. which I ſhewed before,) here it becoms artificially equal (imme­diately in act, and ſo in power, quadrate and cubique) to the ſide taken naturally, or by the prime or natural Line of [Page] meaſure: And the artificial Line of meaſure for this pur­poſe, in reference to ſolid meaſure, I find (according to the reaſon of the 2d. Theoreme, &c.) to be of the prime Rational Line in general, the ſame with The ſolid dimenſion of an Hex­  [...]hedron by its Axis or Diagoniall according tocubatiō: And the artificiall Line for perfor­ming the ſame. that which was formerly found for the ſolid dimenſion of a trigonal Pyramid by it's ba­ſiall Diameter or perpendicular; and its Ax­is together, viz. 1.7320, &c. √3. By which the Diagoniall or Axis of an Hexahedrum being taken, wil be found to agree with the Side thereof taken by the naturall Line of Meaſure, and ſo being cubed, muſt needs pro­duce the ſame Content: Whereby it appears, that if the Axis or Diameter of a Sphear be taken by this Line, the Cube thereof ſhal be the inſcribed Hexahedron.
II. Then for the ſuperficial dimenſion of this Body by its ſaid Axis or Diagoniall; I find the artificial Line for that purpoſe, to be the very ſame with that which was for­merly found for the ſuperficial dimenſion of a tetragonal Pyramid, by the ſide of its The ſuperfici­all dimenſion of the Hexahe­dron artificially by its Axis or Diagony, ac­cording to qua­dration. baſe, and the perpendicular of its trigonall plane together, viz. 0.7071, √ 1/2: By which the ſaid Axis or Diagony being ta­ken; the Square thereof ſhal be the total Superficies of the Hexahedrum: And therefore if the Diameter of a Sphear be taken by this Line, the Quadrat thereof ſhal be the inſcribed Hexahedron's ſuperficies.
III. As for the ſolid dimenſion of this Body artificial­ly, by the Diagony of the baſe; the Line of meaſure ſer­ving thereunto, I find to be the very ſame with that which [Page] was formerly noted for the dimenſion of a The ſolid di­menſion of the Hexahedron by the Diagony or Diameter of its Baſe, ac­cording to Cu­bature, artifi­cially. Tetragon by its Diagony, and alſo for the ſuperficial dimenſion of a Cone by its whoſe baſial periphery and ſide together, viz. 1.4142, √ 2: By which the baſial Diagony being taken, it wil be found to a­gree with the ſide taken by the prime Rati­onal Line; and ſo being cubed, muſt needs produce the ſame Hexahedral ſolidity.
IV. Then for the ſuperficial dimension of this Solid, ar­tificially, by its ſaid basial Diagony or The ſuperficial dimenſiō of the Hexhaedron by its baſial or he­dral Diagony, according to quadrature ar­tificially. Diameter; the Line of quadrate dimen­sion for this purpoſe, I find (according to the reaſon of the 1 & 2d. Theoremes, &c.) to be of the Rational Line in general, (de­fectively) 0.57735, &c. which is Apot [...] ­mally in Number, 1—.42265, &c. the ſaid artificial Line being √ 1/3 of the natural Line, taken in its quadratique power or ca­pacity. By which Line (firſt duly divided) the basiall or hedral Diagony being taken, its Quadrat ſhal be the total ſuperficies of the Hexahedrum.
V. And ſo may the ſuperficies of this Body, be wholly obtained in the like manner, by its Side (which may be The ſuperfici­al dimenſion of the Hexahe­dron artificially by its Side, ac­cording to one exact quadra­ture. termed the moſt preciſe and proper ſqua­ring of a Cube, as to it's ſuperficiety, or ſu­perficial part; as alſo the two former waies by the Diagonial of the Baſe & of the total Hexahedron it ſelf) and the Line of qua­drature convenient for this purpoſe, I find (by the reaſon of the foreſaid Theoremes) to be of the prime rational Line in gene­ral [Page] (deficiently) 0 4082, &c. the Apotomal ſegment, or parts of diminution, being .5917, &c. the Line it ſelf be­ing √ 1/ [...] of the foreſaid Rational Line, in its power or capa­city tetragonical. By which (firſt duly divided) the Side of the Hexahedrum being meaſured; its Quadrat ſhal be the total Hexahedral ſuperficies; Which way, as alſo that by the Diagony of the baſe, as they are more artificial and ex­cellent in themſelves, ſo alſo more ready, for getting the ſu­perficies of an Hexahedron, then the vulgar or natural way, by ſquaring the ſide taken by the natural Line of meaſure, and then ſextuplating that ſquare, as being the Baſe. And here it appears, that if the Diameaer of a Sphear be taken by this laſt artificial Line, the Quadrat thereof ſhal be the total convexe ſuperficies of the circumſcribed Hexahedron.
And this ordinate Body here laſt handled, may alſo be conceived or conſidered together with the other 4 before­going, under a Pyramidal cōpoſition & reſolutiō (as al plain Solids generally are; even Pyramids thēſelves; as I ſhew'd before in the firſt and moſt ſimple kind of all, to wit, the trigonal, and that in the Tetrahedrum it ſelf) according to its Baſes or Planes, which are to be underſtood, as the ba­ſes of ſo many Pyramids equal and alike, by which they are only externally eminent or apparent, their whole bo­dies beſide, being internally latent, and ſo do meet in their vertical angles, in the center of the hexahedral Body; (or of its ambient Sphear,) This Body being compoſed ſuper­ficially or externally of, or contained internally under, ſix equal Tetragons, (according to E, 11. d. 25) compact to­gether by ſolid (right) angles, which are in number, ſub­triple the plain, ſuperficial, or hedral (right) angles conſti­tuting or including the ſame, as in the Tetrahedrum and Dodecahedrum. And hereupon this regular Solid wil alſo [Page] admit of a Pyramidal dimenſion, for the obtaining of its ſolid Area, like as the other; which wil be moſt eaſily perform'd, ſeing that the Axis or Altitude of its compoun­ding tetragonal Pyramid, is equal to half the ſide (or alti­tude) of its body; and which conjunctly with a trient of the Baſe (or the whole Baſe with a trient of that) wil pro­duce the Content of one of the compoſing Pyramids; whoſe ſextuple wil be the Content of all the Pyramids to­gether, and ſo of the whole Hexahedrum: Or (more brief­ly) the ſaid Pyramidal Axis conjunctly with the whole Baſe, wil produce the Content of three of the ſaid Pyra­mids, for half the Hexahedrum: And therefore hence it is, that the ſide of this Body, (which is its altitude, and ſo double to the altitude of its composing Pyramid) being infolded with the Baſe (that is, cubed) produceth imme­diatly the Content of all the 6 ſuppoſed Pyramids together, for the  [...]o [...]al Hexahedrum.
And as the Hexahedrum; ſo alſo may the other four or­dinate plain Bodies be artificially meaſured, both ſolidly and ſuperficially, (or cubically and quadrately) by their o­ther ſeveral lines of dimension, beside their Sides, (as I no­ted before) as either by their Axes, Diameters, or Diagoni­als, which in the Octahedron, Icoſahedron, and Dodecahe­dron, are no other then the Axis or Diameter of their cir­cumſcribing, comprehending or containing Sphear, as in the Hexahedron, (as I noted occasionally in them before) or by their Altitudes, (which in the Dodecahedron and I­coſahedron, are the ſame with the Diameter of their inſcri­bed Sphear; as alſo in the Hexahedron, it being there the ſame with the side, and in the Octahedron, is the ſame with its Diagoniall, or Axis, being alſo the circumſcribing Sphear's Axis, as I ſhewed formerly.) Or by their Basiall [Page] or hedrall Diameters or perpendiculars; and in the Dode­cahedron, by its basiall or hedral Diagony alſo, according as I ſhewed in the Dimension of a pentagonal Pyramid, and alſo of a Pentagon it ſelf simply. The artificial Lines, (or Lines of quadrature and Cubature) for ſome of which Dimensions, that are moſt material, (though indeed none of them are abſolutely needful, the Dimensions of theſe Bodies being moſt easily and accurately performed by their Sides, as I have ſuffciently ſhewed before) I ſhal here de­liver, as I find them to be in relation to the prime Rational Line in general, under a decumillenary ſolution, (according to the reaſon of the 2d. Theoreme, &c.) as followeth; beginning with ſolid dimension, as I have done in all the former Solids, as being the moſt considerable in theſe and all other ſolid Figures: the firſt of the two numbers be­longing to each Body, noted with the letter c. expreſſing the quantity of the Line for cubical or ſolid dimension, and the ſecond number, noted with q, the quantity of the Line for quadrate, or ſuperficiary dimenſion.
[Page]
	The ar­tificiall Lines of Meaſure, or Lines of Cuba­ture, and Quadra­ture, are for the	Axis of the	Tetrahedron	1.6654 ferè. c.
	0.6204. q.
	Octahedron	1.8172 ferè. c. √c 6.
	0.7598. q. √qq 1/3.
	Icoſahedron	1.4666 ferè. c.
	0.6464 ferè q.
	Dodecahedrō	1.4215. c.
	0.6168, ferè, q.
	Altitude of the	Icoſahedron	1.1654. c.
	0.5136. q.
	Dodecahedrō	1.1296. c.
	0.4901. q.


By the firſt Section of wch Lines (being duly ſet off and divided) the Axes of theſe Bodies being taken, the Cubes and Squares thereof, ſhal be their ſeveral ſolidities and ſu­perficialities, according to the nature of the Line by which they are meaſured: whereby it appears, that if the Axis of a Sphear be taken by theſe Lines (except thoſe which are for the Tetrahedrum) its Cube and Quadrat ſhal be [Page] the ſolidity and ſuperficiality of the inſcribed Octahedrum, Icoſahedrum, and Dodecahedrum, according to the re­ſpective Lines of meaſure, by which it is taken. And ſo the like may be done for the ſolidity and ſuperficiality of the inſcribed Tetrahedron, by the Diameter of its ambient Sphear: the Lines of meaſure for which purpoſe, I find to be of the Rational Line in general, 2.4980, for cubique di­menſion, and 0.9306, &c. for quadrate dimenſion.
By the ſecond Section of theſe Lines, the Altitude of an Icoſahedrum and Dodecahedrum being taken; their Cubes, and Quadrats, ſhal be the ſolid and ſuperficial Con­tents of their proper Bodies, according to the nature of the Line by which they are meaſured: And therefore, if the Diameter of a Sphear be taken by theſe Lines, the Cube and Quadrat thereof, ſhal be the ſolidity and ſuperficies of the circumſcribed Icoſahedrum and Dodecahedrum, ac­cording to the reſpective Line, by which it is meaſu­red.
And the like may be done in the Tetrahedrum and Octahedrum circumſcribed; and in all the five Bodies both inſcribed and circumſcribed, may the ſame be done alſo, by the Circumference of the greateſt or central Circle of the Sphear (circumſcribing and inſcribed) for finding their ſold and ſuperficial Contents: But the Lines of mea­ſure for theſe laſt-named Dimenſions, as alſo for the cu­bique and quadrate dimenſion, (or the cubing and ſqua­ring, as I may ſo term them) of the four Bodies here laſt handled, by their hedral Diameters or Perpendiculars, and hedrall Diagony alſo in the Dodecahedrum, (as I have al­ready ſhewed in the Hexahedrum) I ſhal here omit, as needleſſe and ſuperfluous; and ſhal ſhew the chief of theſe Dimenſions, as alſo all the other beforegoing in theſe Bo­dies, [Page] which I have practically demonſtrated by way of example, in an arithmetical manner, from their ſeveral ar­tificiall Lines of meaſure, (or Lines of Cubature and Qua­drature) expreſſed only by Number; together firſt with the Linear dimenſions of theſe Bodies, (in regard of their foreſaid ſeveral lines of Dimenſion, except thoſe here laſt of all named) leading thereunto; in a way of Proporti­on, after the moſt exquiſite manner that may be, as from the natural Meaſure, according as I have done in all the pre­cedent dimenſions. But before I go to theſe, I think it very fit and expedient (for a concluſion of this Section) to give the practicall Reader to obſerve by the way, for the more eaſe and conveniency in this kind of Menſuration, or me­tricall practice, (or more artificial kind of practical Geo­metry) wch here we handle; & ſo to avoid multiplicity of artificiall metrical Lines or Scales, ariſing by the manifold particular dimenſions here conſidered and declared; what Lines of meaſure here already delivered and expreſſed by Number, do agree, either in the whole throughout, or in part only, in their meaſure or magnitude from the prime Rational Line, ſo farre as is generally needful for ordinary uſe, which is to centeſimal parts only of the Rational Line from which they are taken, and which diviſion in that, for ſetting off the artificial Lines therefrom, and ſo alſo in the artificial Lines themſelvs for meaſuring there­by, is generally ſufficient for ordinary uſe, as I have both ſaid, and exemplarily ſhewed in moſt of the precedent Di­menſions; it having conſiderably failed but in three of all the foregoing practical demonſtrative Examples, which was firſt, in the ſolid Content of the Sphear laſt handled, produced by the Line of Cubature pertaining to the Dia­meter: and ſecondly, in the ſolid content of the Dodecahe­drum [Page] in the Pyramidal dimenſion, by the Line pertaining to a regular-baſed pentagonal Pyramid in general; where yet it did agree ſufficiently with the true, natural dimenſi­on, in the ſolidity of the compounding Pyramid it ſelf; and therefore not ſo conſiderable in the Dodecahedrum: and then in the ſolid content of the Icoſahedrum produced by the Line of Cubature belonging to its ſide: But two or three particular Examples are not to be regarded, in reſpect of the general; ſeing that the like artificial dimenſions of the ſame kind of Figures, may in other Examples hi [...] right enough; the reaſon of theſe defections having been ſhew­ed ſufficiently at firſt, eſpecially in the laſt Section of the firſt Part. And therefore obſerve,
I. That the artificial Line, for the quadrate dimenſion or ſquaring of a Circle, by its Diameter, (expreſſed firſt of all by Number, from a decumilleſimal ſolution of the prime Rational Line, viz. 1.1284 ferè) and the Line for the cu­b [...]que dimenſion, (or cubing) of a Dodecahedron by its perpendicular-line of altitude (or inſcribed Sphear's dime­tient) under the ſame ſolution of the Rational Line, viz, 1.1296) wil agree in part, viz. in a centeſimal ſolution of the Rational Line, being thereby 1.13 ferè, which I ſhew­ed in the dimenſion of Circle, to be the Line C D, according to the primary Line A B.
II. That the Line for the quadrate dimenſion of an ordinate Pentagon by its Diameter or Perpendicular, (ex­preſſed numerally, 1.1732 ferè) and the Line for the cubick dimenſion of an Icoſahedron by its perpendicular of altitude (or inſcribed Spheare's Axis) noted Numerally, 1.1654) wil agree ſufficiently in part, viz. in centeſimal parts of the Rational Line, being thereby, 1.17, the firſt compleat, the ſecond incompleat; which difference is not conſidera­ble.
[Page]
III. The Line for the dimenſion of a Tetragon by its Diagony, (or circumſcribing Circle's Diameter) and for the artificial dimenſion of Triangles in general; and the Line for the ſolid dimenſion of an Hexahedron by its baſial or hedral Diagony; and alſo the Line for the ſuperficiary Dimenſion of a Cone by its Side and total baſial periphery together, do agree in the whole throughout, viz. 1.4142, &c. infinitely, being √ 2 of the intire prime Rational Line (as the unit or integer of Meaſure) in it's power quadrati­call: with which very nearly agrees the Line for the cu­bing of a Dodecahedrum by its Axis or Diagoniall, (or cir­cumſcribing Sphear's Dimetient) in centeſimal parts of the Rational Line, viz. 1.42 compleatly.
IV. The Line for the Quadrate ſuperficiall dimenſion of a Sphear, (or the quadration of the Sphaerical) by its Diameter or Axis; and the Line for the ſquare-like ſuperfi­ciary dimenſion of a Cylinder (or the rectangular parallelo­grammation of its Superficies) by its Side and Diameter together, do meet in the whole throughout, viz. 0.56418 &c, infinitely.
V. The Line for the quadrate ſuperficial dimenſion of a Tetrahedron (or quadration of its ſuperficies) by its Side; and for the like dimenſion of an Octahedron by its Axis or Diagoniall (or comprehending Spheare's Diameter) and for the rectangular ſuperficial dimenſion of a trigonal Pyramid, by the perpendicular of its baſe, and of its other or lateral triangular Plane together, do happen to be all one infinitly, in parts of the Rational Line, viz. 0.7598, &c. being √ 1/3 of the intire prime Rational Line, in its bi­quadratique potentiality, or capacity: with which agreeth in part, viz. to centeſimal parts, the Line of quadrature for the Side of a Pentagon, (noted formerly by Number, [Page] 0.7624 ferè) viz. 0.76 compleat, which in the Dimenſi­on of a Pentagon, was demonſtrated by the Line P Q. in parts of the Line A B. So that here one and the ſame Line wil ſerve thus farre, for theſe 4 ſeveral dimenſions. And very nearly with this Line, agrees the Line for the cu­bing of an Icoſahedrum by its ſide (noted formerly in parts of the Rational Line, 0.7710, &c.) taken centeſimally, viz. 0.77.
VI. The Line for the ſquare-like ſolidation (as I may term it) or rectangle-parallelepipedall dimenſion of a tri­gonall Pyramid by its Axis or altitude, and baſial Diameter or perpendicular together; and for the ſolid dimenſion of an Hexahedron by its Axis or Diagoniall, (or ambient Sphear's dimetient) do agree in the whole throughout, viz. 1.73205, &c, infinitely, being √ 3, of the integrall Ra­tional Line, taken in its power zenzicall or tetragoni­call.
VII. The Line for the rectangle-parallelipipedal Soli­dation of a tetragonall Pyramid by it's Axis or Altitude, and baſiall diagony or diameter tagether; and fo [...] the cu­bique dimenſion (or Cubation) of an Octahedron by its Axis or Diagoniall, (or containing Spheare's axis or dia­meter) are both one throughout, viz. 1.817, &c. infinite­ly being √ 6 of the prime Rational Line conſidered in its cubical capacity, or comprehenſibility.
VIII. The Line for the ſquare-like, or rectangle-ſu­perficiary dimenſion of a tetragonall Pyramid by the ſide of its Baſe, and the perpendicular of its trigonal Plane to­gether; and for the exact quadrate-ſuperficiary dimenſion of an Hexahedron, (or the quadration of its ſuperficies) by its Axis or Diagoniall (or circumſcribing Spheare's Dia­meter) do agree in the whole, viz. 0.7071, &c. being √ 1/2 [Page] infinitely, of the prime Rational Line, in its power or ca­pacity tetragonical.
IX. The Line for the rectangle-parallelepipedation, or parallelepipedal conſolidation of a pentagonall Pyramid (as to an exact quadrate baſe) by the diagonal line, or an­gular ſubtenſe of its Baſe, together with the Pyramids Axis or altitude (noted formerly by number, 1.6589 ferè) and the Line for the exact Cubation of a Tetrahedrum by its Axis (noted in like manner, 1.6654 ferè) wil ſuffici­ently agree in part; as to centeſmes of the Rational Line, viz. 1.66; this latter compleat, the former incompleat: but with ſo ſmal a difference, as that one and the ſame Line may thus farre ſerve indifferently for both theſe dimenſions viz. 1.66.
X. The Line for the rectangle-ſuperficiary dimenſion of a pentagonall Pyramid by the foreſaid diagoniall of its Baſe, and the perpendicular of its trigonal Plane together, (viz. 0.8045 ferè) and the Line for the like dimenſion of a Cone, by the diameter of its baſe, and its ſide together, (0.7979 ferè) do agree in part, as to centeſmes of the Ra­tional Line, viz. 0.80. the firſt compleat, the ſecond in­compleat.
XI. The Line for the exact quadrate ſuperſicial di­menſion of a Tetrahedrum, by its Axis, (0.6204) and the Line for the like dimenſion of a Dodecahedrum by its Axis or Diagoniall (or ambient Sphear's dimetient) viz. 0.6168 ferè, wilſuſſiciently accord, as to centeſimal parts, viz. 0.62; the firſt compleat, the ſecond incompleat.
XII. Laſtly, the Line for cubing of a Dodecahedron by its ſide, (0.5072) and the Line for the ſquaring (as I may ſo term it) of an Icoſahedron, as to its ſuperficial part, by its perpendicular of altitude (or inſcribed Sphears di­metient) [Page] viz. 0.5136) wil ſufficiently concurre in part, as to centeſimal parts of the Rational Line, viz. 0.51; the lat­ter compleat, the former incompleat.
So that here you may ſee, how that of all the ſeveral geometrical dimenſions before particularly expreſſed, being in nūber 62, as requiring ſo many ſeveral lines of Meaſure, or Lines of quadrature, cubature, &c. the Lines for 28 of them, are contracted into 13, in reſpect of a centeſimal ſo­lution of the Rational Line from which they are taken, but no further, (according to theſe 12 Notes or obſervations) And the Lines for 15 of the ſame dimenſions, are contract­ed into 6, in regard of an infinite reſolution of the Ratio­nal Line, according to the 3. 4. 5. 6. 7. 8 Notes. And ſo with the other 34 dimenſions not here named, having their particular Lines of meaſure differing in the whole, (in reſpect of the fraction-part of the Rational Line, though not of the integral part) the artificial Lines for all the 62 dimensions aforeſaid, wil be contrived into 46, according to a centesimal partition of the prime or natural Rational Line. And the like agreement of Lines as is here demon­ſtrated, may fall out between theſe and other the like Lines, for other Dimensions not here particularly expreſ­ſed; and alſo between other Lines, which are none of them hereſetdown: which I referre to the ingenious pra­ctiſer to consider, according as he may have occasion of­fered.

SECT. IV. Expreſſing the manifold Dimenſions in the five plain ordinate, or regular Bodies, Arithmeti­cally, by way of Proportion, in the moſt ex­quiſite manner that may be.
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ANd ſo having in the Section imme­diatly beforeing, ſhewed the Di­menſion both ſolid and ſuperficial of the 5 plain ordinate (Pythago­rean or Platonick) Bodies, accor­ding to our artificiall way of mea­ſuring, in the moſt exquisite man­ner that may be: (or inſtrumentall Cubature and Quadrature,) We ſhal in this Section, lay down the ſame Dimenſions, with variety of others, in theſe Bodies, by Number, in the moſt exquiſite Terms of Proportion that may be; ſuch as have not yet been done (no more then the former artificial way of meaſuring the ſame) by any that I could ever meet with, or hear of: and which muſt needs very much ex­ceed thoſe, tedious, obſcure, confuſed, Coſſical Terms which Mr. Diggs in his forementioned diſcourſe of theſe Bodies, hath Theorematically delivered; where yet, he hath left out the moſt material and uſefull ones, for the ready and ſpeedy diſcovering of their ſolid and ſuperfi­ciall [Page] Contents, as being inſcribed in, and circumſcribed to, a Sphear, in relation both to the Axis or Diameter, and the greateſt Periphery of the Sphear, circumſcribing and in­ſcribed.
And here I ſhal firſt begin with the Linear dimenſions of theſe Bodies, in all the variety thereof, according to the fore-named ſeveral Lines of dimenſion belonging to them, as uſually adſcribed to them for their Dimenſions, (as I did in the other ordinate Figures before-going, namely, the Circle, Sphear, Trigon, and Pentagon) and this, in relati­on to the firſt Dimenſion in Geometry, called in general, from the Greeks, Euthymetrie, or Mecometrie, and fromthe Latines Longimetrie; And which (in reſpect of the different kinds of Lines) I may call more generally from the Greeks, Grammemetrie; and from the Latines, Line­metrie.
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Therefore,
	1 The Tetra­hedron's Side, is to its	Axis, as 1. to .816497 ferè. √ 1/3 alike.

	ambient Spheares Axis, as 1. to 1.224745 ferè. alike.



	2 The Tetra­hedron's Axis is to its	Side, as 1 to 1.224745 ferè. alike.

	ambient Spheares Axis, as 1. to 1.5, ſub-ſeſquialtera.


	3 The Axis of a Sphear, is to the inſcribed Tetrahedron's	Side, as 1 to .816497 ferè. √ 1/3 alike.

	Axis, as 1 to .666667 ferè.
	viz. .666666 infinitely, ſeſ-quialtera.
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	4. The Side of the	Octahedron,	is to its Axis or Diagonal, or circumſcribing Spheare's Di­metient, as 1, to	1.414214 ferè √ 2.
	Hexahedron,	1.73205. √ 3.
	Icoſahedron,	1.902113.
	Dodecahedron.	2.802517.


Contrarily,
	5. The Axis, Diagoniall, or angular Diameter (or the am­bient Sphear's Dimetient) of the	Octahedron,	is to the Side, as 1 to	.707107 ferè. √ 1/2.
	Hexahedron,	.57735. √ 1/3.
	Icoſahedron,	.525731.
	Dodecahedron.	.356822.


	6 The Diame­ter of a Sphear is to the Side of the circum­ſcribed.	Tetrahedron,	as 1. to	2.44949 ferè.
	Octahedron,	1.224745 ſupdupla.
	Hexahedron,	1. aequalis, ſeu una.
	Icoſahedron,	0.66158.
	Dodecahedron.	0.449028 ferè.
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Contrariwiſe.
	7. The Side of the	Tetrahedron,	is to the inſcribed Spheare's Dime­tient, as 1. to	.408248.
	Octahedron,	.816497. dupla.
	Hexahedron,	1. aequalis, as before.
	Icoſahedron,	1.511522.
	Dodecahedron.	2.227033. ferè.


And ſo the two laſt of theſe Proportions, are conſequent­ly of the Sides of thoſe two Bodies to their Altitudes.
And by the 6th. Section of Proportions, as alſo by the 5th. Sect. of the like proportions, in relation to the corre­ſpondent Circumference of a Sphear, you may obſerve, how that a Tetrahedrum and an Octahedrum being circum­ſcribed to one Sphear, the ſide of the Tetrahedrum wil be exactly double to the ſide of the Octahedrum: And ſo by the 7th Sect. beforegoing, you may obſerve contrarily, how that theſe two Bodies hauing one and the ſame ſide, the Diameter of the Sphear inſcribed in the Octahedrum, wil be exactly double to the Diameter of the Sphear inſcribed in the Tetrahedrum. And the like with theſe, you may alſo obſerve afterwards in the 5 and 6 Sections pertaining to the correſpondent Circumference of a Sphear. And the ſame proportion wil the Tetrahedrum here hold to the Octahedrum, both for ſolid and ſuperficiall dimenſion, as it doth for lateral dimenſion, as I ſhal ſhew afterwards.
8. Tetrahedron's Axis is to its inſcribed Sphear's Axis, as 1. to .5 dupla. And therefore contrarily.
9. The Axis of a Sphear is to the Axis of its circum­ſcribing Tetrahedron, as 1. to 2. ſubdupla.
10. The Axis of Tetrahedron's ambient or externall [Page] Sphear, is to the Axis of its inſcribed or internal Sphear, as 1, to .3333, &c. infinitely, viz. 3. to 1, tripla. And therefore converſly,
11. The Axis of Tetrahedron's inſcribed Sphear, is to the Axis of it's circumſcribing Sphear, as 1. to 3, ſubtri­pla.
	12. The Axis, Dia­goniall, or angular Diameter of the	Hexahedron,	Or their circum­ſcribing Sphear's Dimetient, is to their inſcribed Sphear's Dime­tient, as 1. to	.57735. √  [...]/3.
	Octahedron,	 
	Dodecahedron,	 
	Icoſahedron.	.794654.


And ſo conſequently, the latter of theſe two Proporti­ons, is to be underſtood of the Axes of thoſe two Bodies, to their Altitudes.
Converſly.
	13. The Inſcri­bed Spheare's Dimetient, is to the circum­ſcribing Spheare's Di­metient, (or the Axis, or Dia­goniall) of the	Hexahedron,	as 1. to	1.73205, √ 3.
	Octahedron,	 
	Dodecahedron,	 
	Icoſahedron.	1.258401 ferè


And ſo the latter of theſe two Proportions, is of the Alti­tudes of thoſe two Bodies to their Axes.
[Page]
By which two Sections of proportions in theſe 4 Bodies, and by the two laſt proportions in the Tetrahedrum next before-going, viz. Sect. 10 and 11. it appeareth, that theſe five regular Bodies, in reſpect of their Sphericall in­ſcriptibility and circumſcriptibility, do require three ſeve­ral diſtinct Sphears, circumſcribing or containing, and in­ſcribed or contained: That is, they being all ſeverally in­ſcribed within one Sphear, cannot then alſo be exactly cir­cumſcribed about (or cannot compleatly comprehend with in them) one Sphear, but three ſeveral Sphears; where­of that which is inſcribed in the Tetrahedrum wil be the leaſt, and that inſcribed in the Hexahedrum and Octahe­drum, wil be equal, and that which is inſcribed in the Dodecahedrum and Icoſahedrum wil be alſo as one, and the biggeſt of all.
And ſo again contrarily, theſe five Bodies being ſeveral­ly circumſcribed about (or comprehending in them) one Spheare, cannot then again be exactly comprehended or contained of one Spheare, but muſt have three ſeve­rall comprehending, containing or including Sphears; of which, that for the Tetrahedrum, wil be the greateſt; that for the Hexahedrum and Octahedrum wil be alike; and that which is for the Dodecahedrum and Icoſahedrum wil alſo be of equal magnitude, and indeed the leaſt of all: (See M. Diggs his Diſcourſe upon theſe Bodies, Probl. 17.) And the like to theſe may be obſerved in theſe 5 bodies, as being inſcribed in, or circumſcribed about, one Sphear, in re­ſpect of the Circles circumſcribing their Baſes, the Diame­ters of theſe Circles and of the Bodie's circumſcribing and inſcribed Sphear, being compared together: And there­fore.
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	14. The Diameter of the Sphear cir­circumſcri­bing the	Tetrahedron,	is to the Diame­ter of the Circle circumſcribing their Baſe, as 1. to,	.942809.
	Hexahedron,	—
	Octahedron,	.816497 ferè.
	Dodecahedron,	—
	Icoſahedron.	.607062.


And ſo the ſecond and third of theſe Proportions, are alſo of the Axes or Diagonies of theſe 4 Bodies, to the diame­ters of their Baſe's ambient Circles: which in the Hexahe­dron, is of the corporal Diagony, to the baſial or ſuperficiall Diagony.
	15. The Diameter of the Spheare inſcribed in the	Tetrahedron,	is to the Dia­meter of the Circle circum­ſcribing their baſe, as 1. to	2.828427.
	Hexahedron,	—
	Octahedron,	1.414214. ferè.
	Dodecahedron,	—
	Icoſahedron.	0.763932.


And to the ſecond of theſe Proportions, is conſequently of the Hexahedron's Side to its Basiall Diagony.
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The Converſe of theſe are,
	16. The Dia­meter of the Circle circum­ſcribing the Baſe of the	Tetrahedron,	is to the Dia­meter of their circumſcribing Sphear, as 1. to	1.06066.
	Hexahedron,	—
	Octahedron,	1.224745.
	Dodecahedron,	—
	Icoſahedron.	1.647278.


And ſo the ſecond and third of theſe Proportions, are al­ſo of the diameters of the baſiall ambient Circles of theſe four bodies, to their Axes or Diagonies: which in the Hex­ahedron, is of the baſiall or hedrall diagony, to the totall corporall diagony.
	17. The Dia­meter of the baſial or hedral ambient Circle of the	Tetrahedron,	is to their in­ſcribed Sphears Diameter, as 1. to	.353553.
	Hexhaedron,	—
	Octahedron,	.707107 ferè
	Dodecahedron,	—
	Icoſahedron.	1.309016.


And ſo the ſecond of theſe Proportions, is of the Hexa­hedron's baſial Diagony or Diameter, to its Side.
And the laſt of theſe Proportions, is of the baſiall am­bient Circle's Diameter, to the Altitudes of thoſe two Bodies.
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So that you may here ſee by theſe 4 Sections of pro­portions, how that theſe 5 bodies being deſcribed either within or about one Sphear, have only three ſeveral cir­cumſcribing or containing Circles, for their Baſes; where­of, that which is for the Tetrahedrum is the largeſt; that for the Hexahedrum and Octahedrum are both one, and the next to it; and that which is for the Dodecahedrum and Icoſahedrum are alſo equal, and the leaſt of all; which Euclid E. 14. p. 5, and 21, ſpeaks of, only in reſpect of theſe bodie's inſcriptibility in one Sphear. As for the ba­ſial or hedral inſcribed Circles of theſe 5 Bodies, whether inſcribed in, or circumſcribed about one Sphear; there is no ſuch parity or agreement amongſt them, but they are all different one from another.
And as for the proportions of the ſides of theſe Bodies to the Diameters of their hedral Circle's whether circum­ſcribing or inſcribed; and to their hedral Diameters or per­pendiculars, &c. the ſame are to be had in the three ordi­nate Planes before handled, viz. the Trigon, Tetragon & Pentagon: thoſe for the Tetrahedron, Octahedron and Ico­ſahedron, out of the Trigon; thoſe for the Hexahedron, out of the Tetragon; and thoſe for the Dodecahedron, out of the Pentagon; But indeed, that of the Hexahedron's ſide to its hedral ambient Circle's Dimetient (or its hedral Diameter) & é contra; is alſo noted in the 15. and 17. Sections.
And thus much for the linear proportions, in reſpect of the ſeverall lines of Dimenſion in theſe Bodies, being conſidered both ſimply or abſolutely in themſelves, and alſo as being inſcribed and circumſcribed, and that in re­lation to the Diameter of the Sphear circumſcribing and [Page] inſcribed. And from theſe we ſhal proceed to the like pro­portions, in reſpect of the Circumference anſwering to the ſaid Sphear's Diameter, which I have not yet found touched upon by any man, in any kind whatſoever. And therefore.
	1. The Circum­ference of a Spheare's great­eſt, or Centrall Circle, is to the Side of the in­ſcribed	Tetrahedron,	as 1. to	.259899 ferè.
	Octahedron,	.225079.
	Hexahedron,	.183776.
	Icoſahedron,	.167345.
	Dodecahedron.	.113580. exactly.


Vice-verſâ.
	2. The Side of the	Tetrahedron,	is to the cir­cumſcribing Sphear's great­eſt circumfe­rence, as 1. to	3.847649.
	Octahedron,	4.442883.
	Hexahedron,	5.441398.
	Icoſahedron,	5.975664.
	Dodecahedron	8.804369.


3. The Periphery of a Sphear's greateſt Circle, is to in inſcribed Tetrahedrum's Axis, as 1. to .212206. And ſo contrarily.
4. The Axis of a Tetrahedrum, is to its ambient Sphear's greateſt or true Periphery, as 1. to 4.712389.
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	5. The Peri­phery of a Spheares greateſt Circle, is to the ſide of the ambient.	Tetrahedron,	as 1. to	.779697 ferè. ſubdu­pla.
	Octahedron,	.389848. ſubdu­pla.
	Hexahedron,	the ſame, as the Cir­cumference to the Diameter, the Side of this body being equall with the Spheares Di­ameter.
	Icoſahedron,	.210589. ferè. I.
	Dodecahedron.	.142930. D.


Contrariwiſe,
	6. The ſide of the	Tetrahedron,	is to the inſcri­bed Spheares greateſt Periphe­ry, as 1. to	1.28255. dupla.
	Octahedron,	2.56510. dupla.
	Hexahedron,	the ſame as the diam, to the Cir­cum [...]. for the reaſon aforeſaid. H
	Icoſahedron,	4.748589.
	Dodecahedron.	6.99643.


7. The Periphery of a Sphear's largeſt Circle, is to the Axis of its ambient Tetrahedrum, as 1. to .63662:
And again converſly,
8. The Axis of a Tetrahedrum is to its inſcribed Sphear's greateſt Periphery, as 1. to 1.570796.
As for the proportions of the circumſcribing Spheare's greateſt or Diametral Circumference of theſe Bodies, to their inſcribed Spheare's like Circumference, & contrà: And of the greateſt Circumference of the Sphear both cir­cumſcribing [Page] and inſcribed, to the Circumference of the ba­ſial or hedral circumſcribing Circles of theſe Bodies, & contrà: they wil be the ſame with thoſe which are already expreſſed between the Diameters, viz. firſt in reſpect of the Sphear circumſcribing and inſcribed, between them­ſelves; and then of both theſe Sphears ſeverally with the Circles circumſcribing the baſes of theſe Bodies, as being deſcribed either within or without one Sphear (or ſeveral Sphears of one magnitude.)
Having thus expreſſed the Linear proportions in theſe Bodies, or the proportions of linear dimenſion, as many as (and indeed many more then) are here abſolutely needful for the meaſuring of them: I ſhal now come to ſhew the proportions both ſuperficial or quadrate, and ſolid or cu­bique deduced from thence, and both theſe conjunctly (for brevity ſake) in reference to the other two Dimenſions in Geometrie, called from the Grecians, Embadimetrie (& Plat [...]metrie) & Stereometrie; and from the Latins, Plan [...] ­metrie & Solido-metrie: beginning with the latter of theſe as being moſt worthy and moſt conſiderable in ſolid Fi­gures, as I have ſaid before, the ſuperficial dimenſion in them being not ſo uſeful or material, and alſo much more eaſily obtained; eſpecially in theſe five Solids; whether the ſame be done naturally or artificially; And therefore firſt in reſpect of theſe Bodies conſidered ſimply and abſo­lutely by themſelves, without any inſcriptibility and cir­cumſcriptibility, either ſpherical or mutual; the cubi­cal proportions noted by the letter c, and the qua­drate proportions by the letter q. wil be as followeth; the bodies being placed in order according to their magnitudes increaſing, both ſolidly and ſuperficially.
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	1. The Laterall Cube and Quadrat of the	Tetrahedron,	is to the Bodies ſolidity and ſuperficies, as 1. to	.11785113. c. T.
	1.7320508. q. T.
	Octahedron,	.47140452. c. O.
	3.464102 ferè q. O.
	Hexahedron.	1.000000. c. H. aequalis. ſub-ſextupla.
	6.000000. q. H. aequalis. ſub-ſextupla.
	Icoſahedron,	2.181695. c. I.
	8.660254. q. I.
	Dodocahedron.	7.663119. c. D.
	20.645729. q. D.


Hence,
	2. The Side of the	Tetrahedron,	is to the Side of the Cube and Quadrat e­quall to the Bo­dies ſoli­dity and and ſuperficies, as 1. to	.49028. c. T.
	1.316074. q. T.
	Octahedron,	.778346 ferè. c. O.
	1.86121. q. O.
	Hex [...]dron,	2.44949. q. H.
	Icoſahedron,	1.29697. c. I.
	2.94283. q. I.
	Dodecahedron,	1.971523. c D.
	4.543757. q. D.
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And hereby it appears, that theſe 5 Bodies having all the ſame ſide: the Octahedrum is quadruple to the Tetra­hedrum in ſolidity, and double in ſuperficiality: (& which I have ſhewed before in their dimenſions) The Hexahe­drum is bigger then both thoſe together, both in ſolidity and ſuperficiality: the Icoſahedrum is greater then thoſe 3 together, in ſolidity, but leſſer in the ſuperficies: and is herein quintuple to the Tetrahedrum, and ſo double-ſeſqui­alter to the Octahedrum (as I have alſo ſhewed before) And the Dodecahedrum is larger then all the other toge­ther, both in ſolid and ſuperficial dimenſion.
	3. The	Cube	of Tetra­hedron's Axis is to its	Solidity	as 1.10	21650635.
	Quadrat	Superficies	2.59807621


Hence,
	4. The Axis of the Tetra­hedron is to the ſide of the	Cube	equall to its	Solidity	as 1. to	600468.
	Quadrat	Superficies	 [...]611855 ferè


Then for the Tetrahedrum in reference to a Sphear, by way of inſcriptibility therein, as to its Dimetient, it followeth.
[Page]
	5. The Diametral	Cube	of a Sphear is to the inſcri­bed Tetrahe­dron's	Solidity	as 1. to	.0641500299.
	Quadrat	Superficies	1.1547005


Hence.
	6. The diame­ter of a ſphear is to the ſide of the	Cube	equal to the inſcri­bed Tetrahedron's	Solidity	as 1. to	.4003123.
	Quadrat	Superficies	1.0745699.


Next for the other 4 Bodies, both ſimply in themſelves, and alſo in relation to their ambient Sphear together, in reſpect of their common Axis or Dimetient, it follow­eth.
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	7. The Cube and Quadrat of the Axis, or Diagoniall of the	Octahedron,	or of the circum­ſcribing Spheares Dimeti­ent, is to the Bo­dies ſoli­dity and ſuperfici­ality, as 1. to	.166667 ferè c. O.
	1.7320508 q. O.
	Hexahedron,	.19245009. c. H.
	2.00000. q. ſub­dupla. H.
	Icoſahedron.	.3170189. c. I.
	2.393635. q I.
	Dodecahedron,	.348145. c. D.
	2.628656 ferè. q. D.


Hence,
	8. The Axis, Diagoniall, or angular Diameter of the	Octahedron,	or the cir­cumſcri­bing Spheares Axis or Diameter, is to the ſide of the Cube and Quadrat equall to the Bodies ſolidity & ſuperficia­lity as 1. to	.550321. c. O.
	1.316014. q. O.
	Hexahedron,	.57735. c. the ſame as of the Spheares Diam. to the inſeri­bed Hexabedrons ſide, and ſo of its own Axis or corporal Diagony, to its Side, noted before. H.
	1.41421. q. H.
	Icoſahedron.	.68186. c. I.
	1.54714 q. I.
	Dodecahedron.	.703483 ferè c. D.
	1.621313. q. D.


[Page]
By which proportions, (as alſo by the 1. 2. and 5 Secti­ons following of the like proportions, in relation to the greateſt Periphery of a Sphear) it appears, that theſe five Bodies being all deſcribed within one & the ſame Sphear, do retain the ſame order and rank among themſelves, in reſpect of their magnitudes or dimenſions both ſolid and ſuperficiall, as they do, being of one common, lateral di­menſion, but not in that proportion and difference of di­menſion either ſolid or ſuperficiall; for that here the late­ral Dimenſion being different in them all, and that by way of diminution from the leaſt body to the greateſt, the ſu­perficiall and ſolid dimenſion become thereby different in them all in like order, by way of augmentation; but no­thing ſo much, as being all under the ſame lateral dimen­ſion. And hereby it alſo plainly appears,
I. That the Hexahedrum is triple the Tetrahedrum in­ſcribed in the ſame Sphear, and ſo E 14. p. 32. And,
II. That the Hexahedrum is to the Octahedrum with­in the ſame Sphear, ſolidly, as it is ſuperficially, according to E 14. p. 27; and alſo as the Side of the Hexahedrum is to the Radius of the Sphear by the ſame Prop. And.
III. That the Octahedrum is ſuperficially ſeſquialter the Tetrahedrum, according to E 14. p. 14. and ſo (by the ſame Prop.) the Tetrahedrum is Baſially or Hedrally, ſeſ­quitertian the Octahedrum. And,
IV. By the laſt named Sections of ſolid and ſuperficial Proportions, together with the 3. and 5. Sections of Line­ar Proportions beforegoing, between the Diameter of a Sphear, and the ſides of the 5 Bodies inſcribed thererein; and alſo the firſt Section of Proportions, between the great­eſt Periphery of a Sphear, and the ſides of the Bodies in­ſcribed; [Page] it appeareh, how that the Octahedrum is to the Triple of the Tetrahedrum inſcribed in the ſame Sphear, as its ſide is to the ſide of the Tetrahedrum; and ſo E, 14. p. 22. And,
V. That the Dodecahedrum is to the Icoſahedrum in the ſame Sphear, both ſolidly and ſuperficially, as the Hexahedrum is to the Icoſahedrum laterally, according to E, 14. p. 9 and 11.
Then for theſe Bodies in relation to a Sphear, in reſpect of their circumſcriptibility about the ſame, as to its Dime­tient; and ſo for the Hexahedrum, Dodecahedrum, and I­coſahedrum, ſimply and abſolutely in themſelves alſo, in reſpect of their Dimetients of altitude, being all one with their inſcribed Sphear's Dimetient: their proportions both cubatory and quadratory, wil be as followeth: the Bodies being here placed in order according to their magnitudes both ſolid and ſuperficial decreasing, which is according to their due hedral order, in reſpect of their denominati­ons from the numbers of their baſes or hedral Planes. And therefore,
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	9. The Dia­metrall Cube and Quadrat of a Sphear, is to the ſoli­dity & ſuper­ficies of its circumſcri­bing	Tetrahedron,	as 1. to	1.7320508. c. T
	10.3923048. q. T
	Hexahedron.	the ſame as its Lateral Cube & Quadrat. H
	Octahedron,	0.8660254. c. O
	5.1961524. q. O
	Dodecahedron.	0.693786. c. D
	4.162719. q. D
	Icoſahedron,	0.631757 c. I
	3.79054 q. I


And ſo the 4 laſt of theſe Proportions, are conſequently, of the Cubes and Quadrats of the Altitudes of thoſe two Bodies, to the ſolid and ſuperficiall capacities of the Bodies themſelves.
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	10. The Di­metient of a Sphear, is to the ſide of the Cube and Quadrat equall to the ſolidity and ſuperficies of the ambient.	Tetrahedron,	as 1. to	1.200937. c. T
	3.223710. q. T
	Hexahedron,	the ſame as in Sect. 2. the ſide of this Body agree­ing with the inſcribed Sphears di­metient. H
	Octahedron,	0.953193. c. O
	2.279507. q. O
	Dodecahedron,	0.885269. c. D
	2.040274. q. D
	Icoſahedron,	0.858058. c. I
	1.946932. q. I


And ſo the 4 laſt of theſe proportions, are of the Altitudes of thoſe two Bodies, to the ſides of the Cubes and Qua­drats, equal to their ſolidities and ſuperficieties.
Whereby, as alſo by the 3, and 7 Sections of Propor­tions following, it plainly appears, how that theſe 5 Bo­dies being all deſcribed about one Sphear, the Tetrahe­drum is the biggeſt of all, both in ſolid and ſuperficiall di­menſion, and is exactly double to the Octahedrum in both theſe dimenſions (as it was ſhewed before to be in its la­teral dimenſion) and very near as bigg as the Hexahe­drum and Octahedrum both together, in reſpect of both [Page] dimenſions: And the Icoſahedrum is the leaſt of all in both theſe dimenſions; which is almoſt contrary to the former courſe holden in theſe Bodies, being deſcribed within one Sphear.
N [...]w for the like Proportions, in relation to the Cir­cumference of a Sphear's greateſt Circle; and firſt, in re­ſpect of theſe Bodies ſpherall inſcriptibility; it followeth,
	1. The Cube and Quadrat of the great­eſt or centrall Circumferēce of a Sphear, is to the ſolid & ſuperficiall capacity of the inſcribed	Tetrahedron.	as 1. to	.0020689369. c. T
	.1169956. q. T
	Octahedron,	.0053752557. c. O
	.1754934. q. O
	Hexahedron,	.00620681069. c. H
	.202642367. q. H
	Icoſahedron.	.01022434. c. I
	.2425259. q. I
	Dodecahedron,	.01122822. c. D
	.266338. q. D


[Page]
Therefore.
	2. The circum­ference of a Sphear's greateſt Circle, is to the ſide of the Cube and Qua­drat equall to the ſolid and ſuperficiall content of the inſcribed	Tetrahedron.	as 1. to	.127423. c. T
	.342046. q. T
	Octahedron,	.175173. ferè. c. O
	.418919. q. O
	Hexahedron,	.183776. c. before for the ſide of the Hexahedron inſcribed.
	.450158. q. before for the ſide of the Hexahedron, inſcribed.
	Icoſahedron.	.2170427. c. I
	.492469. q. I
	Dodecahedron.	.223925. c. D
	.51608 ferè q. D


Then for the proportions cubatorie and quadratarie, in relation to a Sphear's greateſt, Diametral, or true Peri­riphery, in reſpect of theſe Bodies Spherall circumſcriptibi­lity, it followeth,
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	3. The greateſt Peripheriall Cube and Qua­drat of a Sphear, is to the ſolidity & ſuperficiality of its compre­pending, con­taining, or in­cluding	Tetrahedron,	as 1. to	.055861296. c. T
	1.0529606. q. T
	Hexahedron,	.032251534. c. H
	.6079271. q. H
	Octahedron,	.027930648. c. O
	.526480314. q. O
	Dodecahedron.	.2237567. c. D
	.4217715. q. D
	Icoſahedron,	.02037514. c. I
	.3840622. q. I
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Whereupon.
	4. The greateſt, or Diametrall Pe [...]iphery of a Spheare, is to the Side of the Cube and Qua­drat equall to the ſolidity & ſuperficiality of the circum­ſcribing or cōprehending	Tetrahedron,	as 1. to	.3822701. c. T
	1.0261387. q. T
	Hexahedron	.318309. c. the ſame as of the circumf. to the Diam. the ſide of this Body a­greeing with the Sphears di­ameter. H
	.7796968. q.—H
	Octahedron.	.30340798. c. O
	.7255896. q. O
	Dodecahedrō	.2817898. c. D
	.649439. q, D
	Icoſahedron	.2731284. c. I
	.619727. q. I


Laſtly, for theſe Bodies, and a Globe or Spheare com­pared wholly together, both ſolidly and ſuperficially; and that according, both to their inſcription and circumſcripti­on, the Proportions wilbe as followeth, (the firſt or upper­moſt of the two Numbers belonging to each Body in the two firſt Sections, being for ſolid compariſon, and the ſe­cond for ſuperficiall)
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	5. A Globe or Sphear, is to the inſcribed	Tetrahedron.	Solidly and ſuperficially together, as 1. to	.12251753 T
	.3675526 ferè. T
	Octahedren	.318309886. agreeing with divers of the for­mer proportions.
	.551328895.
	Hexahedron	.3675526 ferè. agree­ing with the ſuperficiall compariſon in the Te­trahedron.
	.6366 [...]977.
	Icoſahedron	.6054614. I
	.76191789. I
	Docecahedrō	.6649087. D.
	.8367272. D
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Contrariwiſe.
	6. The	Tetrahedron.	Is to the circumſcribing Globe or Sphear, ſolidly and ſuperficially together, as 1, to	8.162097 T
	2.720699 T
	Octahedron.	3.14159265, a­greeing with ma­ny of the forego­ing proportions. O
	1.81379936—O
	Hexahedron	2.720699. agree­ing with the ſuper­ficiall compariſon in the Tetrahedron H
	1.5707963—H
	Icoſahedron.	1.6516327 ferè. I
	1.312477 I
	Dodecahedrō	1.503966. D
	1.195133. D
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	7. A Globe or Sphear, is to its ambient	Tetrahedron	both ſolidly and ſuperficiarily together (in one and the ſame reaſon) as 1. to	3.30797337.
	Hexahedron	1.9098593. the ſame as of a Sphear to the Cube of its Axis, noted formerly; the ſide of this Body agreeing with the Axis of the Sphear. H
	Octahedron	1.65398668. ſubdu­  [...]plum Tetrahedri.
	Dodecahedrō	1.325034.
	Icoſahedron	1.206567.
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Converſly,	8. The	Tetrahedron	is to the inſcribed Globe or Sphear, both ſolidly and ſuperficially together in one, as 1. to	.30229989
	Hexahedron	.52359877, the ſame as of the Cube of a Sphear's Axis, to the Sphear it ſelfe; the Cube of the Axis be­ing here the ambient Hexahedrum. H
	Octahedron	.604599788. double to the Sphear inſcri­bed in the Tetrahe­drum.
	Dodecahedrō	.7546973.
	Icoſahedron	.8287974.


By the two laſt of which Sections of ſolid and ſuperfici­all Proportions or compariſons between the 5 ordinate Bodies and a Globe or Sphear, it appeareth; that any of the ſaid Bodies being circumſcribed about a Sphear, the ſolid and ſuperficiall capacity thereof, wil be one and the ſame numerally, (or in the number of a given Meaſure) viz. where the ſaid two ſeverall Dimenſions of the inſcribed Sphear are alike in number: That is, two like Bodies [Page] exactly encompaſſing or environing two ſeverall, diſtinct Sphear's, whereof the ſolidity of the one, & the ſuperficiety of the other, are numerally alike; there wil the ſolid capa­city of one of the like ambient Bodies, and the ſuperficiall capacity of the other, be alſo alike in the number of mea­ſure. And ſo likewiſe, two diſtinct Sphears being inſcri­bed in two ſeveral like Bodies, whereof the ſolid meaſure of the one, and the ſuperficial meaſure of the other, are nu­merally the ſame; there wil the ſolidity of one of the inſcri­bed Sphears, and the ſuperficiety of the other, be alſo nu­merally the ſame: and which I have not found to be ob­ſerved by any before.
Many more Proportions might here have been raiſed, if they were needfull; as namely of the Bodies among themſelves in reſpect of their mutuall inſcription and cir­cumſcription; and thoſe alſo which are the converſe of many of the former, to wit, the Proportions of theſe Bo­dies ſolidly and ſuperficially, to the Cubes and Quadrats of their Sides, and of their Axes and Altitudes; and ſo of the Diameter and greateſt Circumference of their circum­ſcribing and inſcribed Sphears, whereby the ſides, Axes and Altitudes of theſe Bodies, and ſo the Axes or Dime­tients, and greateſt Peripheries, of their circumſcribing and inſcribed Sphears, might be obtained, by having the ſolidities and ſuperficialities of the Bodies only; and that after one Radical extraction, quadrate or cub [...]  (que) according as I delivered in the Circle and Sphear, for the obtaining of their Diameters and Peripheries, by their ſu­perficial and ſolid Contents; and ſo in the ordinate Trigon for the finding of its ſide, and Diametral or perpendicular line; and in the ordinate Pentagon, for its ſide and Diame­trall or perpendicular, and Diagonal-line, by their are all [Page] or ſuperficial Contents: But that theſe kind of proporti­  [...] not ſo uſefull, being indeed more of curioſity then  [...] ſith the ſuperficial and ſolid Contents of Figures are more uſually inquired out by their ſides, Diameters, and other▪ the Lines of Dimenſion, then theſe lines are by their ſuperficiall and ſolid Contents; for that the thing chiefly  [...] in the dimenſion of all Figures, is their ſuperfici­all  [...] Contents (and in ſolid Figures, chiefly the ſo­  [...] Conte [...]  [...] I ſaid before) which muſt be obtained by  [...] of Dimenſion.
 [...]  [...]ving handled the five famous ordinate (Py­  [...] tonick) Bodies, or the angular, or recti­  [...] both geometrically, in an inſtrumen­  [...] our artificial way of meaſuring)  [...] the moſt exquiſite proportional  [...] that may be, and that chiefly in reference to their ſolid and and ſuperficiall dimenſions: I ſhal next come to the ſecond theorematicall Propoſition before-mentioned, in which, our more particular or ſpecial reaſon of our ar­tificial inſtrumentary dimenſions (or mechanicall Cubature and Quadrature) of theſe Bodies, like as firſt of a Sphear, (as to the obtaining of the ſeverall artificiall Lines of mea­ſure for performing the ſame) is contained.
THEOR. II. Explicating particularly the foregoing artificiall Lines for the cubick dimenſion, (or Cubing) of a Sphear; from our particular or ſpeciall Reaſon of Dimenſion: And con­ſequently, the Lines for the like dimenſion of all the other regular Solids.
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IF the Axis or Dimetient of a Sphear, equal to the Cube of the Parts of the Rational Line, be had; The ſame ſhal be the correſpondent Line of Cubature, according to the ſaid Parts. And the reaſon of that to the congrual Cubatorie Line, in reference to the whole intire Meaſure, wil be as the reaſon of the Parts to the Whole; which is as the reaſon of their Cubes. And the like for the correſpondent Periphery, or the Cir­cumference of the greateſt Circle.
ANd the like in both theſe, for the ſuperficiary (or qua­drate) dimenſion of a Sphear (or quadration of the Sphericall) only reſpect being here had to the quadrate parts of the Rational Line, as there to the cubique: and ſo in­deed this may properly enough be referred to the firſt Theoreme, the reaſon here, being the ſame with that.
And the ſame reaſon holdeth in all the five fore-named ordinate plain or angular Bodies, both for ſolid or cubique, and for ſuperficiaty or quadrate dimenſion, whether ſim­ply in themſelves, or in relation to a Sphear, by way of in­ſcription and circumſcription, and that by any of their di­menſional lines formerly named, as their ſides, and Axes or Diagonials, or angular Diameters and Dimetients of [Page] altitude: And ſo by their circumſcribing and inſcribed Sphear's Dimetient, and alſo greateſt Circumference, and other lines of dimenſion, according to the ſeveral Dimen­ſions and dimenſional Proportions beforegoing: And al­ſo in reſpect of their relations one to another, by way of mutual inſcriptibility and circumſcriptibility.


SECT. V. Shewing the Dimenſion of all exactly ordinate, or regular ſolid Bodies, artificially, for Gravity or Weight, as is for ſolid Meaſure: And de­monſtrating the ſame particularly, in the firſt ordinate Solid here handled, namely a Sphear.
ANd the like reaſon of Dimenſion to that before-going, wil hold in a Sphear, and the five plain regular (Platonick) Bodies, for gravity, or Quantity ponderall (ac­cording to any Metal & Weight aſſign­ed) as for ſolid magnitude, or Quantity dimenſional; there being generally the ſame mathematicall reaſon of theſe two Quantities, in ſo much, as that they are uſually by Mathematicians compared together in ſeveral kinds of Bo­dies: Or divers kinds of bodies are compared together among themſelves in this twofold reaſon of Quantity; to wit, Magnitude or dimenſion, and Gravity, or Ponde­roſity, [Page] as you may ſee in Archimedes, Ghetaldus, and o­thers: And ſo theſe two do proportionally anſwer each other, in ſo much, as that one may be deduced from the o­ther; as Gravity from Magnitude, and Magnitude from Gravity; or Weight from ſolid Meaſure, and contrà: And therefore the gravity or ponderoſity of each one of the foreſaid regular ſolid bodies taken in ſome certain magni­tude or bigneſſe, being firſt known according to ſome cer­tain Metall, Weight, and Meaſure appointed; there may be artificiall Lines of meaſure extracted for every ſeverall kind of Body, according to the ſaid particular Metall, Weight and Meaſure, (and that according to the foreſaid ſeverall Lines of Dimenſion in thoſe Bodies, by which they have been ſhewed to be artificially meaſured) ſo as that any one of the ſaid dimenſional lines of each Body in any magnitude whatſoever, being meaſured by its proper artificial Line or Scale for this purpoſe, & cubed, the ſame ſhal be the weight of the metalline Body propoſed: And which wil therereupon hold in a Sphear, and all the 5 plain regular Bodies, not only as conſidered ſimply and abſolutely in themſelves alone, but alſo as in relation one to another, by way of inſcription and circumſcription; and ſo in the ſaid 5 bodies, not only in the ſaid relations to a Sphear, as being inſcribed in, or circumſcribed to the ſame, but alſo mutually one to another, as was ſaid before for ſo­lid (and ſuperficiall) meaſure: And ſo the Diameter or Circumference of a Sphear, being taken by their proper, reſpective artificial Lines of Meaſure for this purpoſe (ac­cording to any certain Body, Metall, Weight, and Mea­ſore aſſigned) the ſeveral Cubes thereof, ſhal be the weight of the reſpective Body inſcribed, or circumſcribed, accor­ding to which is propoſed; And the firſt of theſe, is the [Page] ſame (in reſpect of a Sphear's Diameter) with the artifici­all dimenſion of the four greateſt of the ſaid 5 regular plain bodies, by their Axes, Diagonies or angular Dimetients, (theſe being all one with their circumſcribing Sphear's Dimetient, as I have ſhewed before) And the latter agrees with the like dimenſion of the three laſt of thoſe bodies, by their Altitudes, (being the ſame with their inſcribed Sphear's Dimetient; and is alſo in the Hexahedron, the ſame with its Side, as I have likewiſe ſhewed before) And ſo the reaſon of the artificial Lines for this cubical dimen­ſion of the foreſaid Bodies, for weight, as for ſolid meaſure, may be partly referred to the foregoing 2d. Theoreme; the difference being, that reſpect muſt be here had to the (com­pounding, denominate) parts ſimply, of the Weight pro­poſed, in ſuch manner, as is there to the cubical parts of the Meaſure propoſed; So that theſe artificial Lines may be eaſily produced therefrom; And therefore I ſhall not need here to raiſe a particular Theoreme upon the ſame. All which might be performed alſo Arithmetically by way of Proportion, from the natural Meaſure appointed, ac­cording as all the former Dimenſions: And both theſe waies I ſhal here particularly demonſtrate in the firſt regu­lar Solid beforegoing, to wit, a Sphear, or Globe, ſimply in it ſelf, as comming moſt in uſe; and that in the moſt uſual and uſefull Metall for this purpoſe. But firſt I wil give the Proportions or compariſons of all the uſuall or principall (or commonly received) kinds of Metals, according to the experiments and obſervations of Marinus Ghetaldus, in his Archimedes promotus (who is generally ſuppoſed to have come the neareſt to the truth herein, of any man that hath ever yet written hereof) according as they are there delive­red by him in the ſecond Table of that Tractate, next after [Page] after Theor. 9 or prop. 17: which Mr. Gunter in the 5th. chap. of the 3d. Book of his Sector, hath expreſſed in the ſame terms, but more decimally, and that in whole num­bers, by changing the natural or vulgar fractions of thoſe numbers into decimal, and ſo expreſſing his natural mixt or heterogeneall numbers, in whole numbers, after a deci­mall manner, putting the firſt number 10000, whereas Ghetaldus puts it but 100; which I have here collected or­derly into this Table following, in proportion direct and reciprocall, in reſpect of the equal Magnitudes and gravi­ties of like Bodies of different Metals.
	In like Bodies of ſeverall me­tals and equall magnitude, ha­ving the weight of the one, to find the weight of the reſt.	Gold.	10000	3895	☉	In like Bodies of ſeverall me­tals and equall weight, having the magnitude of the one, to find the magni­tud of the reſt. The converſe of the former.
	Quick-ſilver.	7143	5453	☿
	Lead.	6053	6435	♄
	Silver.	5439	7161	☾
	Breſſe.	4737	8222	♀
	Iron.	4210	9250	♂
	Tinne.	3895	10000	♃


Which meralline Proportions or compariſons. Mr. Oughtred in his foreſaid Book of the Circles of Proporti­on, Part. 1. chap. 10. hath expreſſed in the Terms follow­ing, being deduced from Ghetaldus his firſt Table of Com­pariſons (if I much miſtake not) which is from Prob. 5, and 6, or Prop. 12, and 13, of that Treatiſe.
	Gold	3990
	Quicksilver	2850
	Lead	2415
	Silver	2030
	Braſſe	1890
	Iron	1680
	Tinne	1554
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And for a further explana­tion Here, note that the number for Silver ſhould not be 2030 but 2170; which might be ſo ſet down by the negligence or overſight of the Printer, though I find it not noted by Mr. Oughtred's Tranſlatour, who ſet forth his Book in En­gliſh, among the typogra­phicall errours collected by him in the end of that Book; but elſe all the other Num­bers do correſpond with the Numbers of the former Ta­ble. and uſe of both theſe pro­portional Tables, I referr the Reader to the forenamed ſeve­ral Authors, in the places fore cited (though I ſhall partly ſhew it afterwards my ſelf) And now of theſe Metals, ſe­ing that Iron is moſt uſed it the Body wch here we inten [...] chiefly to treat of and handle, namely a Globe or Sphear, and that chiefly in reference to [...] Bullet, eſpecially the greater, or Cannon-bullet (for the uſe of Gunners) which is com­monly made of the foreſaid metall, (and which now a daies is too much uſed among us) We wil therefore here ſhew its cubicall dimenſion in the ſaid Metall, according to its proper kind of Weight with us, wch is Avoirdupois-weight, beginning firſt with the Sphear's Diameter. And the Line of equall parts for this purpoſe (according to the common eſteem of the gravity or weight of an iron-Sphear or Bul­let with us, at a certain magnitude, in a certain Meaſure gi­ven, expreſſed by & by) I find by the reaſon of the ſecond Theoreme beforegoing, in reſpect of the proper compo­ſing, denominate parts of the integer of the weight propo­ſed, (or according to our general reaſon of Meaſure, in re­ſpect of the Integer of the weight it ſelf; the ſame reaſons holding here for weight, that were formerly exgreſſed for Meaſure, according to what I ſaid before) to be of the common denominate parts of a Foot with us, (in a centeſimal ſolution) 1.92. Now becauſe we cannot diſtnct­ly divide the Line of meaſure firſt given for this purpoſe, [Page] viz. an Inch or Pollicar, (as the prime Rational Line) into 100 parts, (as is requiſite to do) according to the ſim­ple, vulgar, or natural diviſion of a right Line: 
[geometrical diagram]
 Therefore we wil here divide it by the artificial way, commonly cal­led the Diagonal or decimal way; according to the rec­tangle Parallelogram, A B C D, whoſe length A C or B D being the Inch divided into 10 equal parts, and ſo its breadth A B or C D (taken at pleaſure) divided in like manner: the whole Inch wil be divided equally into 100 parts, according to the ſmal quadrangles or parallelogrās, made by the ſeveral lines of diviſion, drawn direct accor­ding to the length of the Pa­rallelogram, and oblique or diagonal, according to the breadth; and theſe latter lines may alſo be drawn ex­actly rectangular or tranverſe to the former lines. And to this Parallelogram is annex­ed another, viz. C D E F, whoſe length C E or D F, is A C, or B D, 1.92, for the Line of ponderal Cubation, (as I may term it) or of cubical gravity, proper and peculiar to the Diameter of a Sphear or Bullet of Iron, in the fore­ſaid kind of weight, according to the common Tenent here [Page] following: which being likewiſe divided as the prime Line, according to the rectangle Parallelogram C D E F, and ſo the Diameter of an iron Sphear or Bullet be taken thereby; the Cube thereof ſhal be the weight of the bullet in its foreſaid weight Avoirdupois, according to the Inte­ger of weight, viz. the Pound. As for example: An iron­bullet of 4 inches the Diameter, is commonly ſaid with us, to weigh 9li. avoirdupois. Now for a trial of this by our Cubatorie Line of weight, or Line of cubical gravity; I meaſure the diameter of this Bullet or Sphear (being of the Line A C, 4.00) by the Line C E, or the diagonal Scale C D E F and find it to be thereof, 2.08, for the artificiall Diameter, whoſe Cube is 8.998912li. for the weight of the bullet, which reduced into the proper parts of the fore-ſaid kind of weight, the ſame will be 8 pounds, 15 ounces, 15 drams, and very near 1/4 of a dram, ſo that it wants of 9li. but about 1/4 of a dram, which in ſuch a thing is as nothing. But becauſe the diameter of ſuch a Sphear, cannot be firſt meaſured, but muſt be had by means of the Circumference, firſt obtained by a Line of meaſure, (unles there be a pair of Callaper Compaſſes ready at hand) whereupon a Line for cubing the Sphear by its Circumfe­rence, muſt needs be generally more convenient for uſe, then that for the Diameter, according as I noted formerly in the generall dimenſion of a Sphear: Therefore, I will here alſo deliver a Line of weight for cubing an iron-Sphear by the Circumference, which (by the reaſons aforeſaid) I find to be of the Line A C, 6.04, (viz. 6.04 in­ches) which being divided either diagonally into 100 parts, as the Line A C, or C E, or rather only according to the length thereof ſimply, ſeing it may ſufficiently bear it: and ſo the Circumference of an Iron-Sphear or Bullet [Page] be taken thereby; the Cube thereof ſhal be the weight of the Bullet.
As ſuppoſe here again the former bullet of 9li. avoirdu­pois, whoſe diameter being put 4.00 inches, the Circum­ference wil be 12.57 inches ferè which by its proper Line of Cubature, wil be found 2.08, as the Diameter before by its proper Line, and therefore by Cubation, muſt needs produce the ſame ponderoſity as before.
But here note, that an Iron-Sphear of 4 inches the dia­metral magnitude in Ghetaldus his meaſure, wil weigh with him, 12li. 2. ounc. 1 ſcrup. 14 gr. and 2/37 of a grain; for ſo I find it to be by the former proportional numbers, by comparing this Sphear with a Sphear of Tinne of the ſame diametrall magnitude, according as Ghetaldus ſhew­eth in his foreſaid book, and from him Mr. Oughtred in his fore-named book: and which is alſo expreſly noted by Ghetaldus in a Table, wherein he hath ſet down the weights of a Sphear, in all the foreſaid Metals, from 1/4 of an inch the diametral magnitude, to 12 inches, or the whole Foot, proceeding all along by quarters of inches. But now 9li. avoirdupois is in our Troy-weight, by Aſſize or Gold­ſmiths weight (according to the commonly received pro­portion of the Pound-avoirdupois to the Pound-troy, 60 to 73) but 10 57/60 pounds, or 10.95 li. exactly; which is 10 pounds, 11 2/5 or 11.4 ounces; or according to the com­mon diviſion of the ounce-troy by penny-weights, is 10li. 11 oun. and 8 penny-weights exactly.
Now Ghetaldus divides a Pound into 12 ounces; an ounce into 24 ſcruples; and a ſcruple into 24 grains: ſo that his ounce weigheth 576 grains, and his pound, 6912 grains: And we divide our Pound-troy, into 12 ounces (as he doth his pound) but the ounce-troy we uſually di­vide [Page] into 20 penny-weights, and a penny-weight into 24 grains, ſo that our ounce-troy weigheth but 480 grains, and conſequently our Pound-troy 5760 gr. All which ſheweth, that either his Weight, or Meaſure, or rather both of them, do differ from ours, as I ſhal further ſhew: As for the Meaſure which hee uſeth, he ſaith it to be the ancient Romane Foot, divided into 12 unciae, or inches as ours is, and which by his deſcription and delineation thereof, in his forementioned book, ſeemeth to differ but very little from our Engliſh Foot, (if any thing at all) and that deficiently, and which Mr Oughtred in his forenamed book alſo obſerveth: But Mr. John Greaves ſometimes Profeſſour of Geometry in Greſham Colledg London, and now Profeſſour of Aſtronomy Concerning the magnitude of the Romane Foot. in the Univerſity of Oxford, hath in his Diſcourſe of the Roman Foot, &c. (publiſh­ed by him in Engliſh, Anno 1647; and deduced, not only from divers Authours, but alſo from his own obſervations and experiments, which in that his learn­ed diſcourſe he ſeemeth to have made with greatpains and induſtry, in his travails in forraign parts, but eſpecially in Italy, and there at Rome) more clearly expreſſed the Di­menſion or magnitude of the true Romane Foot; ha­ving done the ſame not onely linearly (by the half thereof, as Ghetaldus hath done) but alſo Numeral­ly, in comparing it with the ſtandard meaſures of En­gland, and divers other Nations: For the draughts or de­lineations thereof in Books, cannot give us the true length, in reſpect of the divers accidents happening to the paper whereon it is imprinted, and eſpecially the contraction or ſhrinking of it after the impreſſion, (as both theſe authours do give us to obſerve) which while it was moiſt in the [Page] Preſſe, received the true Meaſure, but afterwards being dried, loſeth ſomewhat thereof; and ſo Ghetaldus in the laſt page of his foreſaid book, giveth us to note particular­ly in his draught there of half the Roman Foot, and how much is there to be added to it, to make up the true mea­ſure. For although Mr. Greaves doth conclude upon the ſame Meaſure of the Roman Foot, which (he ſaith) Ghetal­dus doth, (for the trueſt Meaſure) yet if we compare their draughts or delineations of the half Foot, together, (in their foreſaid books) we ſhal find that of Mr. Greaves, to be ſhorter then that of Ghetaldus, by almoſt 1/8 of Ghetaldus his Inch, as it is there ſet out; or 1/10 of our Engliſh inch exactly. And ſuch like diſagreement is to be found among other Authours in their delineations or draughts of the ſame Roman Foot, for the reaſon aforeſaid.
Now the Foot which the ſaid Mr. Greaves (among ſuch a diverſity of opinions concerning the true Roman Foote, as are to be found, and ſo many Feet as are taken to be Romane) pitcheth upon for the moſt ge­nuine and true Roman Foot, (being led not only by the anthorities of Ghetaldus, and divers other learned and ju­dicious men, (as he ſaith) but alſo by his own obſervations and experience) is that which is commonly called by wri­ters, Pes Colotianus, from the place where it is (or ſome­time was) to be found, namely, in hortis Colotianis in Rome, upon the Monument of Coſſutius (which now he ſaith to be remov'd thence) The Roman and Engliſh Foot compared together. which Foot he comparing with our En­gliſh Foot, which he took from the iron-Yard, or Standard of 3 Feet, at the Guild­hall in London (for there is no ſingle Foot-ſtandard) find­eth to be 967 ſuch parts, as the Engliſh Foot contains 1000; and ſo the Engliſh Foot to contain 1034.13, ſuch as the [Page] ſaid Roman Foot contains 1000: whereby this Romane Foot ſhould be 11.6 (or 11.604 exactly) ſuch parts as our Engliſh Foot is 12; viz. 11.6 (or 11.604) inches, and ſo wanting of the Engliſh Foot, only 0.4 inch, or 0.396 inch exactly. But there are two other Romane Feet reck­oned by him, which (by his account) do come nearer to our Engliſh Foot; the firſt whereof is that on the Mo­nument of Statilius, in hort is Vaticanis in Rome, which he obſerved to be 972 ſuch parts as the Engliſh Foot is 1000, (and to be 1005.17 of the Pes Colotianus, being 1000) whereby this Foot wil be 11.7 ferè, of the Engliſh Foot, being 12, viz. 11.7 inches ferè, it being 11.66; which wanteth of the Engliſh Foot, but, 0.34 inch. And the o­ther Foot is that of Villalpandus, deduced from the Congius of Veſpaſian in Rome, which he ſaith to be 986 parts of ou [...] Engliſh Foot containining 1000, (and 1019.65, of Pe [...] Colotianus, being 1000) and ſo is 11.8 of the Engliſh Foot being 12, viz. 11.8 inches, which wants of the whole Engliſh Foot, only 0.2 inch. But the ancient Greek Foot doth by his obſervation more nearly agree with our Engliſh Foot, then this laſt Roman Foot, being (by his collation) 1007.29, of the Engliſh Foot 1000, which is hardly .09 of an inch above a Foot Engliſh, it being 12.087 inches engliſh.
As for the Weights uſed by Ghetaldus in his forenamed Treatiſe, which he ſaith to be the Weights uſed in his time (which is not very long ſince) they are ſurely the Roman weights (for he lived at Rome as I take it, when he wrote that book) which have continued the ſame for many ages without alteration, as ſome writers do atteſt: And which Mr. Greaves in his Diſcourſe of the Denarius (annexed to that of the Roman Foot) which he puts as an undeniable [Page] principle and foundation from whence the weights of the Ancients may be deduced, as the Roman Foot for the Principle of their Meaſures) The Roman Weight, and our Troy or Gold-ſmiths Weight, com­pared toge­ther. having collated with the Troy-weights from our Engliſh Standard for Gold and Silver, by grains thereof, ſaith, that the Roman Pound both ancient and moderne containeth 5256 ſuch grains, and ſo the Roman Ounce both ancient and modern, 438 of the ſame grains, the Troy-pound containing 5760 grains (as I noted before) and ſo the Troy-ounce, 480: whereupon the Thomaſius in the end of his Dictionary, reducing the weights and meaſures, &c. of the Auncients, to thoſe in uſe with the Engliſh nation; ſaith, that the Roman Pound is 10 oun. and an half Troy: and ſo the Roman ounce is 3 quarters and an half of an ounce-troy. By which ac­compt, the Roman pound wil contain but 5040 engliſh graines, or ſuch as our troy­pound contains, 5760, which comes ſhort of Mr. Greaves his accompt by 216 graines And ſo the Romane Ounce will containe but 420 ſuch graines, which falleth ſhort of Maſter Greaves his ob­ſervation, by 18 grains. But herein wee rather give credit to the later and exacter obſervations and experiments of Mr. Greaves. But yet how our Troy-weight may have been altered ſince Thomaſius his time, I know not. Romane Pound and Ounce ſhould be (in the leaſt terms) but 73/80 of our Engliſh pound and Ounce Troy-weight, and ſo the pro­portion of the Roman pound & ounce to our Troy-pound & ounce (for the converſion or commuration of the Roman weight to our Troy-weight) as 80 to 73 (which is the com­monly received proportion of the Ounce-avoirdupois to the Ounce-troy, for the like con­verſion, as I ſhal ſhew after­wards, and which is decimal­ly, as 10000 to 9125 exactly.) As for the diviſion of the Ro­mane ounce immediately by ſcruples, in number XXIV [Page] which Ghetaldus uſeth, Mr Greaves ſpeaketh not of it, but only by drams, in number VIII, as the Ounce is common­ly divided by the Phyſitians of all Countreys, and the phy­ſicall or medicinal weights which we uſe in England, are the ſame with the Troy-weights for Gold and Silver; on­ly the Ounce-troy is commonly by our Goldſmiths divi­ded into 20 penny-weights (as I ſhewed before) a penny­weight conſiſting of 24 grains: and the Ounce by Phyſi­tians is univerſally divided into 8 drachmes; a Drachme into 3 ſcruples; and a ſcruple (by an evil cuſtome received in ſhops) into 20 graines, which ought to have (according to the ancient cuſtome) Morellus in cap. 1. Prolegom. ad compoſit. me­dicament. 24 grains, and ſo be equal with a penny­weight; ſo that the Number of grains in the medicinall Pound and Ounce, is the ſame with that in the Troy: For the ſcru­ple being 20 grains, the Dram wil be 60, the Ounce 480, and ſo the Pound 5760, as before-noted: whereas elſe the Scruple being made 24 grains, (as anciently it was) the dram would be with us, 72 gr. the Ounce 576, and ſo the Pound 6912 gr. as Ghetaldus hath it; but the number of grains contained in the Roman Pound or ounce, with the Romanes themſelves, Mr. Greaves ſheweth not, whereby we might find what the difference is between their grain and ours: But collating the number of grains contained in the Pound or Ounce uſed by Ghetaldus (which we take to be the ſame which Mr. Greaves noteth for the Ro­man-pound and Ounce, both ancient and modern) with the number of grains from the Engliſh-Standard for Gold and Silver, contained in the ſaid Roman-pound and Ounce, (which we ſhewed even now from Mr. Greaves) we ſhal find the Grain (ſuch as the Roman-pound con­tains [Page] 6912, and the Ounce 576, according to Ghetaldus, as we lately ſhewed) to be (in the leaſt terms) but 73/96 of the Engliſh grain, (ſuch as the Romane pound contains 5256, and the Romane Ounce 438, according to the obſervations and experiments of Mr. Greaves) So that the Romane­grain ſhould be to the Troy grain, from the Engliſh-Stan­dard (for the converſion of Romane grains to our Troy­grains) as 96 to 73; & ſo cōſequently the Roman-weights in generall (as pounds and ounces) reduced into the proper grains, wil be to our Troy-weight in graines, according­ly.
And according to theſe collations and proportions of theſe two Weights the one to the other; the former iron-Spheare weighing with Ghetaldus 12 li. 2. oun. 1 ſcrup. 14 2/37 gr. or 84134 2/37 graines Roman (according to his mea­ſure of the Spheare's Diameter by inches of the Roman Foot) will be in Troy-weight from the Engliſh Standard, 11 li. 1 oun. 2 drams, 16 1 [...]4/111 gr. (or according to the vulgar Diviſion of the ounce-troy by penny-weights, 11 li. 1 oun. 5 penny-weights, and 16 1 [...]4/111 gr.) or 63976 104/111 gr. which is very neer 63977 gr. For firſt, I ſay,
As 80 to 73, So 12 li. 2 oun. 1 ſcrup. 14 gr. Roman, (viz. 12 li. 2 oun. 38 gr.) or 146 38/576 oun. Roman, to 133 6 [...]1/23 [...]40 ounces-troy; which is 133 oun. and 137 gr. ferè: and theſe reduced into libral weight, are 11 li. 1 oun. 2 dr. or 5 p. w. and 17 gr. ferè, as before.
Then ſecondly; As 96 to 73, So are 84134 2/37 gr. Ro­man, to 63976 104/111 gr. Troy, as before.
Which exceeds the former troy-weight of this Spheare (deduced from its avoirdupois-weight, according to the common proportion, 60 to 73) viz. 10 li. 11 oun. 3 drams, and 12 gr. (or 10 li. 11 oun. and 8 penny-weight, as before) [Page] or 63072 gr. by 1 oun. 7 dr. and 5 gr. or 1 oun. 17 p. w. and 17 gr. or 905 gr. which difference in the Troy-weight here, may ariſe not only from the difference between Ghe­taldus his Weight and Meaſure, and ours, but alſo from ſome difference in the Metal it ſelf, which I ſhal ſpeak of af­terwards. Now if we ſhall reduce his meaſure of the Spheare's dimetient, being 4/12, or 4 inches of the Roman Foot, (which we ſhewed before, to be the Pes Colotianus, as being moſt approved of by him, for the true ancient Ro­man Foot) to inches of our Engliſh Foot (according to Mr. Greaves his foreſaid collation of theſe two Feet toge­ther) the ſaid Spheare's Dimetient will be leſſe then 4 in­ches of the Engliſh Foot, viz. but 3.868 inches-engliſh (the whole Engliſh Foot, or 12 inches. Engliſh, being 12  [...] inches Romane, according to Mr. Greaves his pro­  [...] Foot to the Engliſh Foot, 1000 to  [...] before noted) and ſo the former  [...] the Sphear, 12li. 2 oun. 1 ſcrup. 14 2/37 gr. with Gheta [...]dus, or 11 li. 1 oun. 2 dr. 17 gr. ferè, with us in Troy-weight, (which according to the common proporti­on of the Troy librall weight, to the avoirdupois librall weight, 73 to 60, is 9 li. 2 oun. and 1.057 dr. avoirdupois) anſwering to the Spheare's diametrali magnitude of 4 in­ches upon the Roman Foot, will anſwer to 3.868 inches upon the engliſh Foot. Or againe; if we ſhall reduce our engliſh meaſure of the ſaid Spheare's dimetient, 4 inches (and ſo commonly holden to weigh 9 li. avoirdupois, which is 10.95 li. troy, as we ſhewed before) to Roman meaſure in inches, we ſhall find the ſame (according to the former Pedal Collations) to be more then 4 Roman inches, viz. 4.136 inches, and the gravity of an iron Sphear of this Di­ameter, will be in Ghetaldus his weight, 93044.86 graines, [Page] or 13 li. 5 oun. 4 dr. 20.86 gr. (or according to Ghetaldus his Diviſion of the ounce) 13 li. 5 oun. 12 ſcrup. and 21 gr. ferè) which is in our Troy-weight (according to the for­mer Collations of theſe two weights) 70752.86 gr. or 12 li, 3 oun. 3 dr. 12.86 gr. (or by the common diviſion of the ounce-troy by penny-weights, 12 li. 3 oun. 8. p. w. and 0.86 gr.) Archimed. promot. theor. 9. prop. 17. For ſeing that Spheares of the ſame kind, are among themſelves in gravity, as the Cubes of their Dimetients are in magnitude: Therefore the weight of the iron-Spheare, whoſe Diameter is 4 inches Romane-mea­ſure, or 3.8 68 inches engliſh-meaſure, being found as before; the weight of the other Spheare of the ſame kind, whoſe diameter is 4 inches engliſh-meaſure, or 4.136 inches Roman-meaſure, will be found alſo as before: Or more readily, by having the weight of ſuch a Spheare, whoſe Diameter is one inch, which by Ghetaldus his Mea­ſure and weight, is 1314 22/77 graines. or 2 oun. 6 ſcrup. 18 22/ [...]7 gr. and ſo in our troy-weight, 999 71/111 grains, or 2 oun. 1 p. w. and 16 gr. which weight therefore will anſwer to an iron-Spheare whoſe Diameter is 0.967 inch, engliſh-mea­ſure, for this anſwers to one inch-Roman; and ſo the weight of ſuch a Spheare who [...]e Diameter is one inch-en­gliſh (which is 1.034 inch-romane) ſhould be by this ac­compt, 1105.51 graines-Engliſh, or 2 oun. 2 dr. 25.5 gr. or 2 oun. 6 p. w. and 1.5 gr. troy (which are in Roman weight, 1453.83 gr. or 2 oun. 4 dr. 13.8 gr. or by Ghetaldus his diviſion of the ounce; 2 oun. 12 ſcrup. and 13.8 gr.)
Or (here briefly to ſhew the uſe of the former proporti­onal Numbers for Metals among themſelves) in reſpect of two Spheares of different kinds of Metals, and like mag­nitude) the ſame weight of the foregoing Spheare of Iron, [Page] of 4 inches engliſh-meaſure, or 4.136 inches Roman-mea­ſure, the diameter maybe produced as before, by the weight of a Sphear of any other Metal firſt had, being of the ſame magnitude: As for example, a Sphear of Tinne, (for ſo Ghetaldus commonly deduceth the weights of other me­talline Sphears from a ſtanneal Sphear, or a Sphear of Tinne) whoſe diametrall magnitude is 4 inches-engliſh, or 4.136 inches-Romane, I find to weigh by Ghetaldus, 86066.5 grains (or 11 li. 5 oun. 10 ſcrup. and 2.5 gr.) which is with us in Troy-weight, 65446.4 gr. (or 11 li. 4 oun. 2 dr. 46.4 gr. or 11 li. 4 oun. 6p. w. 22.4 gr.) Now therefore, according to the foreſaid propo [...]onall Numbers for Tinne and Iron, I ſay; As 3895 to 4210 (which is with Ghetaldus in his fore-mentioned ſecond Table of the Compariſon of divers kinds of Bodies in gravity and magnitude, as 38 18/19 to 42 1/19) or more accurately (the for­mer termes being incompleat and unabſolute) As 1554 to 1680 (which is with Ghetaldus in his foreſaid firſt Table of the like Compariſons, as 1 to 1 3/37, that is, as 37 to 40, and which is decimally, as 1. to 1.081,081, infinitly; or integrally, 1000 to 1081, or 1000,000 to 1081, 081 com­pleatly) So is 86066.5 gr. (or 12 li. 5 oun. 10 ſcr. 2.5 gr.) the Sphear of Tinne in Ghetaldus his weight, or 65446.4 gr. (viz. 11li. 4 oun. 2 dr. 46.4 gr.) the ſame Sphear in our Troy-weight, to 93044.86 gr. (or 13li. 5 oun. 12. ſcr. 21 gr.) the Sphear of Iron in Ghetaldus his weight; or to 707.2.86 gr. (viz. 12li. 3 oun. 3 dr. 12.86 gr.) the ſame Sphear in our troy-weight, as formerly: which be­ing converted into Avoirdupois-weight, (according to the former terms of proportion between theſe two Weights) wil be 10.0961. li. viz. 10li. 1 oun. 8.576 dr. according to the common diviſion of the Pound-avoirdupois into 16 [Page] ounces, and ſo of the ounce into 16 drams, and under which diviſion or parts of weight, they go not; this kind of weight ſerving with us for al kind of coarſer or groſſer Commodities, it being the common Mercatory weight, (and called by a French name, Avoirdupois) and ſo for the weighing of all Metals, but Gold and Silver, to which only the Troy-weight is aſſigned: Neither indeed is there any need of ſuch exactneſſe in the weight of a bullet or a­ny other Body of Iron, or other like baſe Metall, as to graines, but only to ſatisfie Art it ſelf in the curioſity thereof.
But now whether the common Tenent of an iron-bullet of 4 inches the diameter, to weigh juſt 9li auoirdupois, were deduced from any certain and exact experiment or no, is a queſtion here to be made; Nor was it my purpoſe to trie the ſame, having not conveniences and accomodations thereunto: but only having the true weight of a Sphear or Bullet of Iron of any magnitude, in a certain mea­ſure given (as Inches) thereby to ſhew a way for the exact and moſt ſpeedy obtaining of the weight of a Sphear or bullet of any magnitu [...]e whatſoever, which I have partly declared & demonſtrated already, and ſhal more by & by: And looking in ſeverall books of Gunnery, wherein are ſet down the weights of iron-bullets (or round ſhot, as they call it) fitted to all the uſual pieces of Ordnance with us in England, according to the diameters of their bore, mouths, or concavities (abating uſually 1/4 of an inch of the Gun's ſaid diameter, for the diameter of the bullet) I found in one of them, the weight aſſigned to an iron-bullet of 4 inches diameter or craſſitude, to be juſt 9li. and in another book this weight aſſigned to a bullet of 4 1/2 inches the diameter and ſo in other books, other weights aſſigned to a bullet [Page] of the ſame magnitude: And therefore finding ſuch a diſcre­pancie among our Maſters of Gunnery in this thing, ſo that I could not diſcover from them any certainty in the weight of an iron-Sphear or bullet, at a certain magni­tude or craſſitude: I repaired one day in Auguſt 1648, unto Mr. John Reynolds, one of the Clarks of the Mint in the Tower of London, (and ſometime Aſſay-maſter at Gold­ſmiths-hall) a man much noted by artiſts for his induſtry and ingenu [...]ty in the Mathematiques; (and ſo indeed I find him to be) who very courteouſly entertaining me at his houſe in the Tower, with diſcourſe about many ex­experiments made by him in the Mathematicks, and ſhew­ing the ſame to me (as he had once done in ſome of them, long before) among wch were thoſe cōcerning the weights of Metals, and their proportions one to another: I deſired of him to be reſolved in this point of art concerning the weight of a Sphear or bullet of Iron, according to ſome cer­tain magnitude or craſſitude, knowing him to have all ac­comodations fit for the finding out of the ſame; and he thereupon produced me an experiment made by him not long before, upon a large bullet, which he then ſhewed me; but I obſerved the ſame to be very unfit to ground an experiment upon, being not only much ruſty, but alſo having ſeverall holes and cavities therein, (which ſee­med to be chiefly from the antiquity of it) which might wel hinder the finding of the true weight, accord­ing to its diametrall magnitude, and which himſelfe then doubted much of: whereupon I importuned him for another the like experiment, which might be exact; And ſo both for his own ſatisfaction, and mine alſo, he ſoon after, got another bullet, which was very ſound & ſolid, and clear enough from ruſt, and alſo as round every [Page] way, as could well be imagined; whoſe Diameter we thereupon took by a pair of Callaper Compaſſes (concei­ving it to be a ſurer way to find the ſame, then by the Cir­cumference) as preciſely as poſſibly we could, and meaſu­ring the ſame upon a line of inches, found it to be 4.8 in­ches; and then for my further ſatisfaction, I took the Cir­cumference of the bullet with a thred, by means of the ſmall creaſe or Circle which encompaſſed the bullet exact­ly in the middle, being made by the Mould in which it was caſt, and meaſuring the thred upon the ſaid line of in­ches, we found it to be 15.25 inches, which by Cyclope­rimetricall proportionality, gives the diameter as before; ſo that we might wel conclude, the magnitude of this bul­let to be rightly found by us. Then for the weight there­of, we tried the ſame with all poſſible preciſeneſſe, both by Avoirdupois-weights, and Troy-weights, and found it to weigh, 15 li. 12 1/4 oun. avoirdupoiz; and 19 li. 1 25/32 oun. Troy, viz. 19 li. 1 oun. p. w. 15 gr. According to which experiment, an iron-bullet (made of caſt iron, ſuch as bul­lets are uſually made of, and which weigheth much light­er then forged iron) of 4 inches the diameter, wil weigh upon the point of 9 li. and 2 oun. avoirdepois, which dif­fers not much from the common Tenent.
And ſo according to this our experiment (to which we wil adhere for the finding out of the weight of any Sphear or bullet made of caſt-iron) the artificial Line of mea­ſure, or cubatory Line of gravity, for the ſpeedy diſcove­ring of the weight of any Sphear or bullet whatſoever, made of caſt-iron, by the Diameter or Circumference thereof, as was formerly ſhewed, wil be 1.91 inch, for the Diameter, and 6.01 inches for the Circumference; and theſe in reſpect of librall weight, as the two former Lines, viz. [Page] 1.92 inch, and 6.04 inches, deduced from the former com­mon Tenent of the weight of an iron bullet of 4 inches di­ameter, which differ but very little one from another, as they are here ſet, from a centeſimal diviſion of the Inch. Now theſe two latter Lines being divided as the former, and the Diameter and Circumference of the foreſaid Sphear or bullet meaſured thereby, the ſame wil be found ſeve­rally, to be 2.09 ferè (which by the other Lines were 2.08) which cubed, yields 9.129329 ferè. for the weight of the bullet, which is 9 li. 2 oun. 1 dr. averdepoiz, differing from the true weight (by way of exceſſe) only 1 dr. which is not conſiderable.
But now what ſort of Iron, Marinus Ghetaldus in his experiments upon the ſame, for the weight thereof, and ſo its proportion to other Metals, meaneth, whereby a Sphear of 4 inches diameter, engliſh-meaſure, (or 4.136 inches Roman-meaſure) ſhould weigh according to him, 10.096 li. avoirdupois (as being deduced from 12.283 li. troy and that from 13.461 li. Roman) we know not, if Mr. Greaves his foreſaid collations and compariſons of the Romane weight and Meaſure (uſed by Ghetaldus) with the Engliſh, be true, (as we are willing to beleeve they are) and alſo the foreſaid proportion of the Troy-pound­weight to thè Avoirdupois-pound-weight, as it is com­monly holden, viz. 73 to 60; although the aforenamed Mr. Reynolds will have it to be, as 17 to 14; deducing the ſame from a generall The Troy and Avoirdupois Pound compa­red together. Maxime, and undeniable Principle (as he ſaith) that 136 pounds-Troy, and 112 pounds Avoirdupois are equilibral, or equi­valent in weight, which are in the leaſt terms of proporti­onality, 17 and 14; and which indeed I find by experience [Page] to be the truer, as I ſhall afterwards ſhew: And this is to be underſtood properly (as the Terms here ſtand, from the greater to the leſſe) for the reduction of Troy-pound­weight (or Troy-pounds) to Avoirdupois-pound-weight (or Avoirdupois-pounds) in aſmuch as 73 li. Troy, make but 60 li. Avoirdupois; or rather 17 li. troy make but 14 li. avoirdupois: and ſo the Avoirdupois Pound, is (in the leaſt terms) 73/60, or rather 17/14 the Troy-Pound; whereas elſe, if we will preciſely compare the Pound-troy ſimply, as the leſſe, with the Pound-avoirdupois, as the greater; then muſt the Terms be rather taken the contrary way: And there­upon the Pound-troy will be to the Pound-avoirdupois, as 60 to 73, or rather, 14 to 17: And ſo the Pound-troy will be (in the leaſt terms) 60/73, or rather 14/17 of the Pound-avoir­dupois. And which ſeveral Terms of proportion, though they ſeem, to differ but very litle in the Reaſon thereof it ſelfe; yet may the difference of the weights of things, pro­duced ſeverally thereby (by way of converſion or reduction of one kind of weight to the other) be many times conſi­derable; and the more, the greater that the quantity of the weight ſo reduced, is; as I ſhall plainly ſhew afterwards: And ſo I will here firſt compare theſe two ſeverall Propor­tions together (and that according to the common accepti­on of the Terms, from the Pound-troy to the Pound-avoir­dupois, viz. the greater Term as antecedent, to the leſſe, as conſequent, and ſo the reaſons of the Terms will be of the greater inequality; and the rationality of the firſt, or com­mon Terms, will be (by prolation, from the Parabole of the ſaid Terms, or Quantity of the Reaſon) ſuper-tredecu­partiens-ſex ageſimas, viz. ſuperpartient 13/6 [...]: and of the o­ther Terms, ſupertripartiens quartas-decimas, viz. ſuperpar­tient 3/14, and ſo the difference of the Reaſons, or the differen­tiall [Page] Reaſon, but that of 1. to 420, viz. 1/420, according to a plain or ſimple ſubduction, or differencing of Reaſons, by reduction of them to one common or con­junct Conſequent, which imitates the ſub­duction Rom. Arithm. l. 2. c. 2 & 3. à Laz. Schon. Et Clav. de Pro­port. compoſit. in fine 9 Elem. Eucl. of Fractionall Numbers, by re­duction to one common or conjunct Deno­minatour; and which is the moſt genuine, proper, and rational ſubduction, or diſcrimi­nation of Reaſons (both as Clavius, Ramus and divers other of the beſt Authours do teach) thus;
 [...]
Or more plainly thus, after the manner of Fractions.
 [...]
[Page]
And which may alſo be ſeen by the like operation in the ſuperpartient termes only, thus:
 [...]
And not according to that operation of Reaſons or Pro­portions, which ſome do falſly and improperly call the ſub­duction or ſubtraction of Reaſons (as Clavius alſo ſaith in the place fore-cited) being indeed the true diviſion or Reſolution of Reaſons, and which is as the diviſion of Fra­ctions; whereby they make the quotall Reaſon to be the differentiall or reſiduall Reaſon; and which would then be here by prolation, of the greater inequality, viz. 1 1/510, according to the termes 511/510 (whereas the other or true dif­ferentiall Reaſon, is of the leſſe inequality, by very much) but approaching very nigh unto a Reaſon of equality, or unity, or a Reaſon ſingular and individual; and this latter is alſo unexpreſſible or indenominate as the former, and is had by a conjunct compoſition only of the alternate or he­terologall terms, thus.
[Page]
	Anteced.	73.	17	1022	511	Quotient.
	Conſeq.	60	14	1020	510	Quotient.


Or more plainly thus,
 [...]
Or yet more plainly and readily, by permutation of the termes of the dividing or reſolving Reaſon, in reſpect of their places; for ſo the work of Reſolution wil be chan­ged into a Compoſition of the termes, according to the ordinary Multiplication of Fractions, thus,
 [...]
[Page]
And the latter of theſe Proportions between the Troy and Avoirdupois-pound, makes the Pound Troy to be more of the Pound Avoirdupois, or to come nearer the ſame in quantity, then the other or common Proportion doth; as may be more plainly diſcerned, by reducing the ſaid ſeverall Proportions into decimal Termes, for ſo, the Proportion of the Pound-troy, to the Pound-avoirdupois from the Termes of 73 to 60, wil be, as 1.0000. to .8219, and from the terms of 17 to 14, as 1.0000 to .8235. Or by taking the Terms the contrary way, (as for the con­verſion or reduction of Avoirdupois-pounds to Troy­pounds) the Pound-avoirdupois wil be to the Pound-troy from the termes of 60 to 73, decimally, as 1.00000, &c. to 1.21666, &c. infinitely; and from the Terms of 14 to 17, as 1.00000, &c. to 1.21428, &c. and ſo here the Pound Avoirdupois is by theſe latter Terms, leſſe of the Pound Troy, (and ſo comes nearer the ſame) then by the other Terms. And the Reaſon of theſe latter Terms (as they here ſtand, from the leſſe to the greater,) wil be greater then the Reaſon of the firſt or common Terms (according to the exact comparing of Proportions or Reaſons together, as you may ſee in the fore-cited pla­ces of Ramus and Clavius) in regard that the two ſeverall Reaſons being reduced to one common Conſequent (as a­foreſaid) the new, compound or correſpondent Antecedent of the latter Proportion, wil be greater then the like Term of the firſt; or the foreſaid Antecedent of the latter Pro­portion, wil be more of the common Conſequent, then the like Antecedent of the firſt Proportion (as in the former operations, the contrary happened, where the Terms of Proportion were put the contrary way, viz. from the grea­ter Term as antecedent, to the leſſe, as Conſequent) as you [Page] may here plainly ſee by theſe ſeverall ſubſequent operati­ons.
 [...]
Or more plainly thus, in a Fractionall manner.
 [...]
Or again, the ſame wil appear by a contrary operation, which is by reducing the two ſeverall Proportions (as the terms be here put) to one common Antecedent; for ſo the new, compound, or correſpondent Conſequent of the lat­ter Proportion or Reaſon, wil be leſſe then the like Te [...] of the firſt or common Proportion, (and thereby the Rea­ſon of theſe latter Terms, wil accordingly be greater then that of the other Terms (according to the fore-cited Au­thours) as you may plainly ſee by this next operation fol­lowing; the compound Antecedents of the operations next beforegoing, being here changed into the like Conſequents.
[Page]
 [...]
And here the difference of the Reaſons (or the differen­tiall Reaſon) wil be that of 2 to 1241, viz. 2/1241, as you may ſee in the firſt of theſe two operations before-go­ing.
And now according to theſe latter termer termes of Pro­portion of the Po [...]nd-troy to the Pound-avoi [...]dupois, viz. 17 to 14; the foreſaid Sphear of Iron wil be in avoirdupois weight, 10.1158 li, which (by converſion of the fraction­part into the proper parts of this weight) is 10 li. 1 oun. 13.6 dr. whereas by the common terms, it was 10 li. 1 oun. 8.6 dr. and ſo the difference of weight, 5 dr. exactly. But I cōceive (as in all probability and reaſon I ſhould) the Iron uſed by Ghetaldus in his experiments, to be the finer ſort of iron, or forged Iron, which weigheth heavier then caſt, coarſe, or droſſie iron, the proportion of weight be­tween them, being (as I have deduced it from the experi­ments of Mr. Reynolds; and partly of my ſelf alſo, upon this Metal) in general, ſuch as is between 1000000 and 951832 arguing from forged Iron to caſt iron, as from the more to the leſſe: and ſo contra­rily from caſt-iron to forged iron, as from The Proporti­on between forged iron and caſt-iron. the leſſer to the greater, the proportion of weight, wil be ſuch as of 1000000 to 1050605: For the ſaid Mr. Reynolds found [Page] the weight of a cube-inch of fine Iron, which had been kept in the Treaſury of the Tower of London, ever ſince King Henry the 7th. his time or longer (and that very neat­ly in a velvet-Caſe) to be 4.169 ounces Troy, viz. 4 oun. 3 p. w. & 9.12 gr. troy. which is 0.3474li. troy: And from the former Bullet of caſt-iron of 4.8 inches the Diameter, which we found to weigh 19 pound, 1 oun. 15 penny-weight, and 15. grains troy, or 229. ounces, 15 p. w. and 15 gr. (which is 229 25/32 ounces troy) we gather the weight of one cube-inch of caſt-iron to be 3.968 oun. troy; which is 0.33068li. troy. And ſo according to this experiment, a Sphear or bullet of one inch Diameter, made of fine, or forged Iron, wil weigh a .18288 oun. troy, which is 0.1819li. troy: and ſo a Sphear or bullet of 4 in­ches Diameter, made of the ſame metal, wil weigh 11.642 poundstroy (or 11 li. 7 oun. 5 dr. and 38.17 gr. or 11 li. 7 oun. 14 p. w. and 2.17 gr.) which being compared with the weight of an iron-Sphear of 4 inches Diameter ( [...]n­gliſh-meaſure) decuced f [...]om Ghetaldus before into our Troy-weight, viz. 12.283li. &c. troy, or 12li. 3 oun. 3 dr. 12.86 gr. or 12li. 3 oun. 8 p. w. and 0.86 gr.) it will be found to want thereof, 7 oun. 5 dr. 34.11 gr. or 7 oun. 13 p. w. and 22.11 gr. (according to the difference between 12.283483li. and 11.642044li. being 0.641339li.) And ſo the weight of a Sphear of fine Iron of 1 inch diameter, here found 2.18288 oun. troy, viz. 2 oun. 1 dr. 27.78 gr. or  [...] oun. 3 p. w. 15.78 gr. being compared with the weight of a ferreall or iron-Sphear of the ſame Diameter, deduced formerly from Ghetaldus into our troy-weight, viz. 2.30315 oun. or 2 oun. 2 dr. 25.5 gr. or 2 oun. 6. p. w. and 1.5 gr. it wil be found to want thereof 57.7 gr. viz. 2 p. w. 9.7 g. which operations agreeing ſo nearly one with ano­ther, [Page] it is thereby manifeſt, that the Iron meant by Ghetal­dus, is the finer ſort of Iron, or purely forged iron; But that we cannot make his experiments and ours exactly to a­gree in a Sphear of this Metall; may happen not only in reſpect of the difference between his weight and meaſure and our [...], and the uncertainty of the proportions between them, whereby the one might be exactly reduced to the other; but alſo in reſpect of the difference between the Me­tal uſed by him and us; for that all Iron (or other Metal) of the like ſort, is not always of the ſame gravity or ponde­roſity preciſely becauſe all is not of a like fineſſe or coarſ­neſſe, and ſo that which is fineſt, wil ſtill be heavieſt.
Now Ghetaldus beginning to find out the weights of metalline Spheares, according to the uſuall known Weights with him, found that no diligence or induſtry of man could make a Spheare ſo exact as it ought to be, and therefore he procured a Cylinder to be made, and that of Tinne, equall in height to the Diameter of its Baſe (which were of a certaine magnitude in inches of the Roman Foot) for that this might be turned in a Lathe much exacter, and more eaſily then a Spheare: and hereby found, that a Cylinder made of Tinne, being of one inch or 1/12 of the Roman Foot in its craſſitude and altitude, did weigh 3 oun. 4 ſcrup. which reduced into graines of his weight, is 1824 gr. whoſe 2/3 being 1216 gr. is the weight or gravity of a Spheare of the ſame Metall, whoſe diameter is equal with the diameter or height of the Cylinder; according to the demonſtrations of Archimedes, lib. 1. de Sph. and Cyl. prop. 32. It being there ſhewed by him, that a Cylinder, whoſe Baſe is equall to the greateſt Circle in a Spheare, and its altitude equal to the diameter of the Spheare (or of the ſaid Circle) is ſeſqui­alter the ſaid Spheare. And ſo Ghetaldus having found the [Page] weight of one Spheare of Tinne (at a certaine magnitude) from thence he deduceth the weight of any other Spheare, and that not only of the ſame Metall, but alſo of any other metall, by the proportions of Tinne to the other Metals (in like Bodies of equal magnitude) found out by him at firſt.
Now the foreſaid weight of 1216 gr. (or 2 oun. 3 ſcr. 16 gr.) for a Spheare of Tinne of 1 inch the diameter with Ghetaldus, will anſwer to the like kind of Spheare whoſe diameter is 0.967 inch from the Engliſh Foot, (according Mr. Greaves his foreſaid compariſon of the Roman Foot with the Engliſh) which being converted into our Troy­weight (according to Mr. Greaves his foreſaid compariſon of the Romane weight with our Troy-weight) is 924 2/3 gr. (viz. 1 oun. 7 dr. 24 2/3 gr. or 1 oun. 18 p. w. 12 2/3 gr.) and hence we gather the weight of a ſtanneall Spheare, whoſe diameter is 1 inch, or 1/12 of the Engliſh Foot, to be 1022.6 gr. engliſh, (viz. 2 oun. 1 dr. 2.6 gr. or 2 oun. 2 p. w. 14.6 gr.) whereby we may eaſily obtaine the weight of a­ny other Spheare of the ſame Metall, and alſo of any Sphear of any the other metals, by means of the foregoing propor­tionall Numbers between Tinne and thoſe other Metals: For ſo a Sphear or Bullet of Gold (ſuppoſed fine) of one inch diameter Engliſh-meaſure, will be found, (according to the proportion of 3895 to 10000, which is with Ghe­taldus in his ſecond Table of the compariſon of ſeveral ſorts of Bodies in gravity and magnitude, 38 18/19 to 100) or rather (the former termes being uncompleat) of 1554 to 3990 (which is with Ghetaldus in his firſt Table of the compari­ſon of the ſame Bodies in gravity and magnitude, 1 to 2 21/37, and that's as 37 to 95 in the leaſt rationall and abſolute termes) to weigh 2625.6 gr. engliſh, (which is 5.47 oun.  [...]roy, viz. 5 1/ [...] ferè, being 5 ou. 3dr. 45.6 gr. or 5 oun. 9 p. w. [Page] 9.6 gr.) And ſo the like Body of fine Silver, of the ſame magnitude, will be found, (according to the proportion of 3895 to 5439, which is with Ghetaldus in his foreſaid ſecond Table of the Compariſon of ſeverall Bodies in gra­vity and magnitude, 38 18/19 to 54 22/57) or more accurately (the former termes being not abſolute or comp [...]eat) of 1554 to 2170, (which is with Ghetaldus is his forementioned firſt Table of the like Compariſons, 1 to 1 44/11 [...], and that is as 111 to 155, in the leaſt term [...]s rationall and abſolute, and which are by decimall numeration, as 1. to 1.396, 396 infinitly; or integrally, 1000 to 1396, or 1000, 000 to 1396, 396 exactly) to weigh 1427.95 gr. engliſh (viz. 2 oun. 7 dr. 47.95 gr. troy, or 2 oun. 19 p. w. 11.95 gr.) In like manner will be deduced the weight of Iron and the other baſer ſort of Metals, from Tin [...]e (in Bodies of like form and magnitude) But becauſe the other Me [...]als beſides Gold and Silver, as uſually weighed with us, by the com­mon Mercatory weight aforeſaid, called Avoirdupois. Therefore for the more immediate and ſpeedy obtaining of their weights from Tinne (in ſphericall bodies) it is beſt to have the weight of the foregoing Stanneall Spheare of one inch diameter, viz. 1022  [...]/5 gr. engliſh, or 2.1304 oun, troy, (viz. 2 oun. 2 p. w. 14.6 gr. as before) reduced into avoirdupois unciall weight, and that decimally, where­by the weight of the like kind of Spheare of any other magnitude may be readily obtained; and ſo conſequently the weight of any other metalline Spheare therefrom, in its proper weight of Avoirdupois. Which ſaid weight therfore of 2.1304 oun. troy, will be inavo [...]rdupois unciall weight (according to the cōmonly received proportiō of the Troy ounce-weight to the avoirdupois ounce-weight, 73 to 80) 2.3347 oun. (viz. 2 oun. 5.355 dr.) But according to [Page] Mr. Reynolds his proportion of theſe two weights the one to the other, which is, as 51 to 56 (being deduced from his proportion of the Troy-pound-weight to the A­voirdupois-pound-weight noted before, and which pro­portions of weight are the neareſt aod trueſt that may be, as I ſhall ſtraightway ſhew) the ſame ſpheare will be 2.33928 oun. avoirdupois (viz. 2 oun. 5.428 dr.) which exceedeth the former weight only .073 of a dram, which in this kind of weight is altogether inconſiderable.
Or for the ready obtaining of a Sphear of Tinne, of any magnitude, (and ſo of any other Metal therefrom) in li­brall-weight, it is convenient to have the foreſaid Sphear of Tinne of 1 inch diameter, in libral-weight, both Troy and Avoirdupois, and that decimally; which wil here be in Troy-weight, 0.17753li. and in Avoirdupois-weight, (which is here chiefly to be regarded) according to the commonly received proportion of the troy-weight to the avoirdupois weight) 0.1459189li. and according the other (and better) proportion, 0.146205li. the difference of which from the other (by way of exceſſe) being hardly, 0.0003li. viz. 3 parts of a pound-avoirdupois, divided into 10000 equal parts; Which difference of weight, although it be here of little or no value (as alſo that in the operation im­mediatly preceding) in regard of the ſmalneſſe of the Body here handled, whereby the difference between the common Proportions of the Troy-weight to the Avoirdupois­weight, and the other proportions, may ſeem to be very ſmall, and inconſiderable: Yet if we go to to reduce a me­talline (or other) Body of a greater magnitude or dimen­on, out of one of theſe Weights into the other (according to the ſaid ſeverall proportions beforegoing) we ſhal find the difference of weight (in one and the ſame kind) to be [Page] ſtil greater, and the greater or weightier that the Body is, the greater wil be the difference of the weight produced by the ſaid different termes of proportion, in reſpect both of librall and unciall weight, inſomuch as that the diffe­rence of weight will many times be conſiderable: As in the foregoing Sphear of iron, of 4 inches the diameter, (en­gliſh-meaſure) whoſe weight being found from Ghetal­dus, to be 13.461li. Romane, and from that, to be in Troy weight (according to Mr. Greaves his collations of theſe two kinds of weight the oue with the other) 12.283li. and then the ſame converted into Avoirdupois weight, ac­cording to the two ſeverall proportions between theſe two weights; the difference of weight was there found to be 5 drams auoirdepois, which is almoſt 1/3 of an ounce. And greater differences of weight (in this reſpect) then this, I ſhall ſhew by and by, and alſo more afterwards.
Now therefore, for the proportion between the Troy-ounce, and the Avoirdupois-ounce The Troy and Avo­irdupois Ounce compared together; as alſo the ſeverall Proporti­ons aſſigned be­tween them. according to the Terms 51 and 56 (deduced from the foreſaid Maxime or Principle of li­brall weight, that 136li. Troy, and 112li. Avoirdupois are eqvilibral, or equiponderant, and ſo accordingly from thence, 1632 oun. Troy and 1792 oun. Avoirdupois, which are in the leaſt terms of Proportion, 51 and 56) the ſame being compared with the foreſaid common termes, 73 and 80, wil ſeem indeed to differ but little therefrom in the Reaſon it ſelf, and that deficiently, as the terms here ſtand, from the leſſe to the greater, like as the correſpondent Terms before for librall weight, did from the common terms, being taken from the greater term to [Page] the leſſe, viz 7 [...] to 60, and Thomaſius in the fore-cited place of his Dicti [...]n [...]y, ſaith, that the Goldſa [...]ith, (or Troy) Ounce hath to the Avoirdupois Ounce, proportion  [...]ſquiund [...]cimal, So that (to wit) 11 ounce troy are exactly equall to 12 ounces avo­irdupois: and which (he ſaith) he proved by a m [...]ſt juſt and ex­act Balla [...]c [...]. But this Prop [...]rti­on is ſom [...]what greater then ei­ther o [...] the other two here no­ted, & makes the ounce Averd. to be more of the ounce Troy then either of thoſe tw [...]. Mr. wingate in his A [...]ithm. l. 1 c. 1. Sect. 34. ſaith, that the avo­irdupois. P [...]und is compoſed of 14  [...]un. troy, and 12 p. w. viz. 14.6 oun. troy; which is accor­ding to the commonly r [...]ce [...]ved Prop [...]tiors between the Avoir­pois and Troy-weight: But ac­cording to the other proporti­ons, it will be moſt truly but 14 oun. 11 p. w. and 10 2/7 gr. troy. 17 to 14: the Reaſon of the common terms, as they here ſtand from the leſſe as the Antecedent, to the grea­ter, as the Conſequent, be­ing by prolation, of the leſs in [...]quality, or inequality of the leſſe, ſub-ſuper-ſeptu­partiens ſeptuageſimas-ter­tias, viz. ſub-ſuper-parti­ent  [...]/73; and of the other Terms, (ſtanding correſpō ­dently) ſub-ſuper-quintu­partiens quinquage ſimas­primas viz. ſub-ſuperpar­tient 5/51; and ſo the diffe­rence of the Reaſons, or the differentiall or reſiduall Reaſon (according to the plain, ſimple and proper ſubduction of Reaſons be­fore ſhewed) that of 1 to 560, vix. 1/56 [...]; And this, for the converſion or reduction of Troy-unciall weight to the like Avoirdupois-weight; and ſo the Ounce-troy wil be (in the leaſt terms) 80/73 or more truly, 56/51 the Ounce-avoirdu­pois: Or elſe, the Terms, in this poſition, from the leſſe to the greater, might ſeem rather to be taken contrarily (according to an exact compariſon) for the proportion of the Avoirdupois-ounce, (as the leſſe) to the troy-onnce (as the greater) for ſo the Avoirdupois-ounce, wil be 73/8 [...]1 or rather 51/56 of the Troy-ounce. And theſe latter Terms of [Page] proportion, do make the Ounce Troy more to exceed the Ounce-avoirdupois, then the firſt or common Terms do, and ſo make the Ounce-avoirdupois to come ſhort of the Ounce-troy (or be leſſe of the ſame) accordingly; as may more eaſily be ſeen, by reducing of the foreſaid Terms of proportion into decimall termes; for ſo, the proportion of 73 to 80, will be as 1.00000 to 1.09589, and of 51 to 56, as 1.00000 to 1.09804 ferè: And contrarily; by permuta­tion of the Terms, the proportion of 80 to 73, will be deci­mally, as 1.0000 to .9125 exactly (as I ſhewed formerly, upon another the like occaſion,) and of 56 to 51, as 1.0000 &c. to .9107 &c.
And therefore, now to ſhew (by the way) the difference between the foreſaid The two fore­going ſeveral Proportions be­tween the Troy and Avoirdu­pois Weights compared, and examined ex­perimentally, by the Bal­lance, in the foregoing Iron Bullet. ſeverall proportions of the Troy and Avoir­dupoiz weights both librall and unciall, the one to the other, by comparing them with the weight of ſome Body, taken both by Troy and Avoirdupois-weights, and that eſpecially in one and the ſame Ballance, and ſo converting it out of the one kind of weight into the other, by the ſaid two ſe­verall kinds of proportions between them, whereby may be known which of theſe are the neerer and truer, as moſt agreeing with the Ballance it ſelfe: We will here take the foregoing Cannon-bullet of caſt-iron, of 4.8 inches the diameter, whoſe weight we found (as I have noted before) in the Tower of London, by an exact Ballance, with Weights both Troy and Avoirdupois, to be 19li. 1 oun. 15 p. w. 15 gr. Troy (which is 19li. and 1 25/32 oun. or wholly in librall­weight, 19 29/12 [...] or 19.1484375li. exactly) and 15li. [Page] 12 1/4 oun. Avoirdupois (which is wholly in librall-weight, 15 49/64 or 15.765625li. compleatly) Now if we ſhall con­vert the ſaid Bullet from its Troy-weight to Avoirdupois­weight, according to the common proportion of the Troy­librall-weight to the Avoirdupois-librall-weight, viz. 73 to 60, we ſhall find the ſame to be (in the leaſt termes) 15 1725/2336 or 15.73844li. Avoirdupoiz, which wanteth of the true weight from the Ballance, 0.02718li. whcih is by reduction or converſion into the proper denominate, compounding parts of this weight 0. oun. 6.958 drams a­voirdupois, which is upon the point of 7 dr. and that's al­moſt halfe an ounce avoirdupois. But according to the o­ther proportion of the Troy librall-weight to the Avoir­dupois librall weight, viz. 17 to 14, the ſaid bullet will be found to weigh (in the leaſt terms) 15 837/1088 or 15.7693li. Avoirdupoiz, which exceedeth the weight, not fnlly one dram, being but 0.94 dr. as will appeare by reduction of the fractionall termes into the proper denominate parts of this weight, and which is not conſiderable.
Againe; if we will reduce the ſaid Bullet taken wholly in Troy-unciall-weight, being 229 25/32 or 229.78125 oun. exactly, into Avoirdupois unciall-weight, according to the ſaid ſeverall proportions of the one to the other, we ſhall find the very ſame differences neceſſarily to happen: for ac­cording to the common proportion of the Troy-unciall­weight to the Avoirdupois, viz. 73 to 80, it wil be found (in the leaſt termes) 251 119/146 or 251.815 oun. avoirdupoiz, which wanteth of the true or ballance-weight, (being 252.25 oun.) 0.435 oun. which by reduction, gives 6.96 drams as before: But according to the other proportion of the Troy unciall-weight to the Avoirdupoiz, viz. 51 to 56, it will be found 252 21/68 oun. or 252.3088 oun. avoirdu­poiz, [Page] which differeth from the ballance-weight (by way of exceſſe) only 0.0588 oun. which is by reduction, 0.94 dr. as before.
And ſo again contrarily, if we work from the Avoir­dupoiz-weight to the Troy-weight, we ſhal find the like proportional differences of weight accordingly. For firſt if we convert the foreſaid bullet, out of its true avoirdupois­weight from the Ballance, 15 40/64li. or 15.7656, &c. into Troy­weight, according to the vulgarly received proportion of 60 to 73, for librall-weight (being the converſe of the for­mer) we ſhal find the ſame to be (in the leaſt termes) 19 697/384 [...], or 1815104li. Troy, which differeth from the true weight of the Ballance (19 19/12 [...] or 19.1484375li) by way of exceſſe, 0.0330729li. which is by converſion into the proper, compounding denominate parts of this weight 0. oun. 3 dr. 10.5 gr. troy, or 0. oun. 7 p. w.  [...]2.5 gr. But according to the other proportion of 14 to 17, it wil be found (in the leaſt termes) 19 129/896, or 19.1439732li. Troy, which differeth from the true weight (by way of defect) only 0.0044643li. which is by a continuall reduction into the leaſt parts of weight, but 25.7 gr. or 1 p. w. and 1.7 gr. which is of little or no value in this thing.
And ſo likewiſe if we reduce the ſaid Bullet out of its true avoirdupois weight taken wholly in ounces (accor­ding to the Ballance) being 252 1/4 or 252.25 oun. into Troy weight by ounces; firſt, according to the common propor­tion of 80 to 73, for unciall-weight (being the converſe of the former) we ſhall find the ſame to be (in the leaſt terms 230 57/320 oun. troy, or 230.178125 compleatly, which excee­deth the true weight, 229 25/32 oun. troy, or 229.78125 ex­actly, by 0.396875 oun. troy exactly, which is by reducti­on into the leaſt parts of weight, 3 dr. 10.5 gr. or 7 p. w. [Page] 22.5 gr. as before from librall weight: But according to the proportion of 56 to 51, it wil be found to be (in the leaſt terms) 229 163/224 oun. troy. or 229.727678, which is de­ficient from the true weight, only 0.053572 oun. which by the like reduction, is but 1. p. w. and 1.7 gr. as before from librall weight.
By which operations it is ſufficiently evident, that theſe latter Proportions between the Troy and Avoirdupoiz weights, are the truer, (and indeed the neareſt and trueſt that may be found) and which I ſhall (upon the like occa­ſion) further confirm afterwards by a double experiment from the weight of a liquid body, in the meaſuring of Veſ­ſels.
And thus much by the way concerning Weight and Meaſure in generall, in reference to the work here in hand, (being the like artificial Dimenſion of metalline regular Bodies, for the ſpeedy diſcovering of their gravities or weights, and more particularly of a ferreall or iron Sphear, as was formerly of a Sphear in generall for ſolid meaſure) being induced thereunto by Ghetaldus in his foreſaid work of Metals, in which he differeth from us in both theſe, as we have abundantly ſhewed.
And ſo theſe operations beforegoing in the particular metalline Sphears aforenamed, for the weight thereof, are from the experiments of M. Ghetaldus, & reduced from his weight and meaſure to ours, according to the obſerva­tions and experiments of our Countreyman Mr. Greaves upon the ſame, and his collations of them together, as a­foreſaid; And alſo in one of them, from my own experi­ence, according to our Engliſh weights and meaſure; with which we muſt reſt contented, til ſome other experiments be produced, both in theſe, and alſo in the other Metals, [Page] from our Engliſh weight and meaſure, and which we may expect from Mr. Reynolds aforeſaid, who hath taken great care and pains, and uſed much induſtry therin.
As for the weights of Metals compared in Sphears of one and the ſame magnitude, ſet down in the latter part of Mr. Ponds Almanack, in Troy-weight (where alſo are no­ted the foreſaid common proportions between Troy and Avoirdupois weights) they are arcording to the experi­ments of Ghetaldus, being deduced from his proportional or comparative numbers, into the parts of Troy-weight, though not very preciſely; which therefore I have here put moſt correct and exact thus; ſuppoſing (with him) firſt a Sphear of Gold, to weigh juſt one pound-troy, and from thence, the other metalline Sphears of the ſame mag­nitude, to weigh accordingly, as followeth.
	 	 	oun.	p. w.	gr.	mi.	gr.	 	 
	1.	G.	12.	00.	00.	00.	5760.	☉	1
	2.	Q-S.	8.	11.	10.	6. ferè	4114 2/7	☿	2
	3.	I.	7.	5.	6.	6.	3486 6/19	♄	3
	4.	S.	6.	10.	12.	12.	3132 12/19	☾	4
	5.	B.	5.	13.	16.	8.	2728 8/19	♀	5
	6.	I.	5.	1.	1.	5.	2425 5/19	♂	6
	7.	T.	4.	13.	11.	7.	2243 7/19	Jupit;	7


But now to return a little to our foregoing work of the artificiall dimenſion, or diametral and Circumferentiall cu­bation of a Sphear of caſt-iron, for the weight thereof, which as we ſhewed before by the Integer of weight it ſelf (or by librall weight) So we will next ſhew how to perform the ſame by the compoſing, denominate parts ther­of immediatly, viz. ounces avoirdupoiz (or uncial weight) [Page] And the Line or Scale of equal parts for this purpoſe, in reſpect both of the foreſaid common Tenent of the weight of an iron-Sphear or bullet, and alſo our own experiment, I finde (according to the reaſon of the precedent ſecond Theoreme, and alſo our generall reaſon) to be for the Diameter of ſuch a Sphear, (as to a centeſimal partition of the meaſure given) 0.76 inch, which is but very little a­bove 3/4 of an inch: and the Line for the Circumference, according to the common Tenent, to be 2.40 inches ferè, and according to our experiment, 2.39 inches ferè, (ſo that here alſo one and the ſame Line of meaſure may indifferently ſerve in both) which two Lines being divi­ded as the former, and then the Diameter or Circumference be taken by their proper reſpective Line or Scale, and cu­bed, the ſame ſhal be the weight of the Sphear or Bullet in ounces and decimal parts immediatly: For ſo the Diame­ter of the foreſaid bullet of 9li. and 2 oun. ferè avoirdu­pois, (viz. 9.123626 li. ferè) being 4 inches, and the Cir­cumference, 12.57 ferè, wil be found each of them, by their proper cubatorie Line or Scale, for unciall gravity, (being made 100 parts) to be 5.27 ferè, which cubed, yields 146.363183 ferè, for the weight of the Bullet in ounces, which exceedeth the true weight being 145.978009 oun. by 0.385174 oun. ferè, which by converſion or re­duction, yieldeth about 6 drams, and which in a thing of this nature is not conſiderable: But yet if we wil ſtand more preciſely uppon the weight of this Bullet, if then we divide the two foreſaid artificiall Lines of meaſure for this purpoſe into more parts, as 1000 (for the naturall Line, or the Inch being ſo divided, the artificial Line wil be thereof, for the Diameter, 0.760 ferè, and for the Circum­ference, 2.387 ferè) & ſo meaſure the Diameter & Circum­ference of this Sphear or bullet thereby, we ſhal find the [Page] ſame to be ſeverally, 5.265, which cubed, gives 145.946|984625 ounces for the weight of the bullet, which wants of the true weight aforeſaid, hardly half a dram, which in this kind of weight is as near as need be deſired.
And ſo again in the other Bullet of 15li. & 12 1/4 oun. avoir­dupoiz (or 252.25 ounces) weighed by us; if the Diameter or Circumf. noted formerly, be taken by theſe Lines under a centeſimall diviſion, they wil be found each of them to be 6.32 ferè, whoſe Cube is 252.435968 oun. ferè, which exceedeth the true weight, only 0.185968 oun. which by converſion, gives near upon 3 drams, and which is not conſiderable: But being meaſured by the ſame Lines under a milleſimall partition, they wil be found each of them, 6.318, which cubed, affords, 252.196389. &c. ounces, which now wants of the true weight, not fully one dram being but 0.86 dr.
And ſo alſo if the Diameter or Circumference of this Bullet be taken by their proper reſpective Lines of mea­ſure for librall weight beforegoing (viz. 1.91 inch, for the Diameter, and 6.01 inches, for the Circumference) the ſame wil be found ſeverally (according to a centeſimal partition of the Lines) 2.51 ferè, whoſe Cube is 15.813|251 ferè for the weight of the bullet, (which by reduction is 15li. 13 oun. and 0.19 dr. avoirdupois) exceeding the true librall weight, viz. 15.765625li. (or 15li. and 12.25 oun.) only 0.047626li. ferè, which by converſion into the proper parts of this weight, gives about 3/4 of an ounce, viz. 12.19 dr. But being meaſured by the ſaid Lines in a milleſimal partition, (for the natural Line, or the Inch, being 1000 parts, the artificiall Line wil be thereof for the Diameter, 1.914, and for the Circumference 6.014 ferè) they wil be found ſeverally, 2.507, which cu [Page] bed, yields 15.756617, &c. (viz. 15li. 12 oun. 1.69 dr) wanting now of the true weight only 2.3 drams.
Now if any ſhall upon occaſion, make uſe of the Troy-weight in a Spheare of this The artificiall Lines of mea­ſure, for the moſt ſpeedy diſcovering of the weight of a Spheare or Bullet of caſt-Iron, in Troy­weight, both li­brall and unci­all. metall (though indeed this kind of weight is not uſuall for any Metall beſides Gold and Silver, as I have noted before) then the artficial Lines of meaſure for the ſpeedy diſcovering of the weight thereof by the diameter, wil be 1.794 inch for librall­weight, and by the Circumference, 5.636 inches: And the Lines for unciall weight, wil be for the Diameter, 0.784 inch ferè, and for the Circumference, 2.462 inches.
And now albeit no art or induſtry of man, can make a Spheare of metall or other matter, ſo very exact and preciſe indeed, as it ought to be (according as I noted before from Ghetaldus) Yet conſidering that the weight of this and the other coarſer kind of Metals in any thing, is not ſo preciſely ſtood upon as the weight of Gold and Silver, (being preti­ous Metals) So the exactneſſe of a Sphericall body made of any of them for ordinary uſe (as a Cannon-bullet, which is commonly made of caſt-iron, as I noted before) is not ſo much ſtood upon, ſo as it come ſomthing neer the ſame: and indeed there is hardly any Cannon-bullet, or other bullet for ſhooting, but is ſo round (being caſt in a Mould) as that the Eye can hardly adjudge or diſcerne it to be not exactly orbicular or ſphericall; and ſo the weight there­of can be very litle miſtaken, being obtained by the diame­ter or Circumference of the ſame, taken in a certaine ſet Meaſure, either naturall, as Inches, or the like; or artifici­all, as deduced therefrom, according as I have here ſhewed [Page] at large. And which ſeverall dimenſions with many other the like metrical Concluſions pertaining hereunto, and the Converſe of the ſame (and all cheifly in reference to Gun­nery) I will next expreſſe proportionally by Number, (from our foregoing experiments) according to the aforeſaid Metall and Meaſure commonly uſed in this thing, and the Weight both Avoirdupoiz and Troy, and in each of theſe, both by the librall and unciall-weight together, which in the ſeverall Sections of proportions following, are (for brevity-ſake) noted by the letters of diſtinction, l, and u.
	1. The Cube of the	Diameter	in meaſure, is to the Spheare it ſelfe in weight, as 1. to	.1425566. l.	Avoirdupoiz. weight.
	2.280906. u.
	.17314487. l.	Troy-weight.
	2.0777384. u.
	Circumfer.	.00459767. l.	Avoirdup.
	.07356273. u.
	.0055841877. l.	Troy.
	.06701025. u.


[Page]
Converſly.
	2. The Spheare in reſpect of weight, is to the Cube of its	Diamet.	in reſpect of meaſure, as 1. to	7.0147552. l.	Avoirdup.	cubique meaſure.
	0.4384222. u.
	5.7755104. l.	Troy.
	0.4812925. u.
	Circumf.	217.50144. l.	Avoirdup.
	13.59384. u.
	179.07707. l.	Troy.
	14.923089. u


Hence,
	3. The	Diamet.	is to the ſide of the Cube equall to the Sphear in weight, as 1 to	.522391. l.	Avoirdup.	Linear meaſure.
	1.316343. u.
	.5573609. l.	Troy.
	1.276038. u.
	Circumf.	.16628227. l.	Avoirdu.
	.41900507. u.
	.1774135. l.	Troy.
	.4061755. u.


Then for the ſpeedy diſcovering of the weight of a ſphe­ricall or any other body whatſoever made of this Metall, by the ſolidity thereof, in the Meaſure aforeſaid: and con­trariwiſe [Page] the ſolid content by the weight thereof, both A­voirdupoiz and Troy, and in each of theſe both librall and unciall weight, the Proportions will be as followeth.
	1. As 1. to	.27226314. l.	Avoirdupois.	Weight.
	4.3562103. u.
	.33068234. l.	Troy.
	3.968188. u.


Contrariwiſe.
	2. As 1. to	3.672917. l.	Avoirdup.	Solid meaſure.
	0.229557. u.
	3.02405. l.	Troy.
	0.25200418. u.


And ſo likewiſe for diſcovering the gravity of any Body of fine or forged Iron by the magnitude, in the foreſaid Meaſure, and contrá: the proportions will be from the forementioned experiment made upon this Metall, as fol­loweth.
[Page]
	1. As 1. to	0.3474. l.	Troy.	Gravity.
	4.169. u.
	0.2861. l.	Avoirdupois.
	4.5777. u.


Converſly.
	2 As 1. to	2.878, l.	Troy.	Magnitude.
	0.2399 ferè u.
	3.495. l.	Avoirdupois.
	0.218. u.


And thus having ſhewed our artificiall Menſuration in regular Solids, aſwell for gravity or ponde [...]oſity, as for ſolid (and ſuperficiall) meaſure; I ſhall now cloſe up this Section and Part, with our third theorematicall Propoſi­tion, (anſwering to the third principall problematical or practicall Propoſition in the firſt Part) and the practicall demonſtration thereof, in which our more particular, or ſpeciall reaſon of the like dimenſion of all regular-like Solids (as particularly of a Cylinder) in the ſeverall re­ſpects aforeſaid (in reference to the producing of the arti­ficiall Lines of meaſure, for performing the ſame) is con­tained.
THEOR. III. Expreſſing particularly, the artificiall Lines for the ſolid dimenſion of a Cylinder, from our particular or ſpecia [...]l ground and reaſon formerly declared: And conſequent­ly, the Lines for the like dimenſion of a Cone, and all other regular-like Solids in generall.
[Page]
IF the two proper Dimetients aforenamed, of a (right or erect) Cylinder, exactly adequate to the cubicall, (compoſing or reſolving) Parts of the Rationall Line, ſhal be obtained according to an exact congruencie or congruity; The ſame ſhall be the proper, reſpective artificiall Line of Cyhnoricall ſolida­tion, according to the Parts: And th [...]e wil be of them to the correſpondent or congruall▪ Lines or d [...]m [...]nſion accor­ding to the whole Meaſure, the Reaſon that is of the Parts to the Whole; which is as the Reaſon of their reſpective Cubes.
THe like reaſon holdeth for the Cylindricall Circum­ference conjunctly with the Dimetient of altitude: and alſo for both theſe in the Cone, in reſpect of its baſiall Dimetient and Periphery with the Dimetient of altitude, for ſolid dimenſion, and with its Side for ſuperficiary dimenſion; and alſo for the baſiall Dimetient of a Cylinder with its Side, in reſpect of ſuperficiall, dimenſion: And ſo the like with theſe, for all Pyramids and Priſmes conſtituted upon regular Baſes, in reſpect both of ſolid and ſuperficia­ry dimenſion, according to the ſeveral wayes formerly declared and demonſtrated in all theſe Figures: only re­ſpect being had in all theſe, to the quadrate parts of the [Page] Rationall Line for ſuperficiary dimenſion, as is here to the cubique parts for ſolid dimenſion.
And the like reaſon wil here hold in all theſe ſolid Fi­gures, in reſpect of weight or gravity in any Metall what­ſoever, as for their ſolid meaſure, according to what I ſhew­ed before in the Spheare, and conſequently in the other re-Bodies, being made of Metall (reſpect being here had to the parts of the weight propoſed, as in the Theoreme it ſelf, is to the parts of meaſure, as I ſhewed before in the like caſe upon the 2d Theorem) ſo as that the like artificial Lines of Meaſure being extracted for theſe Figures ſeverally in reference to weight, according to any Metall, Weight, and Meaſure propoſed; their gravities wil be thereby obtai­ned in the ſame manner as their ſolid magnitudes or mea­ſures, according to the ſeverall wayes formerly declared and demonſtrated for the ſame.
And now becauſe of the two ſeveral Dimetients (or di­menſional Lines) here continually concurring, there oc­curreth ſome more variety, then in the two preceding The­oremes: Therefore I wil here give a full demonſtration or illuſtration of this, in an Arithmetical manner; by which thoſe two (with all the things neceſſarily depending on them) as well as this, may be plainly underſtood, ſeing they be all grounded upon one and the ſame reaſon.
THerefore, let the Rationall Line (in reſpect of its properly compoſing denominate parts) be R 12. So the Cube thereof, CR, 1728; to which be conceived or conſtituted a Cylinder, exactly agreable for magnitude or dimenſion, & ſo, as that its two foreſaid Dimetients, be in exact Congruencie, or Congruity (ſuch as the Greeks (Eu­clid & Proclus) cal  [...], or  [...]; the Latines, (as [Page] Congruentia, or Congruitas: & ſo the greek Eucl. Axiom. com. 8. Ram. Geom. lib. 1.  [...]l. 9. & Schol. ma­themat. lib. 8. prop. 4. words do generally ſignifie) which there­fore we are here next to enquire. There­fore ſeing then that like Solids in generall, do mutually hold in a triplicate or cubique reaſon of their homologall Terms by E 8. p. 19 & 27; and more particularly, E 11, p. 33. and E 12. p. 8. and ſo in ſpeciall, Cylinders of their baſial Dimetients (or other like Terms) by E 12. p. 12. To this I aſſume a­nother Cylinder, whoſe two Dimetients are already giv­en in the ſame kind, with thoſe ſuppoſed in the former Cy­linder, which (in the firſt Numbers from an unit, abſolute, making the whole Cylinder abſolute in all its dimen­ſions, according to the more ancient and vulgar Cyclo­metricall terms (in reſpect of the Baſe) but not the newer) let be (under the generall notion of a Binomiall in relation to the Rational Line taken as before) A=D R 12+2; whereupon wil ariſe the Cylinder, rationall and abſolute (according to the ſaid vulgar Cyclometrical Terms, in reſpect of the Baſe, and binomially in reference to the Cube of the Rational Line taken as before) CR, 1728+428; but according to the newer, and moſt ap­proved  [...]etragoniſmall Terms, in reſpect of the baſe, and firſt in the more vulgar or Metian expreſſion noted for­merly; for the performing of this operation after the more uſuall or vulgar way of Numeration, (and for that this ex­preſſion is finite and limitted in it ſelf, whereas the deci­mal expreſſion runs infinitly) it wil be irrational and in­abſolute, CR, 1728+427 15/113 (which is by decimal con­verſion of the fractionall termes, CR, +427.132743, &c. very nearly agreeing with that which is produced by the proper decimall Cyclometricall termes, in reſpect of [Page] the baſe of the Cylinder; and that both from them­ſelves ſimply or naturally, and alſo artificially, from their  [...]ogarithme, as ſhal be ſhewed by and by) then by E. 12. p. 12 a [...]oreſaid, and alſo by the reaſon of  [...]. 7. p. 19. it holdeth in a triple or cubicall reaſon of the aforeſaid Cylindrical Dimetients conjunctly, as the Terms homologall, thus;
CR 1728+427 15/113. CR 1728:: CR 1728+1016 (viz. CA=D.R 12+2 in CR 1728+427 15/113) : CR 1728+472 38416/24353 [...] or (by their greateſt common Di­viſour, or number of exact commenſuration, 686) 472 56/355 in the leaſt termes of the ſame reaſon (viz. CA=D in CR 1728) which is decimally, CR 1728+472.157746, &c. whoſe Root or Side irrationall or ineffable, (and bi­nomiall in reference to the Rational Line, taken as before, and according to a decimall extraction of the Cubicall Gnomon) R 12+1.0062, &c. is A=D in CR 1728, being the thing firſt ſought for; or the artificial Line ac­cording to the parts of the natural Line of meaſure pro­poſed: which from the moſt admirable invention of the Logarithmes, is moſt ſpeedily performed by a ſimple Com­poſition and Reſolution of Numbers, together with a Tri­chotomie of the Cubicall Logarithme; the firſt or greater Cylinder, being raiſed from the moſt exact Cyclometri­call Logarithme, (in reſpect of the Baſe) anſwering to the moſt exact decimall Terms aforeſaid.
[Page]
 [...]
Or again, ſeing that between two like Solids, there do neceſſarily intercede two mean Proportionals, by E. 8, p. 12, and 19; the two Meanes between theſe two Cylinders, wil be found (binomially, in relation and com­pariſon to the foreſaid Rationall Cube, and according to a decimall enumeration of the cubick Gnomon) CR 1728+274.15289, &c. and CR 1728+132.03231, &c. moſt compendiouſly and exactly, by Logarithmicall Computa­tion, thus;
[Page]
	CR 1728+427.13256, &c.	3, 3334739884 S
	CR 1728	3, 2375437381 S
	Dif.	0, 0959302503 A
	1/3 dif.	0, 0319767501 A
	CR 1728+132.0323, &c.	3, 2695204882 leſſer Mean.
	CR 1728+274.152, &c.	3, 3014972383 greater Mean.


Or the ſame may be obtained more plainly, (though not ſo readily) in a diſ-junct manner, at two diſtinct ope­rations, by the Analogie which holds from the Cube of one Solid to the Cube of the mean Proportional falling next to it, as doth from that Solid to the other propounded, between which the two mean Proportionals are requi­red.
Then ſeing the greater Mean ſerveth here our preſent purpoſe; it followeth according to E 7. p. 19 thus; CR 1728+427.13256, &c. CR 1728+274.15289, &c. :: A=D, R 12+2: A=D, R 12+1.0062, &c. as before: which appeareth plainly and briefly, by Loga­rithmicall or artificiall Numeration, thus;
[Page]
	CR 1728+427.13256, &c.	3, 3334739884	S
	CR 1728+274.15289, &c.	3, 3014972383 A
	A=D, R 12+2	1, 1461280357 A
	Sum.	4.4476252740
	A=D, R 12+1.0262, &c.	1, 1141512856. Dif.	 


Agreeing exactly with the firſt Logarithmicall opera­tion.
Or again, the ſaid A=D in CR 1728 required; found more briefly yet, after this manner.
	CR 1728+427.13256, &c.	3, 3334739884 S
	CR 1728	3, 2375437381 S
	Dif.	0, 0959302503
	1/3 dif.	0, 0319767501 S
	A=D, R 12+2 given,	1, 1461280357 S
	A=D, R 12+1.00622, &c. inquired.	1, 1141512856 Dif.


Which being found out theſe three ſeverall waies; it followeth laſtly, according to the Conſectarie of the third Theoreme, in this ſimple Analogie. [Page] R 12: R 1:: A=D, R 12+1.0062, &c. A=D, R 1+.0838, &c.
Which laſt found Number, is for the ſaid congruall Dimetients of a Cylinder, according to the unity of mea­ſure; and ſo for the artificial (or ſecond Rational) Line according to the whole intire natural (or prime Rationall) Line in generall.
And what manner of working is uſed here, for the in­veſtigation of this artificiall Line in the Cylinder; the ſame is to be uſed for the like in the Cone: and which (though needleſſe) I wil here further illuſtrate in the ſame.
Therefore, ſuppoſe here the foreſaid Rationall Line (ta­ken in its compoſing, denominate parts) R 12. and to its Cube, C R 1728, a (right, or Iſoskelan) Cone exactly ad­equate (as the Cylinder before) having  [...]ts two like pro­per Dimetient-lines exactly congruall (as thoſe of the Cy­linder) in the inveſtigation or inquiſition wherof conjunct­ly, conſiſteth the firſt operation. Therefore ſeing then, that as Cylinders (and other like Solids) ſo Gones, are reſpec­tively one to another, in a triple or cubicall Proportion of their Baſiall Dimetients (or other correſpondent Termes of dimenſion) by E 12. p. 12 aforeſaid: To this be ſuppo­ſed another like Cone, of given or known Dimetients, and exactly congruall, as the former; which let he the ſame with thoſe of the foregoing Cylinder, included in the Bi­nomie, A=D, R 12+2; whereupon this Cone wil be ſubtriple that Cylinder, viz. according to the vulgar Nu­meration, from the Metian Cyclometricall-Terms, as to the compoſition of the Baſe (under the common acception of an Apotome, in reference to the foregoing Rationall Cube) irrationall or unabſolute, C R 1728-1009 211/339 (which is by decimall converſion of the  [...]raction-part, [Page] 1728-1009.622418, &c. and which very nearly a­grees with that which is produced by the moſt exact (deci­mall) Cyclometrical termes in regard of the Baſe, and that both naturally or ſimply from themſelves, and alſo ar­tificially from their correſpondent Logarithme; being C R 1728-1009.622480. as wil appear in the Logarith­micall operation following) Then by E 12. p. 12, and alſo by the reaſon of E 7. p. 19 before cited, it holdeth in a tri­plicate or cubique reaſon of the aforeſaid Conicall Dime­tients conjunctly, as the Termes homologall, thus;
C R 1728-1009 211/339: C R 1728 :: C R 1728+1016 (viz C A=D, R 12+2 in C R 1728-1009 211/339) :C R 1728+4872 115248/24353 [...]; or rather in the leaſt homolo­gall fractional termes (by their greateſt common Meaſure, or Number of exact Symmetrie, 686) C R 1728+4872 16 [...]/35 [...], viz. C A=D in C R 1728; which by decimall di [...]umeration, is C R 1728+4872.473239, &c. whoſe Root or ſide cubicall, and irrationall or inexplicable, is (bi­nomially in reference to the foreſaid Rational Line, and according to a decimall eradication, or reſolution of the cubique Gnomon, R 12+6.7723, &c. for A=D in C R 1728, being the thing firſt inqu [...]red; or the artificial Line of meaſure, according to the parts of the natural Line pro­poſed: And which may moſt eaſily and readily be obtain­ed by Logarithmicall or artificiall Numeration, by a ſimple Compoſition and Reſolution, or Proſthaphereticall ſuppu­  [...]ation only; and that the ſeverall waies which I ſhewed before in the Cylinder; whereas the working out of theſe things by the natural Numbers (or the vulgar way of Numbring) is moſt laborious, and intricate, by reaſon of the many large and tedious Multiplications, Diviſions, and Radicall extractions, both quadrate and cubique, ariſing [Page] from; which notwithſtanding I have alſo done both in this of the Cone, and that of the Cylinder, and likewiſe in other Figures, where the ſame might be conveniently per­formed after this manner, as in the Circle and Sphear, for the finding out of their reſpective artificiall Lines of Men­ſuration before ſet forth.
But now to the operation of our preſent queſtion in the Cone, by the artificiall or Logarithmicall Logiſtique; ac­cording to a cubicall proportion of the aforeſaid homolo­gall Terms, thus;
 [...]
Which differeth from the number found by the naturall operation, in the decimall fraction, but very little, that giving it .7723 &c. this .7582 &c. which breedeth no [Page] ſenſible difference in the Concluſion of the worke; but how­ever the number produced by the Logarithmicall operation is the trueſt; the ſecond aſſumed Cone (though the firſt in place here) being produced from the exacteſt Cyclome­tricall Logarithme, as to the compoſition of its Baſe, up­on which it is raiſed and conſtituted.
Or againe ſecondly, by finding out the two Mean Pro­protionals between theſe two Cones, which is moſt ſpeedi­ly and accuratly performed alſo by virtue of the Logarith­mes, as before in the Cylinder; and ſo they will be found (under the two common Apotomies, in reference to the Rational Cube, and according to a decimall Analyſis of the cubicall Gnomon) C R 1728-765.465285 &c. for the leſſer Meane; and 1728-438 .3256268 &c. for the greater Meane, thus,
 [...]
Or the ſame may be found more disjunctly, according to the Analogy before declared in the Cylinder, for the fin­ding of the two Means; the reaſon being the ſame here.
Now the leſſer Meane ſerving here our purpoſe; it fol­loweth [Page] thence Analogically thus: C R 1728-1009, &c.: C R 1728-765.465, &c.:: A=D in C R 1728-1009, &c. viz. R 12+2: A=D in C R 1728, viz. R 12+6.7582, &c. as before; as appeareth briefly and plainly, by this ſubſequent Logarithmeticall Calculation.
 [...]
Exactly agreeing with the firſt Logarithmicall operati­on.
Or again thirdly and laſtly, the ſame Dimetients in the Cone, C R 1728, found out conjunctly and congrually, moſt briefly of all, thus,
[Page]
	C R 1728-1009.6224 &c. 2,8563527 S
	C R 1728-3,2375437 S
	Dif. 0,3811910
	1/3 0,1270637 A
	A=D, R 12+2 given 1,1461280 A
	A=D, R 12+6.7852, inquired 1,2731917. aggreg.

Which being had theſe ſeverall waies; it followeth laſt­ly thereupon, according to the reaſon of the Conſectary of the foregoing Theor [...]me, by way of Analogy, in theſe Termes; viz,
R 12: R 1:: A=D, R 13+6.7852 &c: A=D, R 1+.56318 &c. Or R 12: R 12+6.7852 &c. :: R 1: R 1+.5632 ferè. Which laſt found Number is for A=D in the Cone anſwering to C R 1; and ſo for our artificiall Line of rectangle parallelepipedation (according to an exact quadrate Baſe) or parallelepipedall conſolidati­on of a Cone deſired, in reference to the whole intire natural Line of meaſure in generall.
And after the ſame manner may be found cut the like artificiall Lines for the conſolidation of a Cone, and Cy­linder, by their baſiall Peripheries and altitudinary Dime­tients together, as hath been here done, by their baſiall and altitudinary dimetients together: (which baſiall Dimetient and Periphery do continue the ſame throughout the Cylin­der, it being of equall craſſitude, but continually alter in the Cone) And theſe Lines we ſhewed before in the practicall [Page] demonſtration and uſe of the other two Lines of ſolidation pertaining to theſe two Bodies, to be for the Cylinder, of the Rationall Line, 2+.3266 &c. and for the Cone 3+.3531 &c. and theſe by the naturall way of working, from the Metian Cyclometricall termes, in reſpect of the Baſe of the Cylinder and Cone: and by the artificiall or Logarithmeti­call way, I find the ſame to be for the Cylinder 2+.32489 &c. (very little differing from the other) and for the Cone, exactly agreeing with the former: And therefore I ſhall not need (I conceive) to make any more adoe about the demonſtration hereof: And the ſame way holdeth for the extraction of the like artificiall Lines for the Superficiall di­menſion of the Cylinder and Cone, and alſo for the dimenſi­on both ſolid and ſuperficiall of all regular-baſed Pyramids and Priſms: And for all theſe Figures, not only in reſpect of ſolid and ſuperficiall meaſure, but alſo of gravity or weight, according to any Metall propoſed; as I have noted before upon the 3d. Theorme.
And all theſe things, together with the like in the other Figures, before-mentioned, may be yet more readily obtai­ned, and that according to our generall ground and reaſon of this artificiall Dimenſion (or of our artificiall metricall Lines) which was formerly ſaid to conſiſt in unity a­lone. For as in our particular, partiall, or ſpeciall Rea­ſon thereof, every particular Meaſure propounded (as the prime or naturall Rational Line) being conſidered accor­ding to its Parts, (compoſing or conſtituting, or otherwiſe dividing) every particular kind of Figure, or figurate Mag­nitude, meaſurable in this way, was conſequently ſaid to be conſidered in the firſt or ſecond Power of the ſame (as in the powers of Number) according to the nature and kind of the Dimenſion; for the producing of the artificiall [Page] Lines, (according to the three foregoing Theoremes) So here in our generall Reaſon, or Reaſon of the Whole, or of Unity; every Meaſure being conſidered in it ſelf ſimply and abſolutely, (as was formerly declared) every ſuch figu­rate Magnitude (as aforeſaid) is to be conſidered according­ly, in the like Powers of Unity (as of the whole intire Mea­ſure in generall) according to the nature of the Dimenſion. And ſo again, as in the performance of theſe Dimenſions, by the naturall Meaſure propoſed (or the prime Rationall Line in generall) in an Arithmeticall manner, by way of Proportion (according as hath been ſhewed in the ſeverall dimenſions beforegoing, among the dimenſionall Propor­tions) for the more immediate producing of the ſides of the Squares and Cubes, &c. equal to the Figures propoſed to be meaſured, and which are immediatly given by our artifi­ciall Lines of meaſure; we begin with Unity ſimple, and proceed from that to Number ſimple or linear, being ſome Root of a Figurate Number ſuperficial or ſolid; & ſo to the figurate Number it ſelf; as from ſome dimenſional line of a Figure (by which the ſame is propoſed to be meaſured in a quadratary or cubatory manner, according to the nature of the Dimenſion; or by which the ſide of the equal Quadrat or Cube of the Figure is to be produced, either naturally in an arithmetical analogicall manner, as aforeſaid; or arti­ficially, by a Line of meaſure convenient for the purpoſe) to the ſide of the equal Quadrator Cube; and ſo come to the Content of the Figure it ſelf? Or we come to the ſame more immediatly, and alſo moſt naturally and properly; procee­ding from Unity taken in the power thereof, prime or ſe­cond, (according to the nature of the dimenſion propoun­ded) to Number figurate, and then from that to the correſ­pondent Root thereof; as from ſome dimenſional Line of a [Page] Figure, in the aforeſaid powers thereof, to the Figure it ſelf; and then from that to the ſide of the equall Quadrat or Cube. So in this (for the immediate producing of the ar­tificiall Lines) we proceed from Unity figurate in the firſt or ſecond power thereof, according to the nature of the Dimenſion, to a Number figurate or potentiall, according­ly, and from that to the correſpondent Root thereof; as from every kind of Figurate Magnitude in general, falling under our artificiall Dimenſion, to the like powers of ſome one of its dimenſional lines by which it is propoſed to be thus meaſured (or ſquared and cubed, or otherwiſe artificially meaſured, according to the nature and kind of the Magni­tude propounded, and of the Dimenſion it ſelf) and ſo from thence to the ſaid dimenſionall line it ſelf of the Figure, for the artificiall Line of meaſure required: which as in all exactly ordinate or regular Figures, it is but one ſuch line ſimply; ſo in all regular like-Figures it is of two together according as we have lately ſhewed. And ſo we might hereupon raiſe a 4th. and generall Theoreme, if it were needfull; but that which I have already ſaid concerning the ſame, is very ſufficient.
And what hath bin here ſpoken for ſolid Figures, in refe­rence to their ſolid meaſure, is to be underſtood in the ſame accordingly, for gravity or weight (according to any Me­tall, or other like ponderous matter propoſed) For as before, according to our particular or ſpeciall reaſon, every Inte­ger of weight whatſoever propoſed, was ſaid to be conſi­dered in its parts taken ſimply in number; and ſo e­very kind of metalline, or other like ponderous (regular and regular-like) Body, was accordingly to be conſide­red in the ſame, as in the like parts of Unity: So here the Integer of weight propounded, is to be conſidered ſimply [Page] abſolutely and intirely, as in the nature and reaſon of uni­ty it ſelf; and ſo every kind of metalline (or other like pon­derous) regular and regular-like body, is to be conſidered accordingly, for the producing of the artificiall Lines of meaſure therefrom, for the ſpee­dy diſcovering of the gravity or pon­deroſity of any ſuch Body propo­ſed, in any magnitude whatſoever.



PART III. Containing that kind of Dimenſi­on, or metricall practice, which is commonly called, the Gauging of Veſſells; after a moſt artificiall, exact, and expeditionall manner.
[Page]
SECT. I. Concerning the meaſuring or gauging of Veſſells, in generall.
ANd vvhat hath be [...] here done for the ſolid Dimenſion of a Cylinder (or the dimenſion of a ſolid Cylin­der) by artificiall Lines found out for the ſame, according to any Meaſure appointed: the like may be done for the liquid dimenſion of a concave Cylinder (or Cylindricall Veſſell) for the more ſpeedy finding out of the liquid Con­tent, according to any Liquour and Meaſure given. As our Veſſells for Wine and Ale, or Beer (which two, moſt [Page] commonly come to be meaſured) and other liquid things, which though they be not abſolute Cylinders in them­ſelves, yet may be (and commonly are) conceived or ſup­poſed as Cylinders, (being reduceable by Art thereunto) for the better meaſuring of the ſame, by finding out and taking the Meane between the Diameter at the Head, and the Bung of the Veſſell (or otherwiſe the Meane between thoſe two Circles) and ſo obtaining the liquid Content thereof; which is commonly called Gauging of Veſſells; the Mea­ſure by which theſe Veſſells are thus valued or eſtimated, being uſually a Gallon, and which is the greateſt of our li­quid Meaſures, and but the beginning, as it were, of Veſ­ſell-Meaſure; but in Wine, and Ale or Beere, holdeth not one and the ſame; but differeth very ſenſibly, as is common­ly known: And therefore we will next briefly ſhew the meaſuring or gauging of theſe Cylindricall Veſſells (or Spheroidall, as ſome will have it, this kind of Veſſel being more commonly taken for a Sphaeroides, having the two ends equally cut off; though for mine own part, I con­ceive this kind of Veſſel may more properly be termed a Cylindroides, by the ſame reaſon that a Sphaeroides and Co­noides are ſo called; this having the ſame ſimilitude or re­ſemblance to an exact Cylinder, that thoſe have to an exact Spheare and Cone) by Lines of meaſure peculiarly appro­priated and applied to them (as we did before in the Cy­linder in general for ſolid meaſure) according to the dif­ferent kind and quality of the Liquour, and ſo the different quantity or magnitude of the liquid Meaſure given, in re­lation to ſolid Meaſure in inches.

SECT. II. Setting forth the Quantities of the Wine and Ale-gallons, in reference to the gauging of Veſſels.
[Page]
IT is generally holden by Artiſts about the City of London, that a Wine-Gallon con­taineth in its concave Capacity, 231 cubi­call or ſolid inches, or is inſenſibly diffe­ring therefrom: But for the Ale or Beer-Gallon, I finde the ſame to be as gene­rally controverted among them. Mr. William Oughtred, a reverend Divine, and moſt eminent Mathematician, be­fore-named, after ſome experiments made by him to find out the ſolid content of this Gallon in inches, beſides the experiments of ſome others which came to his ſight, find­ing ſome difficulty therein, in regard both of the irregulari­ty which he obſerved to be uſually in the ſeverall Standard-Gallons which he met with, and alſo their diſagreement one from another in their Contents, as himſelf confeſſeth and declareth in his foreſaid book of the Circles of Propor­tion, Part 1. chap. 9. looketh back there to the firſt ground and principle of our Engliſh Meaſuring from Barley-corns: and ſo at length he commeth to a rationall conjecture of the Ale-gallon (and that very neatly, and prety nearly al­ſo, as I ſhal ſtraightway ſhew) in cubique inches, accor­ding [Page] to the number of the ſquare-parts or Feet in the com­mon Statute-Pertch or Pole, viz. 272 1/4, as you may ſee in the place fore-cited.
But Mr. John Reynolds aforenamed alſo, (who ſeemeth to have been as induſtrious in this, as in many other ma­thematicall experiments) wil have this Gallon to contain 288 3/4 cubique inches; holding that the Wine-gallon (which he ſtrongly affirmeth to be 231 inches) is to the Ale-gallon in ſuch proportion preciſely, as 4 to 5; or rather for the reduction of Wine-meaſure to Ale-meaſure, as 5 to 4; which is according to Mr. John Goodwyn long agoe, in his little Tract entituled, A Table of gauging, publiſh­ed above 50 years ſince, and dedicated to the then Lord Major and Aldermen of the City of London: wherein he ſhewing how to reduce Wine-meaſure into Ale-mea­ſure, & contrà; ſaith, that 5 gallons of wine-meaſure make but 4 gallons of Ale-meaſure: with which very near­ly agrees the opinion (not certain experi­ment perhaps) of ſome others, who wil This Mr. Good­wyn was Ma­ſter in the Ma­thematicks to Mr. Reynolds, as himſelf hath told me. make this Gallon to contain juſt 288 inches upon this ground, that a cube-Foot ſhould hold in its concave capacity juſt 6 Ale­gallons, and ſo conſequently one ale-gallon muſt contain juſt 288 inches, which that learned gentleman Mr. Edm. Wingate, a Barreſter of Grayes-Inne (a man eminent for his mathe­maticall abilities) firſt declared to me by word of mouth, and ſoon after I found the ſame noted in his book of the uſe of his Rule of Proportion, chap. 10. And theſe two jump ſo nearly together, as if one were borrowed from the other: but I declaring this to Mr. Reynolds at my firſt ſeing of him, he ſaid that he had not obſerved this thing.
[Page]
Now as for Mr. Oughtred's Ale-gallon of 272 1/4 inches, the ſaid Mr. Reynolds indeed alloweth of ſuch a Gallon­meaſure, but not for any liquid thing, but for drie things, as Corne, Coals, Salt, and other dry things meaſurable by this kind of Meaſure; and ſo calleth it the drie Gallon­meaſure: And thereupon he wil have to be 3 ſeverall Gal­lons (or other like Meaſures) one for Wines, (which alſo ſerveth for oiles, ſtrong-waters and the like) Another for Ale and Beer, and a third for Corne, Coales, and the like; and this he maketh leſſer then the Ale-meaſure, whereas ſurely it ſhould rather be greater, if there be any difference at all between them: And theſe three ſeverall Gallon­meaſures, he compareth together, or differenceth by theſe three Numbers, viz. 28, 33, 35. as to ſhew their proporti­ons one to another: viz. the Wine-Gallon (231) to the dry Gallon-meaſure (272.25) as 28 to 33. which is ſo in the leaſt terms, rationall or abſolute; but otherwiſe in the leaſt proportionall termes, irrationall or unabſolute, and fi­nite or limited, I find them to be as 7 to 8.25. And the ſaid Wine-Gallon to his Ale-Gallon (288.75) as 28 to 35, which in the leaſt rationall termes, is indeed as 4 to 5; but otherwiſe in the leaſt termes irrationall (but finite or limit­ted) I find them to be as 1. to 1.25. and which again is integrally rationall, 100 to 125: And the dry-Meaſure to the Ale-meaſure, as 33 to 35, which cannot be abbreviated in terms rational.
And ſurely, evil Cuſtome ſeemeth to have brought up three ſuch diſtinct meaſures (and which the foreſaid Mr. Wingate hath alſo expreſſed to me) For at the Guild-Hall in London, where is generally holden to be the true Stan­dard for theſe Meaſures, and ſo from which all others of the like kind throughout the Kingdome, are uſually deri­ved, [Page] there are but two ſuch diſtinct Meaſures only (as we have been there informed for a certain truth) viz. one for Wines (and ſo for ſtrong-waters, oiles, and the like) and the other for Ale, Beer, and drie things, as Corn, Coales, Salt, and the like; which latter is commonly called the Win­cheſter Meaſure, and from this are taken the bigger drie Meaſures, as the half-Peck and Peck, and ſo on to the Buſhell, which is the greateſt of our drie Meaſures: Which ſaid Standard-Meaſures at the Guild-hall, the foreſaid Mr. Reynolds confeſſed to me (going to him on purpoſe to re­ceive ſome ſatisfaction from him about the Wine and Ale or Beer-meaſures (which was in June 1646, and then he gave me in writing under his hand, the ſolid content of the Ale-gallon to be 288 3/4 inches, and ſo its Proportion to the Wine-gallon, to be exactly as 5 to 4 (or for the reducti­on of Ale-meaſure to wine-meaſure, as 4 to 5) that he had never made any triall of them, (neither could I find that any other had, or if they had, it was ſurely to ſmall pur­poſe) but only of thoſe Meaſures in the Tower of London (which he pleads for to be the moſt ancient and true ſtan­dard Meaſures) and at Cowpers-Hall, and ſome other ſuch places, which ſeem to be but ſome particular Cuſto­mary meaſures, differing from the generally received Stan­dard-meaſures at the Guild-hall.
And therefore to be fully ſatisfied in this point, concerning the true Wine, and Ale or Beer Meaſures, according to the common Standards, (and more eſpecially about the Ale or Beer-meaſure, finding ſuch a diverſity of opinions con­cerning the ſame, and in ſo vaſt a difference, as that be­tween Mr. Oughtred's and Mr. Reynold's Ale-gallon, being 16 1/2 cube-inches) My ſelf and one Mr. Baptiſt Sutton, (a man well known in the City among artiſts) [Page] did agree to go together to the Guild-hall, where he was wel acquainted with the keeper of the Standard-meaſures and Weights, who otherwiſe I found to be very nice and ſcrupulous in ſhewing of them; and for our further ſatis­faction herein, we made known our intention to the fore­ſaid Mr. Wingate, who much approved of the ſame, ex­preſſing his deſire alſo of it: And ſo Auguſt 9th. 1645; we repaired together to the Guild-hall, carrying along with us two large ſquare glaſſe-vials, which we firſt weighed in a Gold-ſmiths Ballance by Troy-weights, (as being the beſt) which were ſupooſed to be exact enough; and after­wards filling the two braſſe-ſtandard-Gallons for Wine, and Ale or Beer, with fair water from the Ciſterne, and that with all poſſible preciſeneſſe, we powred forth the ſame with the like accurateneſſe, into the ſaid two glaſſe vials, and then weighed the Glaſſes with the water in them by the ſame weights: and ſo comparing the weight of each Glaſſe alone, with the weight of the glaſſe and wa­ter together, we found the Wine-Gallon of water to weigh 117  [...]/4 ounces-Troy, and the Ale-gallon of water 140 9/16 ounces, (which laſt, according to the common divi­ſion of the Ounce-troy by penny-weights, is 140 ounces, 11 penny-weights, and a quarter) which do hold in pro­portion (from the leſſer to the greater) as 10000 11937, which comes very near, as 5 to 6. Then ſeing that Weight and ſolid meaſure do hold in proportion one to another, ſo as that one may be deduced from the other, as I have ſhewed before; if we compare theſe two Gallon-weights of water, with ſeverall experiments made by my ſelf, and Mr. Reynolds, ſeverally (and conferred together) for the finding out of the true weight of water in relation to its ſolid meaſure in inches, (or for the comparing of its gra­vity [Page] and magnitude together, which thing is moſt admira­ble and excellent uſe, as I ſhall ſhew more afterwards) we ſhal thereby diſcover the ſolid capacity of the ſaid two Gallon-veſſels in inch-meaſure; which is the very ground­work of Gauging.
Now as to the foreſaid experiments; the ſaid, Mr. Rey­nolds did firſt (amongſt other things to this purpoſe) cauſe a Veſſel to be made of Wood, by an ex­act Mr. John Thompſ [...] in Hoſiar Lane. Workman, in the forme of an oblong rectangle Parallelepipedum, (or long Cube as ſome term it, though improperly, as they call an oblong rectangle Parallelogram a long Square) whoſe Baſe was 4 1/2 inches ſquare, and the heighth, depth, or length, (which you wil) 14 inches, and ſo the ſolid capacity thereof, 283 1/2 inches; and which was cloſed up at both the ends or baſes, ſaving that in the mid­dle of one end, was made an hole for the powring in of water, and which was no bigger, then that he might gueſſe in the filling thereof to a drop or two of water, more or leſſe: which Veſſell therefore being preciſely filled with fair ſetled Rain-water (as being the fitteſt, as I ſhal ſhew afterwards) and then as preciſely weighed by Troy­weights, he found the water thereof alone to weigh 12li. and 5 1/4 oun. or 149 1/4 ounces troy. And he not being con­tented with this own experiment, he cauſed ſuch another Veſſel to be made, every way like and equall in its dimenſi­ons with the former, and that by the ſame Workman; which he filling with the like water, found it to agree in weight exactly with the former. But yet he not reſting fully ſatisfied with theſe two experiments, he procured ſuch another Veſſel to be made, by another Workman, of the very ſame Dimenſions with the former; which he fil­ling [Page] with the like water as aforeſaid, found the weight of the ſaid water alone to be 12li. and very near 6 oun. Troy, (or 12 1/2 pounds-Troy ferè) exceeding the former weight about 3/4 of an ounce, and which he conceived to be the truer, (notwithſtanding the exact agreement between the two former experiments) by comparing theſe experi­ments with ſome other of the like kind, which had been made before by himſelf, or ſome other body; And this dif­ference of weight ſeemeth to proceed chiefly from ſome difference of meaſure in the Inch, by which the two firſt Veſſels, and the laſt were made, being done by two ſeve­rall Workmen. And therefore (conſidering the difficulty in a work of this nature, in reſpect of the nicety and curio­ſity of the experiment) he comparing theſe with ſome ob­ſervations which I had then made by the bye, to this pur­poſe; we concluded together at length, that the neareſt and indifferenteſt weight of the water exactly filling up the foreſaid Veſſel of 283 1/2 cubick or ſolid inches, would be 12li. and 5 1/2 oun. Troy (or 149 1/2 ounces) and this to ſtand good.
And then after this, I got an exact cubical Veſſel to be made of throughly ſeaſoned wood, with all the accurat­neſſe & preciſeneſſe that could be, being 6 inches the in-ſide, (or the baſe thereof exactly 6 inches ſquare) and ſo the whole Cube in its concave capacity, exactly 216 inches; and which then, to keep it from ſucking in water in any part, or any water to ſoak into it, was well primed all within, with a thin oile-colour (yet of a ſufficient body) having afterwards a Cover put on it, with a little hole in the middle thereof, about 3/4 of an inch wide, as the foreſaid Veſſels of Mr. Reynolds had: And which cubicall Veſſell I then filling with all the exactneſſe and preciſeneſſe that [Page] might be, with fair ſetled Rain-water, at Gold-ſmiths-Hall; and ſo having the ſame as exactly weighed by the Standard Troy-weights; I found the weight of the water alone (deducting the weight of the empty Veſſel it ſelfe firſt of all had, from the weight of the veſſel and water to­gether) to be upon the very point of 114 ounces, or 9 li. & 1/2. without any conſiderable difference therefrom: and thus I found it to be, at two ſeveral trials. Now according to the two firſt obſervations of Mr. Reynolds, aforeſaid; 216 inches of the forenamed water, ſhould weigh 113.7 oun. Troy, viz. 113 oun. and 14 p. w. which comes ſhort of our obſervation, by about a quarter of an ounce; and ac­cording to his laſt obſervation the ſame ſhould weigh 114.3 oun. ferè, viz. 114 ounces, and neer upon 6 p. w. which ex­ceeds thè weight found by us, juſt ſo much as the other wants of the ſame; So that the weight of this cubical bo­dy of water produced by our experiment, falleth directly in the middle between the ſeverall weights of the ſame deduced from his foreſaid experiments, upon one and the ſame kind of veſſel. And according to this our moſt exact obſervation; the weight of 283.5 cubick or ſolid in­ches of the foreſaid water, (being the content of each of Mr. Reynolds his th [...]e foreſaid veſſels) will be 149.625 ounces troy exactly, which is 149 oun. 12p. w. and an half. And this is the very arithmetical Mean beween his two firſt obſervations, agreeing one with another, being 149.25 oun. and his laſt, being 150 oun.
And ſo now according to this experimental Concluſion of mine own; I ſhall proceed exactly in the ſubſequent operations upon the Wine and Ale-Gallons: For ſo the weights of the two ſeverall Gallons of water aforeſaid, be­ing compared ſeverally with this experiment, the ſolid ca­pacity [Page] of the Wine-gallon, wil be found 223.105 inches, and of the Ale or Beer-gallon, 266.329 inches.
But I not reſting fully ſatisfied with this one experiment in the ſaid ſtandard-Gallons (though we conceived the ſame to be performed with as much care and diligence as might be) and ſo deſirous to trie the ſame thing over again, to ſee how nearly two ſeverall trials would agree to con­firm the matter; knowing that two teſtimonies upon any thing are much better then one; I again moved the ſaid M. W [...]gate and Mr. Sutton (whom I ſtill deſired as witneſſes to what was done) for another triall of this thing, and that divers times; but could not accompliſh my deſires herein, til about two yeares after: And ſo in July 1647, I and Mr. Sutton went together a­gain 2d. experiment upon the wine & ale-gallons. to the Guild-hall (Mr. Wingate ha­ving promiſed to go along with us, but was hindred by other occaſions) carrying along with us two other great glaſſe-Vials like the for­mer, into wh [...]ch firſt powring the foreſaid Standard-gal­lons of water exactly filled, and then weighing the ſaid Glaſſes with the water in them ſeverally, by the great ſtandard-Ballance there, with Avoirdupois-weights, and afterwards the empty Glaſſes ſeverally (being wel dried firſt) by the ſame weights, and ſo comparing them toge­ther as before; we found the weight of the Wine-gallon of water alone, to be 8li. 1 oun. 3 dr. avoirdupois (or 129 3/16 ounces avoirdupois) and of the Ale-gallon of wa­ter, to be 9li. 9 oun. 12 dr. (or 153 3/4 ounces avoirdupois) which are in Troy-weight (according to the moſt exact Proportions of the Avoirdupois weight to the Troy­weight before noted, viz. 14 to 17. and 56 to 51) 9li. 9 oun. and 5.223 dr. or 13 p. w (which is 117.65 oun. troy) [Page] the Wine-gallon; wanting of the firſt obſervation or experiment (viz. 9li. and 9.75 oun. or 117.75 oun.) only 0.1 oun. troy, which is 2 p. w. or 4/5 of a dram-troy, which difference is of no moment. And for the Ale-gallon, 11li. 8 oun. and 5/28 of a dram-troy, or 25/56 of a p. w, viz. 10 5/7 gr. (which is 140 5/224 oun. or 140.0223 oun. troy) wanting al­ſo of the firſt experiment (viz. 11li. 8 oun. and 11 1/4 p. w. or 4 1/2 dr. or 140 9/16 oun. or 140.5625 oun. troy, (about half an ounce-troy, and which difference is of ſmall moment in the matter of gauging; but yet this latter experiment is the truer, as more nearly agreeing with the other expe­riments and obſervations following.
Now theſe two Gallons of water in this ſecond experi­ment, are in proportion (from the leſſer to the greater) as 100000 to 119013, which comes neer the former proporti­on: And being compared with the foreſaid experimentall Concluſion made by me, (for the weight of water in re­ference to ſolid inch-meaſure) will give the ſolid content of the Wine-gallon, 222.9 inches, and of the Ale-gallon, 265.3 inches; which wanteth of the former ſolid meaſure in the Wine-gallon, not fully 1/5 of an inch, and in the Ale­gallon, about 1 inch. Whith difference between theſe two experiments, eſpecially in the Ale-gallon, though in the matter of Gauging, the ſame can breed no ſenſible errour or difference, as wil afterwards plainly appear, when we come to ſhew our gauging-Lines: yet for my further and fuller ſatisfaction in this nice and curious piece of art, ſo much handled and controverted by Artiſts, as I ſaid before; and that I might come as near the matter as poſſibly might be; I urged again for another triall: A [...]d there­upon in November next following, I again 3d. experiment upon the Wine & Ale-gallons. repaired to the Guildhall, carrying  [...]h me two other large glaſſe-vials, ( [...]iffering [Page] much in form from the other before uſed, though indeed this be nothing materiall to the purpoſe,) which I firſt cauſed to be weighed ſeverally by the ſtandard-avoirdu­pois weights there; and then (with the help of the keeper of the Standards) filled both the ſtandard-Gallons with fair water from the Ciſtern, with all the accuratneſſe that might be, as before; and which with the like accurate­neſſe being poured out into the ſaid two Glaſſes: I cauſed the Glaſſes with the water in them, to be weighed ſe­verally by the ſame weights and Ballance, and that as exactly as might be, and thereupon found (by the Com­pariſon aforeſaid) the Wine-Gallon of water to weigh alone, 8li. 1 oun. 11 dr. avoirdupois (or 129 11/16 oun. avoir­dup.) and the Ale-gallon of water, to weigh 9li. 9 oun. 15 dr. avoirdupois, (or 153 15/16 ounces) which do exceed the ſecond obſervation, in the weight of the wine-Gallon 8 dr. or half an ounce avoirdupois, and in the weight of the Ale-gallon, only 3 dr. or 3/16 of an ounce avoirdup. And theſe two laſt Gallon-weights of water, do hold in pro­portion (from the leſſe to the greater) as 100000 to 118699 ferè, which is very little leſſe then the former pro­portions. And theſe alſo being collated with our foreſaid experiment of 216 cube-inches of water, to weigh 114 oun­troy (or 9li. and an half) which is in Avoirdupois-weight according to the neareſt proportions of the Troy-weight to the Avoirdupois, before declared and demonſtrated, 125 9/51 oun. (or 7 14/17 li.) do give the ſolid capacity of the Wine-Gallon, 223.784 inches, and of the Ale-gallon 265.629 inches; which do exceed the firſt experimentall obſervati­on, in the Wine-gallon, by 0.679 inch only; & the ſecond, by 0.86 inch; and doth want of the firſt obſervation in the Ale-gallon, only 0.7 inch; and exceeds the ſecond, by 0.3 inch only; which laſt is very little.
[Page]
But I being deſirous to be further ſatisfied in the weight of theſe two laſt Gallons of water: So ſoon as I had per­formed the ſame at the Guild-hall by the Avoirdupoiz weights there; I cauſed the ſaid Glaſſe-Vials with the Gallons of water in them, to be ſtreightway carried unto Gold-ſmiths-Hall, to be tried by the great Standard-Ballance of Troy-weight there (as being the moſt exact kind of weight) where firſt weighing each Glaſſe toge­ther with its water, and afterwards each Glaſſe alone (being throughly drie) I found (by comparing the one with the other as before) the weight of the Wine-gallon of water alone, to be 118 1/16 oun. troy, viz. 118 oun. and 1/2 dr. or 1 1/4 p. w. (which make 9li. 10 oun. 0.5 dr. or 1.25 p. w.) and the weight of the Ale-gallon of water alone, to be 140 oun. and 4 1/4 p. w. or 1.7 dr. (which is 11li. 8 oun. and 4.25 p. w. or 1.7 dr. Troy) And theſe two Gal­lon-weights do hold in proportion (from the leſſe to the greater) as 100000 to 118761, which exceeds that which was produced by the avoirdupois-weight, (viz. 118699 ferè) by 62 parts of 100000. And being conferted with our foreſaid experiment for finding the proportion be­tween the ponderall and dimenſionall quantity of water, or its gravity and magnitude; will give the ſolid content of the Wine-gallon, 223.697 inches, and of the Ale or Beer­gallon, 265.666 inches: which exceeds the firſt experi­ment, in the wine-gallon, by 0.59 inch; and the ſecond by 0.776 inch; and wants of the third experiment in the ſame, from the avoirdupois-weight by the ballance, only 0.087 inch. And it wants of the firſt obſervation in the Ale-gallon, 0.66. inch; and exceeds the ſecond by 0.36 inch only; and this third by avoirdupois-weight from the ballance, only by 0.04 inch ferè, which is as much as nothing.
[Page]
And here having a fit occaſion and op­portunity, I ſhal (by way of Digreſſion) The foreſaid ſeverall Pro­portions be­tween the Troy and Avoirdu­pois Weights, cōpared again together, & ex­amined by the Ballance upon another Expe­riment. ſpeak ſomwhat more concerning the Pro­portions between the Troy and Avoirdu­pois weights, for a further confirmation & verification of what was ſaid forme [...]ly, and alſo demonſtrated upon a Cannon-bullet concerning the ſame: And therefore the weight of theſe two laſt Gallons of water, taken firſt by Avoirdupois-weight at the Guild-hall, (viz. 8li. 1 oun. 11 dr. or 129 11/16 oun. the Wi [...]e-gallon, and 9li. 9 oun. 15 dr. or 153 15/16 oun. the Ale-gallon) being converted into Troy-weight, and that firſt, by the more common termes of proportion, viz. 60 to 73 for pound-weight, or 80 to 73 for ounce-weight, wil give the Wine-gallon, 9li. 10 oun. 6 p. w. and 19.125 grains exactly, or 118 oun. 6 p. w. and 19.125 gr. or 118 oun. 2 dr. and 43.125 gr. troy: & the Ale-gallon, 11li. 8 oun. 9 p. w. 8.62 gr. or 140 ounces, 9 p. w. 8.62 gr. or 1 [...]0 oun. 3 dr. & 44.62 gr. troy, which do exceed the true weight taken from the Ballance at Gold­ſmiths-hall, by 5 p. w. and 13.125 gr. or 2 dr. and 13.125 gr. in the Wine-gallon, and by 5 p. w. and 2.62 gr. or 2 dr. and 2.62 gr. in the Ale-gallon. And then by the other terms of proportion, viz. 14 to 17 for librall weight, or 56 to 51, for unciall-weight, the Wine-gallon wil be 9li. 10 oun. 2 p. w. and 3.96 gr. or 118 oun. 2 p. w. and 3.96 gr. or 118 oun. 0.5 dr. and 21.96 gr. troy: and the Ale-gal­lon, 11li. 8 oun. 3 p. w. and 20.7 gr. or 140 oun. 3 p. w. and 20.7 gr. or 140 oun. 1 dr. and 32.7 gr. troy; which differ from the true weight of the Ballance, (by way of exceſſe) in the Wine-gallon, but 21.96 gr. or 22 gr. ferè; and (by way of defect) in the Ale-gallon, only about 9 gr. [Page] which differences are very inconſiderable, the greateſt of them not amounting to a penny-weight, whereas the leaſt of the differences produced by the vulgar proportions, is above a quarter of an ounce-troy. And hereby it is again moſt manifeſt, that theſe latter Proportions between theſe two kinds of weight, are much the truer, and ſurely the neareſt and trueſt that may be found, and are therefore ge­nerally to be received.
And theſe our experiments beforegoing for the diſcove­vering of the ſolid Contents of the foreſaid Wine and Ale­gallons at the Guild-hall, may be confirmed by ſome other experiments which I afterwards made upon the ſame. For before my ſecond obſervation of this thing, by the weight of the Gallons of water, I cauſed a concave Cube to be made of Braſſe, of 4 inches the Side exactly, and ſo the whole Cube, 64 inches; 4th. experi­ment upon the Wine and Ale­gallon. into which (being ſet level) my ſelfe, and Mr. Sutton aforenamed, together pouring out the two Gallons of water in the Glaſ­ſes which we had from the Standard-Veſſels at the Guild­hall, as aforeſaid, with all the accurateneſſe and preciſeneſſe that might be (at ſeverall times) we found firſt the Wine­gallon to fill the Cube three times, and then halfe the Cube (as ne [...]rly as we could poſſibly meaſure it) which being computed, doe make 224 cube-inches exactly, for the ſolid content of the Wine-gallon; And then we found the Ale­gallon to fill the Cube 4 times, and moreover to ariſe to ſuch an height of the ſaid Cube, (viz. 0.7 inch) as being computed, did make 11.2 cube-inches; all which toge­ther do give 267.2 cube-inches for the ſolid capacity of the Ale-gallon. Both which do ſo neerly agree with the for­mer experiments (eſpecially in the Wine-gallon) as that [Page] this experiment may ſufficiently confirme the former; this being as plaine and demonſtrative an experiment as  [...]ay be. And if it had been performed by a cubicall Veſſell ſo large, as might have received into its concave capacity each of the Gallons of water wholly at once (which in­deed I afterwards wiſhed had been done, but my foremen­tioned Cubicall Veſſell of wood was made long after the triall of this Experiment) then the ſame might probably have yet come neerer the truth; for that the of [...]en filling of this ſmall Cube, might cauſe ſome ſmall errour, which by a more large or capacious Veſſel, might have been avoi­ded, wherein the ſolid content of each Gallon might have been had at once, by the heighth (or depth) of its water; though indeed the difference between this which we tried, and ſome of our former experiments (in the Wine-gallon) is in a manner inſenſible, and between all of them, in re­ſpect of both Gallons, is altogether inconſiderable. And this experiment by the braſs Cube, I afterwards tried again by my ſelf, and found it to differ as much as nothing from the former. But indeed to have the ſolid Contents of the Wine and Ale-gallons ſo very exactly and preciſely by their liquid Contents, as can be imagined according to the ſtr [...]ctneſſe of Art, is (I may ſay) impoſſible, unleſſe the Standard-Veſſels were ſo narrow-mouthed, as that in the filling thereof, one might be able to gueſſe at a few drops of water, which in the Standard Veſſels at the Guild-hall (and I thinke in-all others) cannot be done, they being ſo wide at the mouthes or tops, as that a ſpoonfull of water more or leſſe in the filling thereof is hardly diſcernable, or ſo much more, as might breed the difference of halfe an ounce more or leſſe, in the weight of the water, and ſo conſequently of one inch more or leſſe, in the ſolid con­tent; ſeing that one inch cubick or ſolid of water weigheth [Page] (as wee ſhall ſhew anon) halfe an ounce-troy, at leaſt: And yet in all theſe ſeverall experiments and ob­ſervations compared together, the greateſt difference of ſo­lid meaſure is but about one inch and an halfe, and that in the Ale-gallon: but yet ſetting aſide the experiment made by the braſs Cube, (which is too large;) the greateſt diffe­rence in the ſame wil be but one inch ſolid, which wil breed no ſenſible errour in the matter of gauging, as I, ſaid before. And which may ſhew how very near the matter we have come, for the diſcovering of the true Contents of the com­mon ſtandard-Gallons for Wine and Ale or Beer, and ſure­ly as near the truth as can wel be gone.
But yet that there might no likely way be left unatrem­pted, for the diſcovery of this thing, I wil add to the former, one experiment more, 5th. exper [...]i­ment in the Ale-gallon a­lone, by taking it's Dimenſi­ons. being very demonſtrative, which I made laſt of all in the foreſaid braſſe ſtandard­ Ale-gallon at the Guild-hall, by taking the proper linear Dimenſions thereof, it being indeed an exact ſegment of a Cone (or Ca­lathoidall) the internall or concave ſuperficies from the top to the bottome, being very ſtraight and ſmooth, aſwell as the externall or convexe Supe [...]ficies, and alſo exactly circular throughout; only a little ſhelving or arching at its meeting or connexion with the bottome, and this not preciſely plain, but rather a little hollowiſh, yet not ſo much as to make any ſenſible errour in giving the ſolid ca­pacity of the Veſſel, as wil ſtraightway appear, by com­paring the ſame with the obſervations before-going, and alſo one other obſervation following after. Which ſtandard-gallon Veſſel, as it is ſome what like in form to one of thoſe which Mr. Oughtred ſpeaketh of in the  [...]ore­cited [Page] place of his Circles of Proportion, concerning Gauging (as being ſhewed Circles of Pro­portion. Part 1 chap. 9. Sect. 4. unto him, and alſo the meaſures thereof firſt given him, by that great Antiqua [...]y Mr. William Twine of Oxford, whom he faith to have undergone great pains and charge in finding out the true Contents of our Engliſh Meaſures (and whom I wel knew at Oxford, being of the ſame Houſe with him) So alſo it comes very near it in all its dimenſi­ons: For by the Diameters of the top and bottome, and the height of that Veſſell which they together meaſured, (and which you may ſee in the fore-mentioned book) they found, that the ſame would contain in its concave capacity, 268.85 cubick inches, which exceedeth the meaſure of our Gallon-Veſſel, produced by the experiment of the braſſe Cube aforeſaid, but little more then one inch and a half; and the meaſure deduced from the firſt ex­periment by weight, about two inches and an half; and that which was deduced from the ſecond experiment, by weight, (being the leaſt of all) by about three inches and an half: But indeed, beſide that the ſides of that ſtandard Ale-gallon were a little arching (as Mr. Oughtred ſaith) he obſerved divers other irregularities in the ſaid Veſſell, which might wel hinder the diſcovering of the true Con­tent thereof, by ſome few inches.
Now the linear dimenſions of the Standard Ale-Gal­lon at the Guild-hall (which I took as exactly as I could, and I believe inſenſibly differing from the truth) I found to exceed thoſe of Mr. Twine's Veſſell (taken both by him and Mr. Oughtred together, as I noted before) in the Di­ameter of the top, but 0.33 inch; and in the Diameter of the bottome, but 0.1 inch; and to want of that in the per­pendicular [Page] height (or the depth) 0.8 inch; by which I find the ſolid dimenſion of this Conicall Veſſel (or of this decurtate or detruncate Cone) to be 265.5 inches, ac­cording to a multiple or conjunct compoſition of the ag­gregate of the two Baſes, and their meane Proportionall (produced moſt exactly by Logarithmicall ſupputation) with a trient of the Altitude, thus,
 [...]
Which comes very neer the ſolid Content of this Veſſel produced by all our former experiments; eſpecially the ſecond and third, from which it differs as much as nothing; the one of them, giving 265.3 inches, and the other 265.6 inches:
And all theſe our experiments in the Ale­gallon, 6th. Experi­ment in the Ale-gallon, ta­ken from the half-Peck: and that from the Buſhell. may yet be further confirmed by another obſervation or experiment being taken from the half-Peck, wch they hold at the Guild-hall, to be equall in Content to the Ale-gallon, as being taken therefrom (and ſo I find it to be) and which I ſhall [Page] deduce from the Buſhell, according to the Dimenſions thereof, eſtabliſhed by an Act of the common-Councell of the City of London, and yearly publiſhed by authority of the Lord Major, which ordains the breadth or wideneſſe of a Buſhell to be 19 inches, and the depth 7 2/2 inches; which being caſt up according to a Cylindrical dimenſion, wil be fonnd to contain in in its concave capacity, 2126.5 cubick or ſolid inches, whoſe 1/8 for the half-Peck, is 265.8 inches, from which the ſolid Meaſure of the Ale-gallon, found by moſt of our former experiments, doth inſenſibly differ in a manner, eſpecially that of the third experiment (by weight both avoirdupoiz and Troy, from the ballance) which gave the ſame, 265.6 inches; or ſomewhat nearlier, that from Troy-weight, 265.7 ferè. And if we ſhal mediate between that of the firſt obſervation, being the greateſt (ex­cept that of the braſſe Cube, which is too large) viz. 266.3 inches, and that of the ſecond, being the leaſt, viz. 265.3 inches, (as is uſually done in ſuch like caſes, where ſeverall obſervations or experiments made upon one and the ſame thing, do a little differ, and as they for the moſt part will, let all the art and induſtry be uſed that may be) the Mean between them, wil be juſt 265.8 inches, for the ſolid capacity of the Ale-gallon, exactly agreeing with that of the half-Peck.
And nearly agreing with the foreſaid Buſhell, I found the Content of a ſtandard-Buſhell of Queen Elizabeth, which I was informed to be in the hands of the City-Founder, which was made of Braſſe, in the laſt year but one of her reign viz. Anno 1601 having her Inſcription or Title about it; and ſomwhat reſembling a ſegment of a Cone, it being wider at the top then at the bottome, whoſe dimenſions there fore I took with all the accuratneſſe that [Page] might be, and found the Diameter of the top (or upper baſe) to be one foot, and 7.5 inches, or 19.5 inches: the Diameter of the bottom (or lower baſe) one Foot and 5 in­ches, or 17 inches: and the depth (or height) 8 inches (or more accuratly, 8.1 inches) which being caſt up, accor­ding as the Ale-gallon beforegoing; the ſolid capacity thereof wil be found, 2122.165 inches; thus,
 [...]
Which wanteth of the London-Buſhell, (being 3126.465 inches) 4.3 inches: But indeed this Buſhel was made a litle turning or winding outwards near the edg or top ther­of, (wch was made very ſharp or thin) which might give ſo much more in the ſolid content thereof, as to make it equall with the City-buſhell; and ſo I ſuppoſe this London­buſhell was firſt intended to be made equall with that of Queen Elizabeth, as nearly as might be; And indeed the true Diameter of the top (from edge to edge) I found to be 19.6 inches, according to which if the ſolid capacity of the [Page] Buſhell ſhould be computed, the ſame would be found, 2134 inches, but that is too large: and the other comes nearer the truth: And the 8th. part of this laſt, for the half-peck, and ſo for the Ale-gallon, wil be but 266 3/4 inches.
Another meaſure of an Ale-gallo [...], Mr. Oughtred There came into the hands of the City-Founder, together with the foreſaid ſtandard-Buſh­ell of Queen Elizabeth, a ſtan­dard A [...]e-gallon of the ſame Queen, made of Braſſe in the ve­ry ſame Yea  [...]f her Raigne, ha­ving alſo her Epigraph about i [...]: & which, I went with an intent chiefly to have meaſured; but indeed before my comming thi­ther, it was ſold away to a Town in Yorkſhire called Whitby: But the ſame having been compared with the ſtandard Ale-gallon at the Guild-hall, by the meaſure of water; was found to agree there with, without any conſide­rable difference, both as one of the Founders men, and alſo the under-keeper of the Standards for the City, told me, who were preſent at the triall thereof: which may be a means to confirm that at the Guild-hall: And theſe two ſtandard Gallons, as they were both of a like capacity, ſo alſo of a like form. makes mention of in the place fore-cited, as being preſented to him alſo by the foreſaid Mr. Twine, it be­ing (as he calleth  [...]t) a Stan­dard-Gallon of Queen Eli­zabeth, which the ſaid Mr. Twine had tried by another Veſſell made of braſſe, in manner of a Parallelepipe­dum, whoſe baſe was ex­actly ſix inches ſquare and the Sides divided into in­ches, and twentieth parts: into which he pouring out the ſaid ſtandard-Gallon filled with water, found it to ariſe un [...]o ſuch an height therein (viz. 7.6 inches) as being computed, wouldgive 273.6 cubique inches for the ſolid content of the ſaid Ale-gallon. And herea­bout Mr. Oughtred conceives might be the true Con­tent of the other Ale-gallon meaſured by him and Mr. Twine.
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All which experiments and obſervations aforegoing, (with ſome others made by Mr. Oughtred) may ſufficient­ly demonſtrate, the true Ale-gallon not to be of ſo large a capacity, as to contain 288 cubick inches, and upwards, as Mr. Reynolds, (and ſome others) will have it.
As for the diſcovering of the ſolid meaſure of the Stan­dard Wine-Gallon at the Guild hall, in a geometricall manner, by the Linear dimenſions thereof, as before of the Ale-gallon; the truth is, I attempted not the ſame, in regard of the irregularity which I found in that Veſſel, by the much arching or curvity of its Sides (whereby it is much like to that Ale-gallon which Mr. Oughtred and Mr. Twine thus meaſured; only this is wider at the bot­tome then at the top, whereas that was wider at the top then at the bottome, as the Ale-gallon at the Guild-hall) which makes it to differ from a ſegment of an exact Cone, and ſo may rather be taken for a  [...]egment of a Conoid.
But having by our two laſt experiments (eſpecially the 5th.) moſt plainly and manifeſtly diſcovered in a geome­tricall manner, the dimenſionall quantity of the Ale-gallon in inch-meaſure, as neerly as may be (which two moſt plain and demonſtrative experiments do not conſiderably differ, the difference between them being but .3 of an inch-cubique) and then by the 2d. and 3d. experiments the ponderall quantity thereof, in reſpect of the weight of the water exactly filling the ſame, (which two experiments alſo do not conſiderably differ; the difference being but 3dr. avoirdupois, as we there ſhewed, or about 1 1/3 dr. troy, being neer 1/6 of an ounce-troy) eſpecially the 3d. ex­periment (which I take to be the moſt exact for this Gal­lon, in this reſpect) we may thereby (collating them toge­ther) be able to diſcover that which was experimented by [Page] me, from my large cubicall Veſſell of 216 inches: and alſo confirme the ſame; and ſo conſequently likewiſe confirme the ſolid Contents of the Wine and Ale-gallon, firſt of all diſcovered or produced thereby: For the ſolid mea­ſure of this Ale-gallon, being found moſt plainly and de­monſtratively by our two laſt obſervations or experi­ments, to be very nigh 266 inches: and the weight of the water exactly contained in it, found moſt neerly (by the 3d. experiment) to be (in Troy-weight) 11 li. 8 oun. and neer about 4 p. w. or 140.2 ounces: the weight of the wa­ter exactly contained by our foreſaid Cubicall Veſſel, will be found thereby (according to geometricall proportiona­lity) 113.86 oun. which wants of that found by us, only 0.14 oun. which is but about 3. p. w. And ſo likewiſe may the ſame be very neerly confirmed by the Wine-Gallon, according to our 4th. and moſt plain demonſtrative expe­riment for the ſame (by the braſſe concave Cube) by which the ſolid meaſure thereof being found 224 inches; and by the three former experiments (conferred together) the weight of the water contained exactly in the ſaid Gal­lon-veſſel, very neer about 9 li. and 10 oun. Troy, or 118 oun. the weight of the water exactly contained in the fore­ſaid large cubicall Veſſel of 216 inches, will be found there­by (according to the foreſaid proportionality) very nearly as before, viz. 113.78 oun. which wants of the true weight found by us, but 0.22 oun. and which is only a­bout 4 p. w. or 1/5 of an ounce-troy.
Moreover for a further confirmation of this thing, and that very nearly, I ſhal produce another experiment, which I made upon the foreſaid braſſe-Cubicall Veſſel of 64 in­ches: For ſo ſoon as I and Mr. Sutton aforenamed, had meaſured out the Standard Wine and Ale-Gallons thereby, [Page] as aforeſaid; we firſt weighed the ſaid concave Cube by a ſmall Ballance of his, with Troy-weights, and then again filled the ſame with fair water, as preciſely as poſſibly we could; which we alſo weighing together, found the ad­ditional or differentiall weight (take it which way you wil) to be (as nearly as we could poſſibly gueſſe) 33.5 ounces, for the water alone; And afterwards I being de­ſirous to make a further and exacter triall of this experi­ment, I carried this Cube unto Goldſmiths-hall, where I procured the ſame to be weighed firſt alone, by the exact Standard Troy-weights, with all the accuratneſſe that might be; and then filling the Cube with fair ſetled wa­ter, as preciſely as poſſibly I could, had the ſame weighed together, with the like accuratneſſe; and ſo by collating theſe two ſeverall weights together, found the weight of the 64 inches of water alone, to be exactly in a manner as before, viz. 33.5 oun. (or but ſome few grains over) and this the Aſſay-maſter judged to be the neareſt weight thereof that could be given, conſidering the wideneſſe of the Veſſel, to be ſuch, (and that fully open on one ſide) as that ſome few drops of water more or leſſe in the filling thereof, were not very diſcernable. Now according to our former experiments, the weight of this cubicall body of water, wil be found, 33.7 oun. troy; (or rather 33.8 ferè) which comes prety near the other: but indeed this laſt being deduced from our experiments made by Veſſels of a much greater capacity (or by a greater quantity of wa­ter) muſt needs be the trueſt; ſo that the other is ſome­what wanting of the true weight. And theſe our experi­mentall Concluſions upon the weight of water in reference to its ſolid meaſure; or the comparing of its quantity pon­derall with its quantity dimenſionall, I ſhall alſo after­wards [Page] as nearly confirm by a manifeſt experiment made laſt of all by me, upon a ſolid body of a known magnitude in inch-meaſure, in reſpect of its gravity taken both in the aire and in the water, and the ſame compared together.

SECT. III. Containing the practice of Gauging, according to our artificiall way of meaſuring: together with the naturall Dimenſion (by way of compariſon) for a confirma­tion of the ſame.
HAving by the ſeverall waies and means before-going, diſcovered the neareſt quantities of the common ſtandard-Gallons for Wine and Ale or Beer, in ſolid inches; and that of the Wine-Gallon, to be at the moſt but 224 inches, and of the Ale or Beer-gallon, but 266 (which two are in proportion very nearly as 5 to 6; being as 5 to 5 15/1 [...]) We ſhall now pro­ceed to the practice of Gauging it ſelf; or the diſcovering of the liquid Contents of Veſſels for Wine and Ale or Beer in Gallon-meaſure; and that in the moſt eaſy and ſpeedy manner that may be, according to our artificiall way of [Page] meaſuring, being here, as the ſolid dimenſion of a Cylin­der, before declared and demonſtrated, (as I have already noted) by the like artificiall Lines of meaſure: though in­deed the reaſon thereof cannot be exactly referred to the 3d. Theoreme before-going, which is for Cylindricall Di­menſion in generall; nor yet to our other, or generall Rea­ſon of meaſure, fully expreſſed ſoon after that; according as the prime Integer of Veſſel-meaſure (a Gallon) is here conſidered; to wit, in the nature of a ſolid (Cylindricall) bo­dy, expreſſed in ſome certain ſolid meaſure, according to the capacity thereof: whereas elſe the ſame being conſi­dered either ſimply, abſolutely, and intirely in it ſelf, as ſuch a liquid Meaſure, or in its Parts compounding, &c. (as being by themſelves apart takē for other leſſer or infe­rior liquid Meaſures) like as the Integer of meaſure (or of Weight) in generall, was formerly; then wil the Reaſon of this Dimenſion (as in reference to the quantities of mea­ſure in the artificiall gauging-Lines) be the ſame with that of Meaſure (or Weight) in generall; eſpecially according to our firſt or generall acception or conſideration thereof; but wil exacty agree with that of weight, in both the reſ­pects of Reaſons aforeſaid. And thus the quantity of the ar­tificiall gauging-Line for Wine-meaſure (according to the Gallon of 224 inches) wil be 6.58 inches; and for Ale or Beer meaſure, (according to the Gallon of 266 inches) 6.97 inches. But yet conſidering the loſſe that happens in Wine by the dregs or lees thereof, and much more in Ale and Beer, by the frothing and otherwiſe: therefore we have thought it meet and convenient, to allow one inch more at leaſt in the meaſure of the Wine-gallon, and 4 in­ches in the Meaſure of the Ale or Beer-gallon; and ſo make the Wine-gallon to be 225 inches, and the Ale-gallon [Page] 270 inches; which we conceive to be the moſt neer and indifferent meaſures (in a generall reſpect,) for theſe two Gallons, that may be: And theſe two do hold in propor­tion, exactly as 5 to 6: And in this proportion we might ſuppoſe they were firſt intended, conſidering how very neer the ſame, the true Contents thereof do come: And therefore according to theſe two meaſures, we ſhall pro­ceed in the worke of Gauging. And the length of our ar­tificiall gauging-Line ſerving hereunto, will be for Wine­meaſure, 6.59 inches, and for Ale or Beere-meaſure, 7.00 inches: which being divided decimally (as all the former Lines) into 10, or rather 100 parts, or more, (and ſo turned over ſeverall times upon a Rod or Rular of a convenient length) and then the Diameters and lengths of Veſſels ta­ken thereby; their Contents ſhall be obtained in Gallon­meaſure immediatly, as the ſolid Contents of Cylinders were formerly had, according to any Meaſure appointed.
But ſeeing theſe Veſſels are not exactly Cylindricall (as I ſaid at firſt) but Cylindroidall (or as others will have them, Spheroidall) and ſo the Diameter altereth between the middle and the end of them, or the bung-hole, and the head; Therefore muſt a way be firſt had for the finding out of ſuch a mean Diameter, as may reduce this unequall Body into an abſolute Cylinder, or ſo neer the ſame as poſ­ſibly may be; that ſo the true Contents thereof may be had, or very neer the ſame: By which mean Diameter, muſt not here be underſtood a Meane either arithmetical or geometricall, but a third ſort of Meane differing from them both: the diſcovering of which, is the firſt and main thing in the practiſe of Gauging, next after the diſcove­ring of the Contents of the Wine and Ale-gallons in ſolid inch-meaſure. And which we ſhall ſhew, moſt eaſily and [Page] ſpeedily how to performe, by this firſt Rule next enſu­ing.
RULE I. How to find the meane or equated Diameter of any Veſſell.
Augment the difference of the two Diameters, by .7, and add the Product to the Diameter at the Head: the aggregrate ſhall be the meane or equated Diameter.
 [...]
But Mr. Oughtred neglecting, and indeed wholly re­jecting a meane Diameter, hath regard to the meane Circle (as it were) between that at the Bung, and that at the Head, being compoſed of 2/3 of the Circle at the Bung, and 1/3 of the Circle at the Head, and thereby reduceth the Veſſell to a Cylinder; and See Circ. of proport. part. 1. chap. 9. which two portions of thoſe two Circles, he ſheweth how to find moſt readily, by this twofold Analogie, viz.
[Page]
	1. As 1. is to 0.5236: So is the Square of the Diame­ter at the Bung, to 2/3 of the Circle at the Bung.
	2. As 1. to 0.2618: So the Quadrat of the Diameter at the Head, to 1/3 of the Circle at the Head.

Or, for the more exactneſſe in working, theſe Propor­tions might better be ſomewhat extended in the Terms; And ſo the firſt of them, will be, as 1. to. 523599 ferè: And the ſecond, as 1. to. 261799.
And ſo accordingly in this our Example, the Square of the Diameter at the Bung, being 1085.7025; the 2/3 of the Circle at the Bung, wil be 568.47, &c: and the Square of the Diameter at the Head, being 694.8496; the 1/3 of the Circle at the Head, wil be 181.91, &c. and which wil alſo be had, by finding the whole Circles at the Bung and Head, according to their Diameters: For the whole Circle at the Bung, wil be found, 852.7087, whoſe 2/3 is 568.4725: and the whole Circle of the Head, wil be found 545.7336, whoſe 1/3 is 181.9112 as before: which two portions or ſections of theſe two Circles being added together, do make, as it were, the mean Circle, between them, 750.3837 which muſt ſtand for the equated Baſe, as it were, of the Cylindricall Veſſel, ſuppoſed to be reduced by this means to an abſolute Cylinder: the Diameter of which Circle therefore, may not unfitly be called the mean or equated Diameter; and which wil be found to differ but very little from ours, it being 30.910 ferè, and ours is 30.973, and ſo the difference only about 0.06 inch, which in my ſlender judgment is ſcarcely conſiderable: And therefore I ſee no [Page] juſt cauſe why Mr. Oughtred ſhould ſo much inveigh a­gainſt Mr. Gunter, for his mean Diameter, as he doth, in the forecited place of his Circles of Proportion: though I muſt needs confeſſe this way propoſed by Mr. Oughtred, for finding a mean Circle, is the moſt  [...]ationall and de­monſtrative. And which way of Dolial Dimenſion, is (amongſt others) laid down as the moſt ſacile, though a little in another manner, by that great Geometrician, of famous memory. Mr. Henry Briggs, in his Arithme [...]ica Logarithmica, (firſt written and publiſhed by him in La­tine) cap. 24. viz. by finding the Circle at the Bung (or of the middle craſſitude of the Veſſell, as he cals it) and at the Head, by the Diameters thereof; & ſo raiſing f [...]ō them and the heighth, (or length) of the Veſſel, two exact Cy­linders, and then taking the difference between them, whoſe 2/3 being added to the leſſer Cylinder; or the 1/3 ſub­tracted from the greater; ſhall give the ſolid capacity of the Veſſell; as I ſhall ſhew by and by, among the other operations of this kind.
Now the arithmeticall Mean between the Diameter at the Bung, and the Head, in this our example, is 29.655. and the geometricall Mean (or the mean Proportionall) is 29.47, which is leſſe then the other, and that is leſſe then the aforeſaid mean Diameter.
Having thus ſhewed moſt briefly how to find out the mean or equated Diameter; I ſhall next ſhew as briefly how to find out the Content of any Veſſell in Gallons, ei­ther of Wine or Ale and Beer, according to the common or naturall meaſure by Inches, and that by a twofold Aua­logiſme, in reference to the two aforeſaid Gallon-mea­ſures.

RULE II. How to find the Content of any Veſſel in Gallons.
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As 286.5 ferè (if Wine-mea­ſure) or 343.8 ferè (if Ale or The like Analogiſme for Wine-meaſure, according to the Gallon of 231 in­ches, will be by the Num­ber 294: and for Ale­meaſure, according to the Gallon of 272 1/4 inches, by the number 346.6. And here from our Gallon­meaſures, the gauge point (according to M. Gunter) would be for Wine-mea­ſure, 16.93 inches; and for Ale-meaſure, 18.54 inches: But with theſe points we meddle not. Beer-meaſure) to the length of the Veſſell in inches: So is the Square of the equared Diameter, to the Content in Gallons.
The reaſon of theſe two Num­bers, or of this Analogiſme, is de­duced from that of a Circle to its circumſcribing or Diametral Quadrat, which is vulgarly, as 11 to 14 (but more accurately, 1000000 to 1273239, or in the neareſt ra­tionall termes, according to Me­tius, as 223 to 284; but more tru­ly, according to his Cycloperimetricall termes, it will be in termes irrationall, as 88.75 to 113) Wherefore if the cubick inches contained in a Gallon, be augmented by the conſequent terme, and the product be reſolved by the an­tecedent, the Quotient ſhall yield the firſt analogiſmall terme.
Now for a triall of this Rule: Suppoſe a Veſſell to be in length, 39.54 inches; the Diameters at the Bung and Head as before: the Square of the mean or equated Dia­meter (found by our way) is 959.326729, which multi­plied in the length, gives 37931.77886, &c. cubique or [Page] ſolid inches, which divided by 286.5 (if Wine-meaſure) giveth in the Quotient, 132.40688, &c. gallons of Wine: or being divided by 343.8, (if Ale or Beer-meaſure) giv­eth 110.339 gallons of Ale or Beer. For the mean or equa­ted Diameter, being by us, 30.973 inches, the Circle an­ſwering there [...]o (for the equated baſe of the Veſſell) is 753.45345 ſquare or ſuperficiall inches, which multiplied into the length, gives the ſolid content of the Veſſell (as if it were a juſt Cylinder) 29791.54945, &c. cubique or ſolid inches; which being divided by 225 (if Wine-mea­ſure) gives in the Quotient, 132.4068, &c. gallons of wine, as before; or by 270 (if Ale-meaſure) gives 110.339 gal­lons of Ale or Beer, as before alſo. But now according to Mr. Oughtred, the mean Circle between that at the Bung & that at the Head (for the eq [...]ted baſe of the Veſſel to be reduced to a Cylinder) being but 750.3837 inches, the ſame multiplied by the length of the Veſſell, wil produce the ſolid Content thereof, but 29670.17149 inches. And which wil alſo be produced by Mr. Briggs his way before declared: For ſo the Circle at the Bung, or middle of the Veſſell (as the greateſt Circle of the Veſſel) viz. 852.7087. &c. inches, being multiplied by the length of the Veſſell, 39.54 inches, wil produce the ſolid content of the greater of the two Cylinders before-mentioned, 33716| [...]10396, &c. inches. And the Circle of the Head, or end of the Veſſel (as the leaſt Circle of the Veſſell) viz. 545.7335, &c. inches, being multiplied by the ſame length of the Veſ­ſell, will produce the ſolidity of the leſſer Cylinder afore­ſaid, 21578.30654 &c. inches. All which are moſt accu­rately and eaſily produced by the Logarithmical Logiſtique, and not otherwiſe; or elſe not without a great deale of pains and trouble of Calculation; and either of which [Page] here to ſhew, is altogether needleſſe and ſuperfluous. Now the difference of theſe two Cylinders, is 12137.79742, &c. inches, whoſe 1/3 viz. 4045.93247, &c. being deducted out of the greater Cylinder, or 2/3 thereof, viz. 8091.86494, &c. being added to the leſſer Cylinder; there will either of theſe wayes, reſult 29670.17149 inches, for the ſolid capacity of the Veſſel, as before: and which you may ſee performed all together, in this ſubſequent operation;
 [...]
Which divided by 225, (for Wine-meaſure) affoordeth 131.8674, &c. gallons of Wine: or by 270 (for Ale-mea­ſure) yieldeth 109.8895 gallons of Ale or Beer, which our accompt exceedeth in the Wine-meaſure, about 0.5395 gallon, which is ſomewhat more then half a gallon: and in the Ale-meaſure, 0.4495 gallon, which by converſion or reduction into the proper parts of liquid Meaſure, is a­bout 3 pintes, and an half, and which differences in ſo big a Veſſel, areſcarcely conſiderable.
But now to apply theſe naturall operations in veſſel­meaſure, to our artificiall way of Gauging, that thereby the [Page] uſe of our gauging-Lines may be the better underſtood, and the verity thereof demonſtrated; I wil lay down the ſeverall dimenſions of the fore-ſuppoſed Veſſell, according to the ſame, delivering firſt a brief Rule for the uſe thereof, which is thus;
Firſt, take the diameter at the Bung and Head of the Veſ­ſel, by theſe Lines, and thereby get the mean Diameter as before is ſhewed: Then, multiply the Square thereof by the length of the Veſſell, taken by the ſame Lines; and the Product ſhall be the Content in Gallons.
1 Example, in Wine-meaſure.
 [...]
Which fraction above 132 gallons, gives ſomewhat more then halfe a gallon, viz. 4.32 pintes exceeding our former meaſure of 13 [...].40688 gallons, by about one pinte: and the meaſure of 131.867 gallons, (deduced from the [Page] ſolid content of the Veſſell in inches, found by Mr. Ough­tred's, and Mr. Brigg's way;) by ſomewhat more then 5 pintes. But indeed the Diameters and the length of this Veſſel, here ſet down from the artificial gauging-Line, are a little larger then what they really ſhould be; accor­ding to the quantities of the ſaid dimenſional lines of the Veſſel, laid down before from the natural or vulgar Mea­ſure, being arithmetically compared with the ſaid artificial Line taken in its true quantity from the naturall Meaſure, according to a more ample or numerous partition thereof: and ſo they give the liquid content of the Veſſel in gallon­meaſure, ſomewhat more then otherwiſe they would. But theſe falling ſo very neerly upon whole parts, or Inte­gers of the artificiall gauging-Line; therefore for more plainneſs and readineſs of working, I thought good to expreſſe them artificially in whole Numbers only.
And the liquid content of this Veſſel, would be accor­ding to the ſolid content of the Wine Gallon, commonly taken to be The artifici­all gauging-Line will be ac­cording to this Gallon, 6.65 inches. 231 inches; but 128.4423, gallons; which is 128 gallons, and ſome­what more then 3 1/2 pintes: and which wanteth of the true meaſure, (being 131.8674 gal. according to the foreſaid Standaru-Gallon of 225 inches) 3.425 gal. which by reduction of the parts, is 3 gal. and 3 2/5 pintes.
[Page]
2 Example, in Ale or Beere-meaſure.
 [...]
Which parts above 109 gallons, do yield 7 pintes, and neer upon 1/5 of a pinte: and which doth want of our for­mer meaſure of 110.339 gallons, about 3 pintes and an halfe; but exceedeth the meaſure of 109.8895 gallons (deduced from the foreſaid ſolid content of the Veſſel found by Mr. Brigg's and Mr. Oughtred's way) only about 0.08 pinte, which is altogether inconſiderable. But yet the more parts theſe Lines are divided into, the more exactly ſtill will be produced thereby, the content of any Veſſel in gallon-meaſure, according to what was ſaid and demon­ſtrated in all the other Dimenſions beforegoing, upon the ſe­verall artificiall Lines of meaſure: So that this kind of Gauging-Line, is as exact as any whatſoever.
And as I formerly ſhewed in the ſolid dimenſion of a Cy­linder, how the ſame might be performed artificially, not [Page] by the Diameter & the height (or length) thereof together, b [...] alſo by the Circumference with the height: So here in like manner, may the Content of any Veſſell be had in Gallon-meaſure, not only by the mean Diameter with the length thereof; but alſo by finding a mean Circumfe­rence between that  [...] the Bu [...]g and that at the Head; whoſe Square bei [...]g  [...]iplied in the length of the Veſſel, ſhall g [...] the liquid capacity thereof immediatly in gal­lons: And the quantity of the artificiall Line of meaſure, ſerving hereunto, wil be for Wine-meaſure ( [...]ccording to to our foreſaid Gallon) 14.14 inches, and for Ale or Beer­meaſure, 15.03 inches. But becauſe the uſuall way, by the Diameters, is the eaſieſ [...] and readieſt, and alſo that the Cir­cumferences of the in-ſides or Cōcaves of Veſſels (eſpecially at the middle or bung) can hardly be taken; therefore I wil uſe no more words about this thing.
But here it may perhaps be expected, that I ſhould ſhew the ready manner of taking the Diameters of Veſſels at the Bung and Head, and theirlengths, by our gauging-Lines or Rods; but this being a thing eaſily underſtood by the pregnant Practitioner, and the ſame alſo fully ſhewed in books particularly for Gauging, long ſince publiſhed; I ſhall paſſe them by, having ſaid ſufficient for the practice of Gauging; it being not mine intent and purpoſe, here to ſet down every particular Circumſtance pertaining to Gau­ging; but briefly to ſhew the making and uſe of theſe new artificiall gauing-Lines or Scales, and that according to our new experiments and obſervations for the meaſure of Wine and Ale, or Beer.
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1 Place this between Page 136 and 137.
 ↵


A-TACTOMETRIA. OR An Appendix, for the dimenſion, (or the diſcovering of the ſolid quantity or capacity,) of any irregular kind of Body whatſoever; after the moſt ex­quiſite manner that may be.
[Page]
HAving now fully finiſhed the Dimenſion of regular and, regular-like Magnitudes in generall, according to our artificiall way of meaſuring, (or more artificiall kinde of practicall Geometry) at firſt propoſed; together with the natural or vulgar, by way of metricall compariſon: and of the Solids both regular and regular-like, aſwell in reſpect of gravity, or quantity ponderal (according to any Metall [Page] aſſigned) as of magnitude, or quantity menſurall: And then in the laſt Part, the like dimenſion of that irregular kind of concave Body, (or Veſſell) which is chiefly uſed for the containing or keeping of our moſt common pota­ble Liquours, viz. Wine, Ale, and Beer; I ſhall now at laſt (by way of an Appendix) add ſomewhat, for the moſt eaſie and exact diſcovering or obtaining of the ſolid capa­city, or dimenſionall qnantity, of any other kind of Body whatſoever, how irregular ſoever it be; whoſe Dimenſions can in no wiſe be taken by a Line of meaſure (eſpecially ſo as it be but of a reaſonable bigneſſe) and ſo whoſe ſolid content cannot be obtained in any certain Meaſure propo­ſed, after the manner of geometricall Menſuration. And this I ſhall ſhew from our forementioned experiments made upon the moſt common liquid Body, for the com­paring of its gravity and magnitude, or ponderall and di­menſionall quantity together; drawing firſt from thence ſome apt and brief Notes or Concluſions, for the more ea­ſie and ready performing of this kind of Dimenſion. And ſo from thence we gather, the neareſt and trueſt weight of one Inch cubique or ſolid of clear or fair ſetled water in generall, to be 0.527 oun. troy, or rather, 0.528 ferè, be­ing 0.52777, &c. which is but little more then halfe an ounce, it being (by converſion or reduction into the proper parts of this weight) 4 dr. or 10 penny-weight and 13 gr. preciſely in a manner. And yet afterwards, for further curioſity in this thing, I cauſed to be made of braſſe, a concave Cube of one inch, open on one ſide, but having a lid or Cover made very exact, to clap cloſe on it, with an hole in the middle thereof, no bigger, then to receive through it a ſmall drop of water, that ſo I might be able to fill the ſame preciſely to the leaſt drop: (but indeed [Page] this Cube was made too ſcanty, and ſo wanted of it's true magnitude, as I found by comparing it with other ex­act cube-inches; and it being filled with fair water, and weighed by a very curions Ballance at Goldſmiths-hall, as preciſely as might be; the weight of the water alone, was but half an ounce troy, & about 2 gr. over, and this I tried twice over: though yet for all this, I wel knew that the true weight of one inch of water (or of any other humid or li­quid body) could not be ſo exactly deduced from a Veſſel or Body of one inch only, as from a Veſſel or body contain­ing many inches; in regard of the exceeding nicety and cu­rioſity in the making of ſo ſmall a Veſſel, and then in the filling & weighing of the ſame; over there is in a larger Veſ­ſel: & for that in the filling of ſo ſmal a Veſſel, the leaſt drop of liquour more or leſs, is of ſome moment, wheras in a large Veſſel, a few drops more or leſſe are not conſiderable, ſo as to make any ſenſible or conſiderable difference in the weight of one inch being deduced therefrom. (Nor is our foreſaid cubical Veſſel of 64 inches, ſo very ſufficient for this purpoſe, as to ground ſo nice & curious an experimen­tall Concluſion thereupon.) And therefore we muſt pro­ceed herein, à majori ad minus, from a greater quantity to a leſſe, both for the diſcovering of the weight by the mea­ſure (as before) and alſo of the Meaſure by the weight: and not à minori ad majus, from a leſſe to a greater; for that wil not hold good in this thing. But indeed in a ſolid Body, of what matter ſoever it be, the thing wil hold juſt contrary to the former, in both the foreſaid reſpects: For herein, we muſt rather go à minori ad majus, then other­wiſe: And ſo the weight of one inch cubick or ſolid, may more exactly be had from a Body of one inch cubick only (being exactly made, and which I find is hard to do) then [Page] from a Body of many inches; and conſequently, the gra­vity or ponderoſity of any bigger body (of the ſame mat­ter) may be had moſt exactly and ſpeedily therefrom: For thus Ghetaldus in his experiments before-mentioned, for the comparing of ſundry Metals together, in gravity and magnitude, and ſo to determine exact proportions be­tween them; began upon ſmal quantities, and from thence deduceth greater quantities: And ſo in particular, for finding the gravities of ſpherical Metalline bodies by their Diametrall magnitudes, hee firſt began with a Sphear of a ſmall magnitude; Or rather, becauſe hee could not have ſuch a body exactly made (as I noted formerly) he procured a metalline Cylinder to be made, (which might be more exactly done) of equall Diameter and altitude; and the ſame to be but two inches from the Roman Foot; and thereby he obtained the gravity of a Sphear, of the ſame metal, whoſe Diameter was equal with the Diameter, and altitude of the Cylinder, &c. and from this he deduceth the gravity of any other Sphear of the ſame Metal, of what magnitude ſoever, as I formerly ſhewed. And ſo likewiſe have I ſeen our Countrey-man Mr. Reynolds beforenamed, in making the like experi­ments, for finding the proportions of gravity, &c. in Me­tals, perform the ſame by Bodies of one Inch cubique only, holding it a ſurer way, ſo to obtain the weight of one inch cubick or ſolid of any Metall (or other ſolid ſubſtance) then by a body of a greater magnitude: Though yet (for mine own part) I conceive there may not be altogether ſo much curioſity or difficulty in this, as in the former; but that the weight of a ſolid body of one inch in magnitude, may as (if not more) nearly be deduced from the weight of a body of a greater magnitude or dimenſion, (of the ſame matter) [Page] as the weight of a liquid or humid body of one inch in magnitude or bulk, can be deduced from the weight of a li­quid body (of the ſame kind) of a greater bulk or craſſitude; by how much, the weight of any ſolid body in generall, may be had more exactly then the weight of any liquid body; ſith that a ſolid body is weighed immediatly by it ſelf in the Ballance or Scale, without the help of any other thing to contain it; whereas a liquid body (eſpecially one ſo thin and fluid as water is) cannot wel be weighed by it ſelf (unleſſe it be in a ſmal quantity) but by means of ſome Veſſel to hold it, whoſe weight muſt alſo be had firſt or laſt by it ſelf (though indeed, it is not abſolutely materiall or requiſite to take notice of the ſame, as to any certain, known, regular, denominate weights, unleſſe the Veſſel be laſt of all weighed by it ſelf, for otherwiſe any irregular indenominate weights wil ſerve to poize it, if it be firſt weighed alone, before it receive the liquid Body whoſe weight is required. But this by the way.
Now one inch of water weighing, 0.5277, &c. oun. Troy, viz. 0.528 oun. ferè the ſame wil be found in Avoir­dupois-weight, to be 0.5795 oun. (which are in librall or pound-weight, 0.04398li. troy, and 0.03622li. avoirdupoiz) And The dimenſio­nall and pon­derall quantity of water com­pared together ſeverall ways. from the ſame experiment I find, that a body of water of 40 inches, will weigh 21 oun. troy almoſt exactly, and 23 oun. avo­irdupois almoſt as nearly; and that 36 in­ches of water wil weigh 19 oun. troy exactly, but which wil be in avoirdupois-weight, 20 44/5 [...] oun. or 20.86, &c. And ſo contrariwiſe, arguing from the gravity or ponde­rall quantity of water, to its magnitude or dimenſionall quantity; the ſolid meaſure of one ounce-troy, will be (in [Page] unciall or inch-meaſure) 1.8947 inch; and of one ounce­ avoirdupois, 1.72556 inch; (and conſequently in Pedall or Foot-meaſure, 0.001096, for Troy-weight; and 0.00099859 for Avoirdupois-weight.) And ſo the ſolid meaſure of one pound-troy of water, wil be, Uncially, 22.7368; and of one pound-avoirdupois, wil be Uncially 27.609: and the ſame wil thereupon, be Pedally, 0.013158 ferè, for troy-weight, and 0.015977, for avoirdupois­weight. And ſo from our foreſaid experiment made by the large cubicall Veſſel, which was an Octant of a Foot cu­bique; the weight of a Body of water of a juſt Foot in magnitude, (or the weight of a cube-Foot of water) wil be eactly, 912 oun. Troy, and which is juſt 76li. Troy: And this wil be in Avoirdupois-weight 1001 21/51 oun. or 1001.41176 oun. and ſo 62 10/1 [...] li. or 62.588li.
But indeed, of all theſe termes of proportion or compariſon, between the gravity and magnitude, or the ponderall and dimenſionall quantity of water, thoſe of  [...]1 ounces, to 40 inches (in reſpect of Troy-weight, which is here the beſt) are the efitteſt for a generalluſe: for that I find them to anſwer indifferently to all the ſeverall experiments that have been made by me, and Mr. Reynolds ſeverally, for the foreſaid purpoſe; which ſaid ſeverall experiments, though in the weight of one Inch of water, and ſo in the ſolid meaſure of one Ounce, they may make ſome ſmall diffe­rence, ſo as ſom what to alter the decimal numbers, by wch the ſame are expreſſed (the ſaid numbers being produced or extended beyond two or three figures in the fraction; and in which all our beſt experiments do concurre, viz. as to make the weight of one cubick inch of water, 0.527 oun. troy, or very near thereabout; and ſo the ſolid meaſure of one ounce-troy of water, about 1.895 cube-inch) and [Page] ſo to make ſome litle differēce in the operations performed thereby, eſpecially the greater that the quantity of wa­ter uſed, is; yet they all agree in this, as to give to 40 inches of water the weight of 21 oun. troy, (and ſo contrarily, to 21 oun. troy of water the ſolid meaſure of 40 inches,) without any conſiderable difference: And then beſides that theſe two numbers thus anſwering each other reciprocal­ly, they may alſo more eaſily be borne in memory, then the decimall numbers, which denote the gravity of one inch of water, and the magnitude of one ounce of water: And the like wil be for 23 ounces to 40 inches, where the o­peration is performed by Avoirdupoiz-weights, for want of Troy-weights. But yet again after all this, conſidering the foreſaid experiment of the large cubick Veſſel, made by me, was as exact, (I may be bold to ſay) as wel may be, or as need be deſired; then the foregoing quantities of 19 oun. troy of water to 36 inches of the ſame, (which are thoſe of 114 oun. and 216 inches, in the leaſt Terms) may be generally uſed, (being as eaſily born in memory as thoſe of 40 inches and 21 oun.) to expreſſe the Proportion between the gravity and magnitude, or the ponderall and dimenſionall quantity of water; and ſo for the producing or diſcovering of the ſolid meaſure of any irregular body, as I ſhal next of all ſhew.
Having therefore thus diſcovered the weight of water in generall, in relation to its ſolid meaſure, &c. (and that as nearly we conceive, as may be, or need to be) or the proportion between the gravity or ponderall quan­tity, and the magnitude or dimenſionall quantity thereof, and the ſame laid down here in all the fitteſt terms that may be, for a generall and ſpeedy uſe; we may thereby be able eaſily and exactly to diſcover the ſolid content of any [Page] ſolid Body whatſoever, how inordinate How to find out the ſolid capa­city of any irre­gular Body, by the weight of water. or irregular ſoever it be; by conferring it with the foreſaid common liquid Body. ac­cording to magnitude; and that is, by find­ing out or diſcovering ſuch a body or quanti­ty of water, as is equal in bulk, magnitude or craſſitude, wch the ſolid body, whoſe meaſure is required: Which water being exactly weighed, and then the dimen­ſionall quantity or ſolid meaſure thereof, deduced from its weight, by means of the foregoing terms of proportion for that purpoſe: the ſame ſhall be alſo the ſolid meaſure of the ſolid body required. And this may be performed by any irregular kind of Veſſel whatſoever, by filling the ſame exactly with fair water, How to finde the exact quan­tity of water (or other liquid body) which is equall in mag­nitude or di­menſion to any ſolid Body gi­ven. and then ſinking in the ſolid body, ſo low at leaſt, as wholly to cover it: for ſo the water forced out of the Veſſel by the ſolid body, ſhal be equall in bulk or magnitude thereunto; the ſolid body now taking up the ſame room or ſpace in the Veſſel, which that did. And the quantity of water ſo for­ced out of the Veſſel, may be found, either by firſt weighing the Veſſel full of water, and then the Veſſel with the remainer of the water left therein, after the taking out of the ſolid body, (for here the weight of the Veſſell alone need not be had) whoſe difference of weight ſhal be the weight of the water effluxed: or elſe (which is much eaſier and exacter, eſpecially if the Veſſel be ſo great, as that it cannot conveniently be weighed) by making a ſmall hole near the top of the Veſſel, or a nick or notch in the very edge, brim, or top thereof; and ſo filling the Veſſel [Page] exactly up to the ſaid hole or notch, through which the water forced out by the ſolid body may run, and ſo be received into ſome other ſmaller Veſſel; which may be done exactly to a drop, if there be a quill or ſome ſuch like things as a pipe or ſpout, cloſely faſtened in the ſaid hole or notch, whereby to convey the water cleary away into the other Veſſel, without ſpilling any; for ſo the weight of this water (which is equall in magnitude to the ſolid body) being taken; and then the ſolid dimenſion thereof produced thereby, (according to ſome of the fore­ſaid proportional Concluſions for this purpoſe) the ſame ſhal be the ſolidity of the body, given to be meaſured. And herein, it maketh no matter, whether the ſolid body be ſunk into the Veſſel of water, any lower then juſt to cover it, or not; for it comes all to one paſſe, ſeing that it ſtill takes up but the ſame room or place in the water; and ſo con­ſequently cauſeth but the ſame quantity of water to flow out. And ſo may the ſolid meaſure of any part aſſigned, of any ſolid body be had, by ſinking that part only into the Veſſel of water, and then obſerving the quantity of the water effluxed thereby; for this ſhal be of equall bulk or magnitude with that part of the ſolid body; and therefore the ſolid content thereof being found out by its weight (as before) the ſame ſhal be the ſolid content of the ſaid aſ­ſigned part of the ſolid body, as was required.
And thus alſo may the capacity of any irregular concave Body or Veſſel whatſoever, be diſcovered in ſolid meaſure, by the weight of the water exactly filling the ſame (or the ſolid meaſure of any part thereof aſſigned, by the weight of the water exactly filling that part) if the bigneſſe thereof hinder not the convenient weighing of it; according as I formerly ſhewed for diſcovering of the concave capa­cities [Page] of the City-Standard-Gallons for Wine and Ale or Beer, in ſolid inch meaſure; and both which Veſſels were of an irregular forme, eſpecially the Wine-Gallon, whoſe dimenſions could not be rightly taken by a Line of mea­ſure, as I then noted.
Or again, the weight of the water equall in magnitude to any irregular ſolid body, whoſe mea­ſure How, to find the gravity of the Water (or other liquid body) which is equall in magnitude to ſolid body given, by the gravity of the ſolid body only. And ſo the manner of weigh­ing a ſolid body in Wa­ter. is diſired, may be had by the weight of the ſolid body only; the ſame being firſt exactly weighed in the Ballance or Scale, after the uſuall manner; and after­wards out of the Scale, in water; which is (according as Archimed. promot. poſt exempl. 1 prob. ſeu 8 prop. Ghetal­dus teacheth) by hanging the ſo­lid body by one of the Scales of the Ballance, into the water, ſo as it may hang freely therein, being co­vered therewith, and that by an horſe­haire, (which heſaith to be, in a manner, of equall weight with water, and ſo neither addeth to, nor taketh from the gravity in the Body to be weighed) or many ſuch haires joyned together, if the gravity of the Body require them; but with due conſideration had of ſuch part thereof (in reſpect of weight) as hangs out of the water, that is (as he ſaith) as hangs out of the Scale to which the Body is faſtened, even to the Body it ſelfe; by putting the like quantity of haire in the other Scale where the weights muſt be put; l [...]ſt that the many haires together, ſhould add ſome weight to the Body, (and ſo neglecting that part of the haire which is wound about the body, or with which [Page] the ſame is bound up, becauſe that is ſuppoſed to be equally weighty with the water, as being with the Body in the water, and ſo to have no gravity therein) for ſo the Scales ſhall become equiponderant; and then the Body hanging freely in the water (and ſo as neither of the Scales touch the water) the ſame ſhall be ponderated or poiſed, as if it hung in the aire; and will be in the water ſo much lighter then it is in the aire, as is the gravity of that portion of water, which is equall in magnitude or bulke to the ſolid body: and which Archimedes demon­ſtrateth, and from him Ghetaldus in the Archimed. lib. 1.  [...] ( [...]) ſeu de iis quae inſident aut vehuntur in humido, ſive li­quido, (Vel  [...] in aqua, ut vulgò dicitur) prop. 7. forecited prop. of his Archimed. promot. And therefore the difference betweene the gravity of the ſolid body taken in the aire, (which is the true gravity thereof) and the gravity in the water, ſhall be the gravity of ſo much water, as is equall in magnitude to the ſolid body. But this muſt be underſtood of ſuch a ſolid body or Magnitude, as is heavier then water; that is, being put therein, will ſinke, or be car­ried down into the ſame, of its own accord: Whereas elſe, if it be a ſolid body which is lighter then the water, that is, being put into the ſame, will not ſink, or deſcend down of it ſelf; then the gravity of ſuch a portion of the water, as is equall in magnitude to this ſolid body, muſt (in this way) be had by the adjection or appoſition of ſome other ſolid body, which is weightier then water, (whoſe gravity both in the aire and water are firſt had, as alſo the gravity of the lighter body in the aire) ſo as theſe two ſeveral Solids being joyn'd together, may make up (as it were) one Body; wch being let down into the water, may voluntarily ſink or de­ſcend: [Page] And both which Solids thus put together in one, wil be lighter in the water, then the heavier Solid alone, (as Ghetaldus ſheweth in the fore-named place) And wil be alſo lighter therein, then they are in the air, (both their true weights being taken together) by ſo much, as is the gravity of the water equall in magnitude to them both, (according to that of a ſolid body alone which is heavi­er then water) And this ſhall exceed the gravity of the wa­ter equall in magnitude to the lighter body alone, by ſo much, as is the gravity of the water equall in magnitude to the heavier body; and therefore the gravity of the wa­ter equall in magnitude to the lighter body (which was re­quired) is thereby immediatly obtained. And what hath been here ſpoken concerning Water, the like underſtand of any other liquid or humid body, in which a ſolid body may be thus weighed. And indeed this latter way for the finding of the gravity of the water (or other liquid body) wch is equal in magnitude to a ſolid body given, by the gra­vity of the ſolid body only (& therby to diſcover the quātity or capacity of the ſolid body, according to a certain meaſure appointed, as before; which is in my judgment, the moſtex­cellent and beneficiall uſe that can be made of it) is much more neat, then the former, but withall much more curi­ous and difficult in the performance; and therefore I ſhal rather refer the Practicioner to the firſt way, as being very plain, eaſie, and exact.
But now, that I might be found not more wanting in the practice and experience of theſe things, then of the other before going (for with the bare ſpeculation of things I could never yet well content my ſelfe, though they were never ſo likely in themſelves, (as many men do, and ſo take up all [Page] things upon truſt) I wil here produce a manifeſt experi­ment made by my ſelf, of both theſe waies. under one, in reference to the diſcovering A double expe­riment upon the foregoing Concluſions. Apr. 12.1649. of the dimenſionall quantity of a ſolid bo­dy, by ſuch a body of water as is equall in magnitude thereto, whereby the verity of all theſe mathematicall Concluſions may plainly appear. And therefore to this end and purpoſe, I ſought to get ſome ſolid body of Metall or Stone, of a reaſonable bigneſſe, which might not ſuck or re­ceive water into it, and be alſo wrought into ſome ſuch re­gular form, as that the ſolid content thereof might be exact­ly obtained by a Line of meaſure, according to the plain and uſuall way of meaſuring, and alſo ſuch an one, as might eaſily be hanged in a ſtring; without any fear of ſlipping out when it was in the water; as ſome Priſmall or Cylin­dricall body, or the like; but which (though with much ſeeking up and down) I could not meet with ready to my hand, nor otherwiſe eaſily obtain: And ſo after all this adoe, I could procure none that might any way ſerve the turn, but one which was of a ſphericall form, and that was a Marble-bullet, made as round and ſmooth as might wel be imagined, (and which therefore was the moſt trouble­ſome for the performance of this experiment, that could be, being the moſt difficultly hung in a ſtring, of any other kind of body) whoſe diameter I therefore firſt took moſt ex­actly by a Callaper Compaſſe, and applying the ſame to a Diagonal Scale of an Inch, I found it to be 4.95 inches, and from thence the ſolid Content, 63.5 inches: which being done; I immediatly carried the Bullet to Goldſmiths-hall (where I was to make my experiment) and there got the ſame exactly weighed in the Scale; and ſo found the [Page] weight thereof, 89 oun. 2 p. w. (which are 7li. 5.1 oun. troy) Then for the diſcovering of the weight thereof in water, as alſo for the performing of the other Concluſion, for the finding out of the quantity of water equall in magnitude thereunto, both under one: I got preſently an earthen Veſſell, very broad and deepe, which held about a good Paile-full and an half, or more; cauſing firſt a ſmall hole to be drilled through it neer the top, and then a pipe of Tinne to be fitted thereto, and faſtened therein ſo cloſe, as that no water might paſſe through the hole beſide the pipe; and then I next prepared ſeverall ſmall lines or ſtrings of horſe-taile haires twiſted together, with which I girted the Bullet ſeveral times about, till it would hang firmly, and not ſlip out (and which I found very tedious and trou­bleſome to doe, by reaſon of the ſmoothneſſe and weigh­tineſſe of the body, and the ſlipperineſſe of the horſe-haire together) continuing the ſaid ſtrings or lines out together from the bullet to a convenient length, and tying them together, whereby the bullet might hang down in the water from the Ballance: which done; I faſtened the ſaid ſtrings (not to one of the Scales, as Ghetaldus ſeemes to in­timate, but) to one end of the Beame, where the Scale is hung, which I conceived to be the beſt way; eſpecially conſidering the weightineſſe of the Body: And then be­cauſe in that reſpect, it required a ſtrong Beame whereon to hang, and that the Scales belonging to the great Beame would be troubleſome, and an impediment in the way, in reſpect of their largeneſſe: therefore I, and the Aſſay­maſter of Gold-ſmiths-hall together, conceived it beſt to put in their place a ſmall paire of Scales, which might be ſufficient to hold the Weights; and ſo the Body might hang freely down by the Scale without interruption; which [Page] being done; I ſet the foreſaid earthen Veſſel under that end of the Beame on which the Body hung, and then filled the ſame with faire water exactly up to the hole therein, till the water entred the pipe, (letting it run a few drops till it ſtaied of it ſelfe, for ſo I was ſure of the exact filling thereof to a due height) under which I then ſet a glaſſe­viall with a little Funnell in it, which might receive the water forced out of the Veſſell by the bullet, to a drop; and then ſinking the ſaid Body gently into the water, (afford­ing it ſo much ſtring therein, as might keep it fully cover­ed all the time) I had the Weights put into the other Scale, together with neer about ſuch a quantity of horſe-haire, as was contained in the ſeveral ſmall ſtrings joyned toge­ther, by which the bullet hung (neglecting that part there­of which was wound or wrapped about the bullet in the water, for the reaſon before alledged) and ſo the bullet hanging freely in the water, we found it to weigh 55 ounces and 3 quarters, Troy (which is 4 li. and 7.75 oun.) and thus I let it hang in the water duly poized, till all the water was run out into the Glaſſe, which it could make to flow out; for this water thus effluxed, was of equal mag­nitude with the ſaid Bullet. And this being finiſhed I repea­ted one part of my experiment the next day, by filling up the Veſſel againe to the hole thereof exactly as before; & then ſetting another Glaſſe with the Funnell in it, under the pipe, I ſunk the ſaid bullet into the water, letting itabide therein, till it had forced out all the water that it could, to the laſt drop (not one drop running beſide the pipe) & then afterwards weighing the ſaid ſeveral Glaſſes of water ef­fluxed out of the Veſſel by meanes of the bullet, I found them to differ inſenſibly; the weight of the water alone [Page] being 33 ounces, and 8 p. w. or 33.4 oun. troy, (which nearly agrees with our experiment made upon the braſſe Cubicall Veſſel of 64 inches aforeſaid, whoſe water we found, to weigh 33.5 oun. troy) Now the difference be­tween the weight of the Bullet in the air, or the Scale, 89.1 oun. (or 89 oun. 2 p. w) and its weight in the water, 55.75 oun. (or 55 oun. and 15 p. w.) is 33.35 oun. (or 33 oun. 7 p. w.) for the weight of the water equall in mag­nitude with the bullet; which you ſee differs (defectively) from the weight of the water forced out of the Veſſel by the bullet, only 1 p. w. which is not conſiderable: And yet had I been ſo curious in weighing the bullet in water, as to have put in the Scale where the weights were, the ſame quantity of horſe-hair,  [...]s preciſely to an hair, as were con­tained in the lines or ſ [...]rings by which the bullet hung, ex­cept thoſe which were about it in the water (according as Ghetaldus directeth) then haply might the weight of the water equall in magnitude with the bullet, produced there­by, have exactly agreed with the weight of that which was forced out of the Veſſel by the bullet; but inded I think there wanted about ſo much hair in the weight-Scale as might have made the bullet to weigh in the water, 1 p. w. leſſe: But I conceived there was no need of ſo great curi­oſity in ſuch an experiment as that was, eſpecially upon ſo great a body; neither do I conceive it abſolutely neceſſary & requiſite to perform the ſame by horſe-hair, but that ſilk or thread might ſerve the turn, putting ſo much in the Scale with the weights, as is uſed about the body to be weighed, and this can breed no ſenſible errour, unleſſe it be for the performing of ſome very nice and curious experiment in­deed; as to find the exact difference and proportion be­tween the weight of a Metall (as Gold or Silver eſpecially) [Page] other thing, in the aire, and in the water, and the like; then indeed Ghetaldus in A [...]chimed. p [...]omot. poſt prop. 19. ſpea­king of his new artifice, whereby he would find out the quality of Gold from the gravity only which it hath in the air, and in the water; ſaith, that the weight of pure Gold, which is in the air 19, wil be in the water 18. And the weight of Silver, which in the air is 31, will be in the water 28: And ſo the weight of air, which is in the air 9, wil be in the water 8. to uſe horſe-haire, and in that ſtrictneſſe and preciſeneſs, as Ghe­taldus ſpeakes of, will be altoge­ther requiſite, for the reaſon be­fore del [...]vered: And now you ſee how theſe two experimentall Concluſions do manifeſtly confirm one another, & ſo both of them do confirm our former experiments for the weight of water in relation to its ſolid meaſure, (and ſo for the ſolid meaſure thereof in reference to its weight) for thereby the weight of 63.5 inches of water, (the ſame as the ſolidity of the Marble-Sphear aforeſaid) wil be upon the point of 33.5 ounces troy: And ſo (to come to the point in hand, which is the diſcovering of the ſolid capacity of this ſpherical body in inch-meaſure, by the weight of the water which is of e­qual magnitude with the ſame) the ſolid meaſure of 33.4 oun. troy of water (the quantity of water agreeing exactly in magnitude with the Bullet) wil be thereby 63.3 inches, for the ſolid content of the bullet, which wanteth of the ſo­lidity found at firſt by the Diameter 63.5 inches, only 1/5 of an inch. And indeed the ſolid Content thus found by water, I may adjudge to be the truer meaſure, in re­gard there was a ſmal flotting in one place of the bullet, which might well make the ſolid content thereof leſſer by ſo much then it was, being taken according to a full rotundity or ſphericalneſſe every way, without any flatting in the ſame, and according to which the Diameter was [Page] taken. And therefore in any ſolid body, of how regular a form ſo ever it be, where there is any ſuch flatting, dent, or hollowiſhneſſe, or other like defection in any part of the ſuperficies thereof, which may diminiſh ſomewhat of the true ſolid dimenſion which it naturally obtaines and ought to have, according to ſuch a forme (and which yet will be fully deduced from its linear Dimenſions, according to a plain way of meaſuring, as if there were no ſuch defecti­on) there the ſolid Content (in the ſtate the body then is) wil be moſt truly diſcovered by water (as I have here ſhewed two ſeveral waies) for that the water wil ſearch out the true quantity of thoſe defections, which a Line of meaſure cannot, and ſo give the ſolid content of the Body accordingly.
And this way for diſcovering the meaſure of any irre­gular Solid, muſt needs be generally better then that which Mr. Diggs hath delivered in his Pantomet. lib. 3. cap. 14. Stereometry; to be performed by an exact Cubical, or other rectangular priſmal or parallelepipedal Veſſel, with water; and that in the uſual way of meaſuring; by taking the Dimen­ſions of the Veſſel, as to the finding of the ſuperficiall con­tent of it's rectangle Baſe, taken according to the concavi­ty thereof; and then noting the aſcent of the water, in the Veſſel, when the ſolid body lies covered therein, and alſo when it is out, whoſe difference being infolded with the ſuperficicies of the water (or of the foreſaid rectangle Baſe of the Veſſel) gives the ſolid meaſure of the water e­qual in bulk or magnitude with the ſaid Body, and ſo withall of the Body it ſelf; Clav. Geom. pract. l. 5. c. 11. and which way Clavius alſo ſpeaketh of, as being the way vulgarly noted and uſed [Page] by Artiſts: whereas the way delivered here by us, may be performed by any kind of Veſſel whatſoever, how ir­regular ſoever it be (as was the Veſſel by which I per­formed my foregoing experiment upon the Marble-Sphear or Bullet, for the diſcovering of its ſolid meaſure by water) and not only for the diſcovering of the Content of any ir­regular ſolid or groſſe body, but alſo of any irregular con­cave body, according to a ſolid dimenſion, as I have both ſaid and alſo experimentally ſhewed before. But however that common way delivered by Mr. Diggs and alſo by Clavius and ſome other Latin Authours, need not to be tied or confined wholly to ſuch a kind of Veſſel as they ſpeak of, but the ſame may be as wel perform'd by any other kind of priſmal, or any Cylindrical Veſſel, ſuch as a Pail or other circular Veſſel, being exactly made: but that indeed the Baſes of theſe Veſſels, wil not be altogether ſo readily obtained as thoſe of an exact cubicall, or other rectangu­lar Veſſel, unleſſe it be by our artificiall way of meaſuring, where the baſe of the Veſſel is equilateral or exactly cir­cular. And of this way I would have produced an experi­mentall example, aſwell as of the other, and that by the ſame regular body, to have compared them together, if I could have met with ever a Veſſel fit for the purpoſe: but however the thing being ſo very plain and perſpicuous of it ſelf, there needs no example either from experiment or otherwiſe, to illuſtrate it.
But now whereas after all this, it may Objection. concerning the difference of gra­vity in Water, in reference to the foregoing Dimē ­ſion of Bodies. be objected, that all water weigheth not alike; but that different kinds of water (as Rain-water, Fountain-water and River­water) are of a different gravity; and there­fore our foregoing experimental Concluſi­ons [Page] for the weight of common water in general, in relati­on to its ſolid meaſure (or for the comparing of its gravity and magnitude, or ponderal and dimenſional quantity to­gether) cannot hold generally true: To this I anſwer; that albeit theſe ſeveral waters Anſwer. do uſually differ ſomewhat in gravity, (which I cannot deny, but muſt needs acknowledge, and that not only from natural reaſon it ſelfe, but alſo from my owne experience, which I ſhall now come to ſhew,) yet not ſo much, as to make any notable, or conſiderable difference in the ſolid content of a Body produced ſeverally thereby (eſpecially Rain and River-water) for which end thoſe Concluſions were aymedat, and intended by us; but that any one of them may be indifferently uſed in this thing, without the committing any conſiderable errour, as I ſhal ſhew by and by, in diſcovering the gravities of ſeveral waters and comparing them together. And Marinus Ghetaldus in all his ſeveral experiments made upon Water, for the comparing of it and divers other bodies both ſolid and l [...]quid, together, in reſpect of gravity and magnitude, ſpea­keth only of water in generall, without any difference or diſtinction.
Now the water by which Mr. Reynolds made his experi­ments upon his 3 ſeverall parallelepipedall Veſſels of 283 1/2 inches, formerly mentioned, to find the true weight there­of, was (as he told me) fair ſetled Rain-water; And ſuch was alſo the water, by which I made my experiment upon the cubicall Veſſel of 216 inches, as I noted formerly, it being the moſt ſimple kind of water, and ſo generally the beſt for that purpoſe: for ſo that learned Mathema­tician W. Snellius going about to diſcover the true weight of the Rhynland-Foot, in its cubicall capacity (which he wil [Page] have to be exactly equall to the old Suel. in Eratoſth. Batav. l. 2. c. 2. And where he pitcheth upon the ſame Roman Foot (by name,) for the trueſt, which Mr. Greaves and moſt others do; namely, Pes Colotianus aforementioned: but differeth in the magnitude thereof from Mr. Greaves; for that he makes it greater then the Engliſh Foot; whereas Mr. Greaves makes it leſſer. For he ſaith that the London-Foot, which is generally uſed throughout England, and whoſe meaſure was taken from the Iron Standard of 3 Feet, kept in the Guild-hall; and ſo tranſmitted to him, is 968 parts, ſuch as the Leyden-Foot, vulgarly called there the Rbyn­land-Foot, (which he makes exactly equall with the foreſaid Ro­man-Foot) is 1000, Eratoſth. But. l. 2. c. 1. whereas Mr. Greaves makes the very ſame meaſure of the Engliſh-Foot to be 1034.13, ſuch as Pes Colot. is 1000: and the Rhy [...]land-Foot (or that of Snellius) to be 1068.25 of the ſame parts. And ſo this Foot to be 1033 ſuch parts as the ſaid engliſh Foot contains 1000 (and the foreſaid Roman-Foot to be but 967 ſuch parts as was formerly ſhewed) and conſequently the Engliſh Foot will be from thence, 968 ſuch  [...]  [...]s the Rhynland Foot is 1000, which  [...]tees exactly with the obſervation of Snellius. But indeed Snellius takes the dimenſion of Pes Colot. chiefly from the bare deſcription and de­  [...]ineation thereof made by Ph [...]l [...]nder in his Commentaries upon Vitruoius, Architect. l. 3. c. 3. (who there faith, that he found this Foot  [...]o agree with that of Statiſius) preſuming upon that typograp [...]icall ſſenent, which he had received about the con­traction of letters and Lines upon the paper, after their impreſſion, by a 60th part. For ſo ſaith he in Eratoſth. Bat. l. 2. c. 1. before­cited, Charta uda dum praelo ſubiicitur & typum patitur, ipſá preſ­ſurá & humore quem anteà imbiberat, non nihil extenditur & ſeipſā fit amplier, qua poſt modùm ſiccate, iterùm contrabitur, & ſimùl linearum meaſuras quas receperat, jūſto exhibet minores. Pars enim ſexageſima typorum & formoiuns longitudini excuſis decedit, que­madmodùm à diligentibus & peritis Typographis ſciſcitando edoctus ſum. Which laſt muſt needs be erronious and uncertaine, and cannot hold, generally true, as reaſon it ſelfe (beſides the experi­ence of my ſelfe and others) may plainly demonſtrare, according to what I formerly: ſaid concerning this point. Roman-Foot) in water, that thereby he might (as it ſeemed to him) tranſmit the meaſure thereof ſo much the more certainly and eaſily to po­ſterity, (like as many emi­nent men together had done before at Rome, for the determining and eſta­bliſhing of the exact mea­ſure or quantity of the ſaid Roman Foot (as Ciaconius out of Lati [...]us Lati [...]ius his [Page] * obſervations of the Roman Foot reporteth, who was one of the eight that made the experiment together at Rome) and ſo two others, by name, Lucas Paeius, and Villal­pandus, by two other Veſſels; conceiving it to be a ſurer way to diſcover (or recover) the ſame, then by haires, grains of Corne, digits, palms, and the like) did above all other waters, chuſe Rain-water, be­cauſe that (ſaith he) being fallen from the See M. Greaves his Diſcourſe of the Roman Foot. pag. 12. 13. heaven, brings down with it no taincture of any earthy dregs; and moreover for that it ſeemed to be alike in a manner, in all places; and this hee uſed after many daies ſetling, being thereby made very pure and cleare.
And then, the water with which I meaſured the Standard- Wine and Ale-gallon at the Guild-hall, to find the weight thereof, and thereby the ſolid Content in in­ches, was from the new River of Ware (commonly called Middleton's River, and which water is in a manner of equall weight with Rain-water, as I ſhall ſhew by and by) as alſo that at Goldſmithe-hall, with which I meaſured my two braſſe concave Cubes, the one of 64 inches, and the other of 1 inch, to find the weight thereof: (and the leſſe Cube alſo another time with rain-water) and alſo by [Page] which I performed my laſt experiment there, upon the weighing of a ſolid body in water, &c.
As for Rain-water compared with Fountain, Spring, or Well­water, Eſt in aequali mole ratio aquae plaviae ad diſtilla­tam, quemadmodùm 1000000 ad 997065 plu­viae au [...]èm ad putealem, ut 1000000 ad 1007522. Eratoſth. Bat. l. 2. c. 5. The laſt of which I find indeed to be ſo, accor­ding to the Weights of thoſe two waters ſet down by him, or more com­pleatly, as 10005000 to 10075216. But the firſt of theſe I find according to his weights of the wa­ters in the Veſſ [...]ll by which he made the expe­riment, (and ſo of his cube-Foot of the ſame waters, which I exactly deduced from thence) to be as 1000000 to 997117. being more compleatly, as 10000000 to 9971167. in reſpect of gravity; Snel­lius obſerved the proportion to be, as 1000000 to 1007522; and of Rain-water naturall, to the ſame artificiall, or diſtilled, to be as 1000000 to 997065: For that he might have his Rain-water exactly defecated, or clenſed & purified from all earthy dregs or grownds, it ſeemed good to him (as he ſaith) to uſe for the experiment of the exact weight of a cubicall Foot of water, chiefly that which might again be collected into it ſelf from vapours and exhalati­ons, and ſo betooke himſelf to Chymicall diſtillation, according to that form, which they uſually call by a technicall or artificiall term or expreſſion, Balneum Ma­riae, ſeu Maris, becauſe that is in no wiſe forcible or violent, but very gentle; And then moreover hee uſed pure Fountain-water, to trie what his cubicall Foot might alter in gravity, in theſe three waters: And this experiment he performed by a Cy­lindricall Veſſel made of braſſe with all the accurateneſſe that might be, having its altitude and Diameter equally [Page] ſemi-pedall, from whence he deduced the weight of a cube-Foot in Water.
But if we wil be ſo very curious concerning the diffe­rence of gravity in ſeverall waters; then we may as well queſtion, whether all water of the ſame kind; be of the ſame gravity or not (except Rain and Snow-water, which we conceive to hold alike in all places, without any ſenſible dif­ference) as whether all Fountain, and all River-water do weigh alike, eſpecially the firſt of theſe two, but that it may alter and differ in gravity as well as in other things, accor­ding to the different nature and quality of the Earth where it is engendred, and of the veines and paſſages thereof, through which (as it were through Channels) it runs, and ſo the various matter wherewith it is mixed; and more eſpecially, if one water be a meer ſimple water, and another be a minerall (for ſo Naturaliſts do uſually diſtin­guiſh waters) for then theſe wil more ſenſibly differ in gra­vity; and ſo wil ſeverall minerall waters among them­ſelves, being of a different nature: And indeed moſt of our River-water ſeems to come from Fountaines or Springs; and alſo for that Ariſtotle gives to them both, the ſame originall of genera­tion, Ariſtos. l. 1. Meteor. c. 13. to wit, from vapours and fumes (or air) in the caves and paſſages of the earth, condenſed and concreted into water by the coldneſſe of the Earth. And therefore ſeing that the ge­neration Magir. Phyſiol. peripatet. l. 3. c. 4. Com. & l. 4. c. 7. of fumes and vapours. (and thence of water) under the earth, is continuall; it followeth, that the flowing, and the courſe of Rivers is perpetuall: ſo that a River is, as it were, no other thing then the water of a perpetuall [Page] Fountain or Spring, continually running on in a great body or bulk. Keckerm. Sy­ſtem. phyſic. l. 2. c. 15.
But now as for the difference of gravity in waters homogeneall, (or of the like kind and denomination) I ſhall prove the ſame by experi­ment, from four ſeverall Fountains, or Springs (and partly from two Rivers) in comparing them with Rain-water ſeverall times: and which is as much as (if not much more then) any other hath done in this kind, that I could ever yet hear of: And the waters which I firſt tried by way of ponderall compariſon; were firſt, Rain-water, as being the Baſe of the Experiment, in regard of what hath been ſaid there of before; and ſo to which all the other wa­ters are here compared; and which I received into a clean Veſſel as it fell from the Clouds, that ſo I might have it as pure as might be, without the mixture of any earthly matter: And the Fountain-waters which I now uſed, were from the Conduit in Grayes-Inne Fields, commonly called by the name of Lambs-Condait, which is a pure Spring of it ſelf; and from the Standard in Cheap-ſide, which is conveighed under ground by pipes, from a Spring at Padington, being a Village about 3 miles diſtant from London to the N-W. (as alſo is the water of the other two Conduits at the two ends of the ſaid Street, from the ſame Spring-head) and yet is received as pure and cle [...]r at the ſaid Conduit, as if were taken at the Spring-head it ſelf: And then the River-waters were from the Thamès, and from the new River of Ware, or Midleton's River afore­ſaid. And with theſe I tried Snow-water, (which was pure Snow as it fell, having never touched the ground nor o­ther thing, beforeit came in the Veſſel where it was put, and there diſſolved.) Which other ſeverall Waters afore­ſaid, [Page] I took the pains to ſee always fetched from the right places, thereby to avoid all errours and miſtakes which might happen by truſting to any meſſenger alone; and ſo had them carried to Goldſmiths-hall (where I was to make this experiment alſo) leting them ſtand there a ſet­ling for 2 dayes: (though indeed the Fountain-waters be­ing ſo very pure and clear, needed not ſo much ſetling) And the Veſſel, by which (as a Standard or Gage) I firſt tried theſe ſix ſeverall waters, was the ſame by which Mr. Roy­nolds had formerly made the like experiments (though not upon ſo many waters, unleſſe aritificiall waters, as diſtilled ſtrong-waters, and wines, & ſome other liquid ſubſtances, as he told me) and that was a glaſſe-Phiall which held al­moſt 3 quarters of a Wine-pinte, having the neck thereof done about vvith lead or pevvter, and a top or Cover of the ſame metall made to ſcrew on, vvhich upon the propoſall of my intention to him concerning this experiment, and his good liking and deſire of the ſame, he courteouſly offe­red to lend me, and I as courteouſly accepted; for I could not then meet vvith one ſo fit for that purpoſe as that vvas, ſave thoſe vvhich vvere too ſmall; for this vvas at the ſmal­leſt. And ſo the 21th of March 164 8/9, I made my experi­ment at Goldſmiths-hall by the ſaid Glaſſe vvith all the exactneſs that poſſible I could, I experiment for the gravi­ties of ſeverall waters, and the ſame compared with Rain-wa­ter. Mar. 21. 164 8/9. both in filling the ſaid Glaſſe vvith the ſe­verall vvaters one after another as they vvere vveighed (beginning vvith Rain-wa­ter) ſtill ſcrevving on the ſaid top, to keep in the vvater from falling out, as nearly as I could, & then in the vveighing of them; & thereby I found firſt the Snovv-vvater to [Page] 2 graines leſſe then the Rain-water, and the two River­waters to weigh each of them I gr. more then Rain-water; and ſo alſo the Standard-water in Ch [...]ap-ſide, (and there­upon theſe 3 to be of equal weight) & the Lambs-Conduit-water to weigh 4 gr. more then Rain-water. But indeed finding this Glaſſe to be very uncertaine for the perform­ing of this ſo nice and curious an experiment, in regard both that as I ſtill ſcrewed on the top or Cover thereof after the filling it, to keep in the water that none might fly out, there ſtill iſſued forth ſome water, and beſides alſo that the mouth of the Glaſſe was ſomewhat too wide, (conſidering the ſmalneſſe of the Glaſſe) for the filling of it with every ſeveral water exactly alike to the leaſt drop as was requiſite to doe in do: ſmall a Veſſel; ſith that I obſerved, that one ordinary drop of water more or leſſe would alter the weightfull 2 graines more or leſſe; which made me continually to iterate the experiment by the ſaid Glaſſe upon every ſeveral water, by filling up the Glaſſe a­gaine, and then drying the out-ſide thereof before I put it a­gaine into the Scale [...]. But however being doubtful of the ſame, and that I might make this experiment with all the exactneſſe that might be; I did thereupon for my further ſatisfaction, repair to the Glaſſe-houſe in Broad-ſtreet, and there cau [...]d a Glaſſe-Phiall to be preſently blown before me, which might hold a Wine-pinte, as neer as could be gueſſed I for this I conceived would be a convenient bigneſſe, ſo  [...]s it being filled with water, might be con­veniently weighed in a ſmall Ballance that would turne upon ſome ſmal part of weight, as that was which we had uſed for the other Glaſſe, being a very nimble and ſubtile Ballance, that would turne upon the 4th. or 5th. [Page] part of a graine, which was as much as could well be expected from a ballance to weigh a Veſſel of this capacity being filled with water or other liquour,) and was alſo blown round, ſomewhat after the manner of an Urinall, but made flat at the bottome, ſo as to ſtand upright, and very ſmooth and even at the top, and with ſo ſmal a mouth or orifice, as that it might be alvvaies filled alike to the leaſt drop; for that, when I came to fill the ſame, not one drop could be ſhaken out, till a little was firſt ſuckt out with a quill, (inſomuch as that one might have carried it full of water in their pocket, with the mouth downwards, and not have ſpilt one drop therein:) and which being thus exactly made for the purpoſe; I weighed the very ſame waters therein, which I had done before by the o­ther Glaſſe, having let them ſtand all the vvhile in their ſeveral Glaſſes, vvith an addition of tvvo other Fountain­vvaters, vvhich in the mean ſpace I had been told of, as being generally accounted the tvvo fineſt vvaters abo [...]t London; the one neer the Poſt [...]rne-gate on Tower-hill, called the Poſtern-Spring; the other on the backſide of St. Giles-Church at Cripple-gate, called there by the name of Crowders Well; both vvhich are commonly accounted exceeding good for all manner of ſoare eyes; and have a very pleſant taſte, like that of nevv-milke, (eſpecially that of Upon the weighing of this water, the Aſſay­maſter of Gold-ſmiths-Hall, by name, Mr. Alex­ander Jackson (who was pleaſed with much ccur­teſie, humanity, and pa­tience, to aſſiſt me in theſe and all other the experiments which I th [...]re made; as to the work of the Ballance, or the matter of weighing, and which he performed with his own hands, with all the accuratneſſe that might be) told me that he once knew an ancient man in this City, who whenſoever he was ſick, would drink plentifully of this water, and was thereby immediatly made well: and ſo, being over­come with Drink (as he often would be) would preſently drink of this water to make him ſo­ber, as finding it to be the moſt ſpeedy reme­dy. Crowders-Well, vvhich much exceeds the other for ſapour and gravity) and vvhich therefore for their vertue and gravity above the reſt, may be taken for mineral. And ſo by [Page] this nevv Glaſſe, and the foreſaid 2d. Experi­ment, for the gravities of ſe­verall waters &c. Mar. 31. 1649. Ballance, I found firſt the Snow­water to vveigh one grain lighter then Rain-water; as alſo the nevv River-water (and ſo theſe two to vveigh a­like) and the Thames-water not to differ ſenſibly in gravity from Rain-water, and the Conduit­water in Cheap-ſide to be 2 gr. heavier then Rain; and and the Lambs conduit-water to be 3 gr. heavier then Rain; and then, the Poſtern-Spring-water, to weigh 7 gr. more then Rain; and St. Giles-water, (or that of Crow­ders-Well) to weigh 12 gr. or halfe a pennny-weight more then Rain-water; and ſo to be weigh­tier thē the Poſtern-Spring-water by 5 gr. And ſo as I weighed each water, I continually iterated my experiment upon the ſame, by putting out a few drops, and then filling up the Glaſſe againe; and ſo afterwards ſtill drying the Glaſſe throughly on the out-ſide, I againe committed the ſame to the Ballance, and ſo found the ſeveral waters to weigh as before; ſave only the Thames water now weighed one gr. more then Rain-water, which whether it was in the filling of the Glaſſe, or in the weighing, I [Page] cannot juſtly ſay: But ſoon after this it happening to rain, I took ſome pure freſh rain-water, and withall, ſuch other of the aforeſaid Waters as were neer the place of obſer­vation, freſh againe, viz. the Conduit-water in Cheap­ſide and the two foreſaid River-waters, and (after due ſetling) tried them over againe by the ſame Glaſſe and Ballance; as alſo the Snow­water 3d. Experi­ment for the gravities of ſe­verall waters. Apr. 7th. which I had uſed before (for freſher I could not then get) and found them all to weigh exactly as at firſt by this Glaſſe; and ſo the Thames water to be of equal gravity with Rain-water.
And then I having a ſmal Glaſſe ſtanding by me, whoſe mouth was rather leſſe then that of the pinte-glaſſe and held little more then 2 ounces-troy and an halfe; I thought good to make an experiment by the ſame, upon ſome of the foreſaid waters, 4th. Experi­ment for the gravities of ſe­verall waters. Apr. 21. viz. Rain & Snow-water, & the two River­waters: (becauſe theſe did neerlieſt agree one with another) and thereby found the Snow-water to be half a grain lighter then Rain-water; and the two River-waters, to be each of them of equal weight with the Rain-water as before. And this was performed by a very ſmal and ſubtil Bal­lance, vvhich vvould eaſily be turned vvith one mite, or the 20th. part of a Grain.
And thus having diſcovered the difference of gravity in ſeverall waters by ſmaller Veſſels, (or quantities of water) I conceived it very convenient after all this, to make one experiment or obſervation more upon all the foreſaid ſe­verall waters, by a much larger quantity; confidering that theſe ſmaller quantities were not ſo ſufficient to diſcover [Page] the difference of gravity, as to ground or determine Pro­portions of gravity thereupon; and ſo that the greater the quantity of the waters was, the greater & more apparent ſtill would be their difference of gravity; and ſo to ſee how this would agree in Proportion with the other: And to this end I got the largeſt vitreall Veſſel or Viall that I could meet with fit for the purpoſe; which was one that held near about five wine-pintes and an half, having a very ſmall neck, done about with lead or pewter, and a  [...]op or Cover to ſcrew on very cloſe (like the Glaſſe by which I made my firſt obſervation in this kind) and which in the ſcrewing on, would not force the leaſt drop of water out of the Glaſſe, being exactly filled; and the mouth of the Glaſſe not being half an inch wide: And ſo having provi­ded all the foreſaid eight waters freſh again (except the Snow-water, which could not be had freſher then that which I uſed before) and the ſame duly ſet­led; I found by this Glaſſe (from the great 5th. experi­ment upon ſe­verall waters, in reſpect of gravity. May 3d. Standard-ballance, which would ſenſibly turne opon one grain) firſt the Snow-water to weigh 8 gr. leſſe then Rain-water; and the two River-waters to be equi-ponde­rant with the Rain-water: and the Con­duit-water in Cheap-ſide, to weigh 14 gr. more then Rain; and the Lambs-conduit-water to weigh 24 gr. (or 1 p. w.) more then Rain: and the Poſtern-Spring wa­ter to be heavier then Rain-water, by 2 p. w. and 9 gr. (or 57 gr.) and laſtly, the water of Crowders-Well, to be weigh­tier then Rain-water, by 3 1/2 p. w. or 84 gr. and ſo to ex­ceed that of the Poſtern-Spring in grauity, by 1 p. w. and 3 gr. viz. 27 gr.
So that now from theſe ſeverall exact experiments and [Page] obſervations, it is manifeſt, that all waters homogeneall (or of the ſame kind) are not of the ſame gravity, but do ſenſi­bly differ therein, as we have here proved from four ſeve­rall Fountain or Spring-waters, all of them differing in gravity one from another; and that in the very ſame con­tinued order and proportion in a manner, from all the ſe­verall experiments by which they were tried: as that of the Conduits in Cheapſide (from Padington-Spring) to be the lighteſt; and the next above that, the water of Lambs Conduit (in Graies-Inn fields) and then the next to exceed that, the Poſtern-Spring water (on Tower-hill) and then the heavieſt of all, the water of Crowders-Well at St. Giles. Cripplegate; and which thing I was very deſirous to de­monſtrate▪ And therefore conſequently, that no certain, poſitive Proportion can be determined between Rain and Fountain, or Pluviall and Puteall water, as Snellius hath done; and which I cannot but wonder, that he (ſo intelli­gent an artiſt) ſhould do, from one ſingle experiment or obſervation only, having uſed but one Fountain-water (by what I can perceive from him) as if he took all Fountain or Puteall waters to be of the ſame gra [...]ity. And that which he uſed in that experiment, ſeemeth to be much heavier then the heavieſt of thoſe fountain-waters which we have here made uſe of; as appeareth by his comparing it with Rain-water the proportion being (as I ſhewed be­fore from him) as 1000000 to 1007522; whereas the pro­portion of Rain-water to the weightieſt of, the Fountain­waters which we have here experimented, wil be (by our l [...]ſt and largeſt experiment, which is the beſt for that purpoſe) but as 1000000 to 1002104 ferè, and from which the Proportion between theſe two waters, deduced from the obſervation made by my new-pint-Glaſſe, wil but [Page] little differ, (and that by way of defect) it holding there from Rain-water, to St. Giles-Well-water, as 1000000 to 1001925 ferè, both which by a millenary contraction, wil be in a manner the ſame, viz. 1000 to 1002; and by a decu­millenary contraction or abbreviation, the one wil be as 10000 to 10019, and the other (and better) as 10000 to 10021. and both which by arithmeticall mediation, wil be as 10000 to 10020; and ſo between 1001925 and 1002104, the intermedian proportion arithmeticall, will be as 1000000 to 1002014.
But indeed, if vve ſhould have yet further tried the ſame by a larger quantity of the vvaters: then probably might the proportion have ſtill riſen higher; and ſo have come ſomevvhat neerer that of Snellius, according as vve have ſtill obſerved from our ſeveral experiments; that as the veſſel or quantity of each particular vvater hath been greater, ſo the higher hath riſen the proportion of gravity betvven them, (though very little) according as the difference of gravity hath become ſomevvhat greater then perhaps it ſhould: For that ſurely, vvhether the ſame be experimented by a leſſer or larger quantity; yet the ſame proportion of gravity ſhould ariſe, according as the the difference of gravity ſhould be proportionably the ſame; and vvhich hath neerly happened in theſe ſeveral obſervations by ſeveral quantities of vvaters, except thoſe of the firſt experimene [...] the imperfect Glaſſe. And vvhich vvould continually happen, in caſe the gravity of each particular water could ſtill be taken in every ſeveral Veſſel, or Quantity, ſo very preciſely to the leaſt part of vveight, as might be imagined: but vvhich, conſidering that every Ballance (as an Inſtrument or Organ, conſiſt­ing of divers parts) is continually ſubject to mutation up­on [Page] every ſmal occaſion, (eſpecially thoſe ſmaller, nice, nimble, and ſubtil Ballances, ſuch as we uſed in moſt of our experiments of this kind, which by the ordinary breath of one's mouth or noſtril (any thing neer at hand) or the leaſt motion of the aire, or noiſe, or ſound, vvil be ſenſibly diverted from their due courſe and poſiture, to vvhich they tend) and ſo not infallible; therefore the ſame cannot well be expected, though notvvithſtanding vve here continually uſed all the ſedulity and ſollicitude that could be; taking continually the gravity of each particular water, upon an exact equilibrity or equiponderancy of the Scales, according to the moſt preciſe perpendicularity or rectitude of the Index, or Tongue of the Ballance; as neerly, as by the ſight might poſſibly be adjudged; inſomuch as that we could not perceive any ſenſible errour or miſtake to be committed therein. Aud moreover for a further avoiding of errours herein; I performed each particular experiment upon the ſeverall waters (according as they are ſet down orderly before) ſtil at one time, ac­cording to one and the ſame ſetting, or rectifying of the Ballance; conceiving it to be more convenient and ſure ſo to do, then at ſundry times apart, for that there are hardly any Scales to be met with, but at ſeverall times, wil require a ſeveral ſetting or rectification.
But for the determining of a certain, poſitive Proporti­on between Rain and any other  [...], (or between any other two particular waters) it is beſt ſurely to uſe as large a quantity of thoſe waters, as can conveniently be weigh­ed, (conſideration being had of the bigneſſe and ponde­rouſneſſe of the Veſſel to contain them) But the vitreall Veſſel or Viall, by which I made my laſt obſervation, [Page] would hold welnigh as much as the aereall Cylindricall Veſſel by which Snellius made his obſervation, as I have computed it, by comparing his Weight and Meaſure with ours.
And by moſt of our ſeverall obſervations, we find the two River-waters aforeſaid to be of like gravity with Rain-water, without any ſenſible difference, and ſo to be equiponderant in themſelves. And for Snow-water, we find the ſame by every particular obſervation (even from the leaſt veſſel or quantity of water, where the difference of gravity was leaſt diſcernable) to be ſenſibly lighter then Rain-water, & ſo the lighteſt of all; & in which, our expe­rimentall obſervations wil agree with naturall reaſon it ſelf, which ſheweth Snow to be a much lighter ſubſtance then Rain; and in which all Zanard. Diſput. de Ʋni­verſo el [...]memari, part. 3. qua [...]ſt 22. Aliara diſpoſitionem habet nubes nivis ab ea quae eſt a­quae: nam nubes pluviae ha­bet, quod ſit magis denſa, ma­gis obſcura, & magis unita in anum locum: Nivis autem nu­bes eſt tenuis & ſubtilis, & cùm multum de aereo continet, eſt clara & quaſi alba, & per aerem ſparſa, &c. Philoſophers do agree; that the Cloud or matter of which Snow is engendred, is more hot and drie then that of which Rain is, and alſo more aery, and ſo the humour or moiſture reſolved out of Snow, is aery, and very light, and as it were a froth or ſome, whereupon it ſo nouriſheth and cheriſheth the Earth: And becauſe it contains much of aire, it behooveth that it ſhould contain alſo much of warmth and moiſture, al­though yet it is drier then wa­ter. And ſo Ariſtotle liken­eth Snow to Froth or Foame (& alſo calleth it ſo) in reſpect of its whiteneſſe, which he ſaith to ariſe chiefly by means of thoſe parts thereof which [Page] are more aery; for that for Tenet multum de calido aereo nubes nivoſa &c. Zanard. ibidèm. Ariſtor. lib. 2. de generat. a­nimal. cap. 2. Plin. nat. hiſt. lib. 17. cap. 2. & Keckerm. Syſt. phyſ. lib. 6. cap. 9. Theor. 1. & 2. de nive. Colleg. Conimbr. in Ariſtot. meteor. Tract. 7. cap. 5. Magir. phyſiolog. p [...]ripat. lib. 4. cap. 6. this reaſon alſo, Froth (ſaith he) is white; and ſo water having oile mingled with it. And ſo alſo Plinie calleth Snow aquarum coeleſtium ſpumam, which his engliſh Tranſlatour Dr. Holland in­terpreth, the fome or froth of Rain-water from Heaven, concerning which ſee Kecker­man. And the Conimbricen­ſians (according to Ariſtotle, lib. 1 Meteor. cap. 11. and lib. de mundo, c [...]p. 4) ſay, that Snow is a Cloud conglaci­ated, or frozen together in a friable denſity; and which Cloud obtaines ſo much a greater ficcity then that which is changed into water, by how much it congeales or grows together by the power or efficacy of the more prevalent Cold; ſith that the Cold while it bindeth, doth expreſſe, or force out the moiſture, &c.
Seeing therefore that the matter of Snow, is more hot, and dry, and more aery thin and ſubtile then that of Rain; and conſequently more light; and that Snow­water is no other then Snow diſſolved, and ſo ſtill re­taines the nature of Snow: therefore alſo will Snow­water be neceſſarily lighter then Rain-water.
As for the Proportion between theſe two Waters, I may from all our ſeveral The Proporti­on of Rain-wa­ter to Snow-water. obſervations and experiments beforegoing, conclude the ſame to hold generally from the heavier to the lighter, as 10000 to [Page] 9998. For by 2 or 3 ſeveral obſervations made by the new Glaſſe of almoſt a wine-pinte, where the gravities of theſe two waters (and ſo the difference of gravity) were found ſtill the ſame; the proportion will be as 100000 to 99984, ferè: and by the laſt obſervation, being made by the great Glaſſe of about 5 1/2 wine-pintes, holding about 7 pounds-troy of water, it will be as 100000 to 99980 ferè (and which I take to be the truer,) and if we will take the intermediate proportion arithmetical, the ſame will be 100000 to 99982 ferè. Or the former proportion will neerly happen, if we ſhall mediate between that which▪ will be produced from the leaſt Glaſſe of all, (which was that of about 2 1/2 oun. troy) being as 10000 to 9996 compleatly, and that which we have here produced from the greateſt Glaſſe of all, viz. 10000 to 9998 in a manner compleatly; which will be 10000 to 9997.
And now from theſe our ſeverall experim̄ents before­going, for diſcovering, for diſcovering the gravities of the ſeveral kinds of common, ſimple, or naturall Waters, as in reference to the finding out of the ſolid quantities or capa­cities of Bodies altogether inordinate or i [...]egular, which wil not in themſelves admit of an ordinary or regular kind of Dimenſion, but their contents muſt be obtained by ſome extraordinary or unuſuall kind of way, as we have lately ſhewed; it is manifeſt, that the way here propounded by us for the ſame, may be performed by any ſuch kind of Wa­ter in generall, as we have here tried, according to the ex­periments formerly laid down by us for that purpoſe, from Rain-water, (and ſo upon which this our Atactometri­call practice is grounded, as being the moſt indifferent wa­ter for a generall uſe in this kind:) for that in our laſt ob­ſervation, which was made by the greateſt quantity of [Page] the ſeverall Waters aſore-named, weighing about 84 oun. or 7li. Troy, the difference of gravity between Rain­water and the heavieſt of the Fountain or Spring-waters, was but 3 1/2 p. w. or 84 gr. And which ſaid quantity of wa­ter is much more then double the quantity of that which was found to be of equall magnitude with the foreſaid ſphericall ſtone-body, and ſo from whoſe gravity we ob­tained the content of the ſaid ſolid body, in the meaſure propounded; & therefore had the ſame been thus inquired from both thoſe Waters, that is, the lighteſt (except S [...]ow­water) and the heavieſt, (though the Water by which it was done, we have ſhewed to be of like gravity with Rain-water) there could have been no conſiderable diffe­rence therein.
THE CONCLUSION. For the more ſpèedy abſolving or expediting of all the foregoing Dimenſions in generall.
ANd now for the more eaſie and ſpeedy perfor­mance ſtill of all the Dimenſions, and metrical Concluſions contained and mentioned in this Book, I ſhall ſubnect this one thing as a Coronis to the whole Work, by way of advertiſement and advice to the practical Reader that is not yet acquainted with the moſt compendious waies of arithmetical Calculation, which is, that he would uſe continually all along with his geometrical Lines, or Lines of meaſure, (whether natural or artificial) that moſt excellent artificial arithmetical Line (as I may ſo terme it) or Line of Numbers (ſo [Page] called by the authour and contriver there­of, Mr. Edm. Gunter, being deduced by See alſo Mr. Edm. Wingates Rule or Scale of proportion, of the like kind. And, Mr. Oughtred's Circles of Pro­portion; or ra­ther the ſame converted into  [...] Spirall Line. him from the Logarithmical or artificial numbers, and ſo being, as it were, a Line or Scale of Logarithmes) by which all Mathematical Queſtions and Concluſions to be wrought by Proportion, (as indeed what are there, which may not be redu­ced to a way of proportion) are caſt up, or computed in a moſt compendious man­ner (as it were geometrically or mechani­cally) meerly by Scale and Compaſſe, with­out the labour of the pen: For all thoſe our artificial Di­menſions, which conſiſt meerly upon the ſquaring of ſome one number, or of one ſimple quadrature only, (ſuch as are of all ordinate or regular Planes or Superficies, and whe­ther taken ſimply in themſelves alone as Figures, or many of one kind conjunctly, as conſtituting the total Superficie­ties of regular Solids,) will be abſolved by one extent of the Compaſſes only, being doubled, or once repeated upon the ſaid Line, according to the Analogiſm of Multiplicati­on. And that will be, as from an Unit upon the ſaid Line of numbers, to the linear number or term taken by the ar­tificial Line of meaſure, or Line of quadrature, (for ſome dimenſional line of a Figure whoſe ſuperficial Content is required therefrom, as repreſenting artificially the ſide of the equal Square) ſo from that, to the quadrate number. for the ſuperficies of the Figure.
And all thoſe artificiall Dimenſions which depend meer­ly upon the cubing of ſome one number or term (ſuch as are of all ordinate or regular Solids, for their ſolid meaſure) wil be abſolved by one and the ſame extent of the Com­paſſes [Page] being trebled, or twice repeated upon the ſaid Line of artificiall Numbers, according to the foreſaid Analo­giſme (in a compound or double Multiplication) which wil be, as from an Unit, to the linear number or term taken by the artificiall Line of meaſure, or Line of Cubature, (for ſome dimenſionall line of a regular Solid given to be mea­ſured thereby, it repreſenting artificially the ſide of the equall Cube) ſo from thence to the Square thereof; and from that to the Cube, for the ſolid content.
And all thoſe artificiall Dimenſions which conſiſt not of cubing, but yet of a twofold Multiplication; the one whereof is a Quadrature, (ſuch are of all regular-like So­lids, as Cylinders, Cones, and the like) wil be abſolved by two ſeverall extents of the Compaſſes, each of them be­ing doubled or once iterated upon the ſaid Line of num­bers; which wil be firſt, as from an Unit to the quadratary term taken by the artificiall Line of meaſure, repreſenting ſome dimenſionall line of the ordinate Baſe; So from that, to the Quadrat thereof, for the artificiall Baſe: Then, as from an Unit to that Quadrat; So from the other num­ber or term taken by the ſame artificiall Line of meaſure, for the Axis or Altitude of the ſolid Figure to be meaſured; to the ſolid area of the Figure. Or it wil be, As from an U­nit, to the number for the Axis or altitude; So from the quadrate number for the Baſe, to the rectangular ſolid num­ber, for the whole ſolid Figure it ſelf. And here, if the two foreſaid lines of a regular-like Solid, to wit, the Axis, & the baſiall line (whatſoever it be) do happen to be equall (as they very rarely do) then wil the Dimenſion be cubicall, as that of an exactly ordinate Solid by ſome one of its di­menſional lines; and ſo be abſolved upon the Line of Numbers accordingly. [Page] Then laſtly, for the ſuperficiall Dimenſion of theſe regu­lar-like Solids, conſiſting of one Multiplication only, and that commonly of two unequall Terms, and therefore not an exact Quadrature; the ſame wil be abſolved by one extent of the Compaſſes, once repeated upon the ſaid Lo­garithmeticall Line, or Line of Proportion, according to the Analogiſm of Multiplication; which wil be, as from an Unit to one of the two linear Numbers or terms taken by the artificiall Line of meaſure (which do repreſent ſome one dimenſionall line of the Baſe, and the ſide, or other line upon the ſuperficies of the ſolid Figure, according to the nature thereof,) So from the other, to the rectangle ſu­perficiary Number▪ for the ſuperficiall Area of the ſolid Fi­gure (the Baſe▪ thereof being ſecluded) And here alſo, if the ſaid two dimenſionall lines of the regular-like Solid, do happen at any time to be equall (as they v [...]ry ſeldome wil) then this Dimenſion wil be exactly quadratary, as the ſu­perficiall dimenſion of an exact regular Solid, by ſome one of its dimenſionall lines.
And the like with theſe, underſtand for the more ſpèedy computing of the gravities, or ponderall quantities of re­gular and regular-like metalline bodies, being inquired out artificially in the ſame manner as their ſolid meaſures: and therefore, as there the laſt proportionall number or term upon the ſaid Line or Scale of Numbers, denoteth ſolid meaſure, here it wil denote gravity or ponderoſity.
And ſo likewiſe in the work of Gauging, for the ſpeedier computing of the liquid Contents of Veſſels in Wine or Beer (as was of the ſolid content of a Cylinder, or any o­ther regular-like Solid, from our artificiall way) where, after the mean Diameter of the Veſſel being had, according to the artificiall Gauging-Lines; it wil hold upon the [Page] foreſaid Logarithmical Line (or Line of Numbers) by a twofold extent or opening of the Cōpaſſes, thus; viz. firſt, as from an Unit to the mean Diameter, So from that to the Square thereof; Then, as from an Unit to that Square; So from the length (or heighth) of the Veſſel to the liquid content thereof in Gallon-meaſure. Or as from an Vnit to the length of the Veſſel, so from the Quadrat of the mean or equated Diameter, to the liquid meaſure aforeſaid.
And ſo with the like expedition by this Line, underſtand all Atactometrical operations to be abſolved, in computing the ſolid quantities of irregular bodies from the gravity of the equal body of water, according to the Terms of Proportion or compariſon between the gravity and mag­nit [...]de, or the ponderall and dimenſional▪ quantity of this liquid Body, delivered by us in our Atactometrical Diſ­courſe.
Aud ſo all metrical operations ariſing here  [...]ō the natural Meaſure, wil be thus expedited, according to the dimen­ſional Proportions delivered in this Book, both for mea­ſure and weight (and all others of the like kind, not here particularly expreſſed) according to what I ſaid before. And thus I put a Period to theſe my mathematicall Contemplations and Exercitations.
Soli Deo univerſipotenti, qui omnia (ut loqui­tur Sapiens) menſurâ, numero, & pondere diſpoſuit, ſit gloria, honos & laus, in ſaecula, & omnem ſempiterni­tatem. AMEN.
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